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Functions 


The science of Pure Mathematics, in its modern developments, may claim to 
be the most original creation of the human spirit. 


Alfred North Whitehead 


CARL FRIEDRICH GAUSS (1777-1855) 


There have been several child prodigies in mathematics but the most preco- 
cious of them all was Gauss whose astounding intelligence was recognized as 
early as the age of two. In fact when Gauss was two he observed his father 
computing a payroll and when the lengthy addition was finished he said, 
“Father, the sum is wrong. It should be... .’’ Another example of his precocity 
will be seen in Section 11.5. 

Gauss, one of the greatest of all mathematicians, contributed to all branches 
of mathematics but his favourite branch was number theory. For instance he 
proved that any positive integer can be written as a sum of 3 triangular 
numbers. Triangular numbers are those which occur in triangular patterns: 0, 
peo ome O 15921) . 20. 


1 3 6 10 


As examples of Gauss’s statement we have 4=3+1+0, 5=3+1+1, 15= 
6+6+3, 37=21+10+6, but it is difficult to prove, as Gauss did, that any 
natural number is a sum of three of these triangular numbers. 

Gauss was the first to prove the Fundamental Theorem of Algebra which 
says that every polynomial equation has a root if complex numbers are 
allowed as roots. In geometry he was the first to construct a regular polygon 
with 17 sides using ruler and compass alone. (If you think that is easy, try it.) 
He was one of the inventors of non-Euclidean geometry. In fact he showed that 
it is possible to have a consistent geometry in which the sum of the angles in a 
triangle is less than 180° and there are infinitely many lines which pass through 
a given point and are parallel to a given line. 

Gauss was interested not only in pure mathematics but also in applying 
mathematics to physical problems. He is well-known for his work in magnet- 
ism and astronomy and in fact he spent much of his life as director of an 
Observatory in Germany. He wrote, “Astronomy and pure mathematics are the 
magnetic poles toward which the compass of my mind ever turns.” 


The concept of a function is the basic idea in mathematics and also in 
most applications of mathematics. A function describes how one 
quantity depends on another. For example, we say that population is a 
function of time, pressure is a function of temperature, and so on. In 
fact functions can be found everywhere. 


CHAPTER 1 
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Therefore it is important to study the nature and properties of 
functions in this first chapter. Then the common types of functions, 
such as quadratic functions, polynomial functions, trigonometric func- 
tions, exponential functions, and logarithmic functions, will be investi- 
gated in more detail in the following chapters. 


1.1 FUNCTIONS AND THEIR GRAPHS 


The operation of squaring associates with each real number x another 
real number x*. Various symbols are used to indicate this correspon- 
dence: 


x= Xe OFY YP Hore f(x)= x 


Any such rule or operation which assigns to each element of a given 
set A an element of a set B is called a function or a mapping 


Given two sets A and B, a function f is a rule or correspondence 
that associates with each element x in A an element, called f(x), 


in B. A is called the domain of f. The range of f is the set 
fyveB|y=f(x), xeAl. 





The symbol f(x) is read “‘f of x” or “f at x”’ and is the value of the 
function at x. If a function f is given by the formula involving x, then 
we find f(3), for example, by substituting x =3 in the formula. (How- 
ever there are some functions which cannot be described by for- 
mulas.) 


Suppose A=R and B=R. Then the equation 
y =6x*—5x+1 


defines a rule which assigns to each number x€R another number 
yéR. Using function notation we have 


f(x) =6x°-—5x+1 
f(3)=6x3°-5x34+1=148 
f(0)=6x0°—5x04+1=1 
f(—0.5) = 6(—0.5)° — 5(-0.5) + 1 = 2.75 
f(x —1)=6(x —1)?—5(x—1)+1 
= 6(x°—3x?+3x-—1)-5x+5+1 
= 6x? — 18x? + 13x 


€2)-aC)-s) 


Notice that when evaluating f at some number you must first cube the 
number, multiply by 6, then subtract 5 times the number and add 1, no 
matter what the number is called. 


EXAMPLE 1. /f A=R, B=R, and we define 


Fix) 1 if x is an integer 
x + 
eal if x is not an integer 
Determine the pattern. Find 


F hom 
evaluate the function at 0, 5, —5, 99 999, 7a. the missing number. 





Solution 
f(0)=1 
fy 4 
F(=>)==4 
f(99 999) = 1 
f(a)=—1 


The range of f is {1, —1}. 


Functions describe the way that one quantity varies with another. 
The following example illustrates this. 

If a ball is thrown straight up in the air with a velocity of 12 m/s, 
then its height is a function of time. If h is the height of the ball above 
the ground in metres and t is the time elapsed in seconds, then the 
equation 


h =12t—4.9t? 
is the rule that connects t and h. In function notation we could write 
h =f(t)=12t—4.9t?. 


Then f(1)=7.1 means that after 1s the ball is at a height of 
7.1m. 

In this example h depénds on t and so we call t an independent 
variable and h a dependent variable. 











Convention: If the domain of a function is not specified, but a 
formula is given for f(x), then the domain of f is assumed to be 
the set of all values of x for which the given expression for f(x) 
is meaningful. 


EXAMPLE 2. Find the domains of the functions 


(a) f(x)=Vvx-3 (b) g(x)= 





x?-2 
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Solution 
(a) The expression Vx —3 is defined if x -3=0, i.e., x 23. 
So the domain of f is {xe R| x =3}. 





1 , 
(b) The expression — 5 is defined if x?—2+0, i.e., x*#2. 
we 
The domain of g is {xe R|x#V2, x#—V2}. 


A function can be pictured by an arrow diagram as in Figure 1-1. For 


=a 


Figure 1-1 


each x in A we imagine an arrow drawn from x to its associated 
y = f(x) in B. Notice that two arrows can end at the same y, but two 
arrows cannot begin at the same x. The element f(x) in B is called the 
image of x. 


Because of these arrow diagrams, we sometimes write f:A — B to 
indicate that f is a function which maps the set A into the set B. If it 
happens that every element y in B is the image of some x in A, then 
the range of f is equal to B and we Say that f maps A onto B. 


EXAMPLE 3. Which of the following functions map A onto B? 


(a) f:A—>B, A=R, BER, f(x)=x? 
(b) f:A—>B, A={—1,0, 1, 2,}, B={0, 1, 4}, f(x) = x? 


Solution 


(a) The range of f is {ye€R, y=0} which is not equal to A. 
So f is not onto. 


(b) 





Here the range of f is {0,1,4}=B. 
So f is onto. 


A function f: A—B, where A and B are both subsets of R, is called a 


real-valued function of a real variable. Such functions can also be 
pictured by drawing their graphs. 











his 
The graph Of f is the set of ordered pairs © 
{(x, y) | y =f (x), x eA}. | 


To draw the graph of f we plot all points in the plane such that 
f(x component) = y component. 

The graph of a function gives one of the best ways to understand a 
function because it provides us at a glance with the “life history” of 
the function. 


EXAMPLE 4. Sketch the graph of the function 


f(x)=x?+2x-—1,xeER 


Solution 

We choose a representative set of numbers from the domain R, 
calculate their images, and arrange them as in Table 1-1. Then we plot 
these ordered pairs. It then appears that the complete graph will be 
smooth and connected as shown. 









































Table 1-1 


In general, choosing a reasonably representative set of numbers from 
the domain of a function in order to draw its graph depends on 
experience in working with functions. The exercises will help you to 
gain experience. 


Arelation is any set of ordered pairs. The graph of a function is a 
special relation because for each first component x there is only one 
second component, namely f(x). Therefore in order to decide whether 
the graph of a given relation is the graph of a function we use the 
vertical line test. 
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Vertical Line Test 


1. If each vertical line intersects a figure in at most one point, 
then the figure is the graph of a function. 


2. If there is at least one vertical line which intersects the figure 
in more than one point, then the figure is not the graph of a 
function. 





In Figure 1-2 each vertical line intersects (b) only once. However in (a) 
and (c) the indicated vertical lines intersect the figures more than 
once. Thus only (b) represents a function. 


(a) (b) (c) 





Figure 1-2 


EXERCISE 1-1 


A 1. If f(x)=2x-—3, state 





(a) (1) (b) (0) (c) £(17) (d) f(—3) (e) f(3) 
(f) (1.5) (g) f(—9) (h) #(100) (i) f(a) (j) f(—a) 
2. If g(x)= , state 
ne 
(a) g(2) (b) g(25) (c) g(0) (d) g(—2) (e) g(7) 
3. State f(4) for each of the following functions. 
(a) f(x)=4+5x (b) f(x)=x?-6 (c) f(t)=9-t 
(d) f(x)=10 (e) #(z)=z" (f) f(x) =8(5—x) 
1 oo 
(g) xa (h) f(x) =V/13-—x (i) fit)= 5 


4. State the domain and range of the functions represented by the 
following arrow diagrams. Which of them map A onto B? 


(a) (b) 


10 

a \ aoe 
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(c) (d) 


given. 























6. Which of the following figures are graphs of functions? 


(b) (d) 





y y 
O x O x 
B 7. If f(x)=x*—3x +1, find 

(a) (4) (b) f(—4) (c) £(0.1) (d) #(12) 

(e) f(t) (f) f(x+1) (g) f(t?) (h) f(—x) 

8. If g(x)=x?—x*+x-—1, find 

(a) g(1) (b) g(—1) (c) g(5) (d) g(—0.2) 

(e) g(V2) (f) g(1—t) (g) g(x?) (h) g(x+1)—g(x) 

9. If F(x) =/x*+1, find 

(a) F(0) (b) F(4) (c) F(—4) (d) F(7) 

(e) F(2V6) (f) F(—x) (g) F(x?) (h) F(3x) 

10. Find f(8) for each of the following functions. 

(a) f(x) =J/100— x? (b) f(t)=It (c) f:x—x?— 2x? 

u-2 [z—4 oe 
(d) Se A (e) f(z)= ea (ime) =2 
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11. Find the domains of the following functions. 





(a) f(x)=2x—37 (b) g(x)=x®-x (c) h(x) =Vx 
x 1 
(d) F(x)=V8— (e) G(x)= (ft) H(x)=———— 
‘ ‘ * 3x—5 Vx+4 
x*4+3 es 
(g) f(x) =————————_ (h) g(x) = V4— x? (i) h(x)=V4+x? 
(x= 1} (x= 3) 
, 
(j) F(x)=Vx?-4 (k) G(x) =Fx?—-4 (l) AX) eee 
x°“+x-6 


12. Find the range of the following functions. 

(a) f(x)=x+5, domain A=R 

(b) f(x)=x?, domain A ={xeR|-5<x<2} 

(c) f(x)=x?+5, domain A=R 

(d) y=x°*, domain A={xeR| x <0} 

(e) y=x*, domain A ={xeR|-3<x <2} 

(f) f(x) (xi, domain A= 

13. Which of the following functions are onto? 

(a) f:R—R, f(x)=2x+1 

(b) f: RR, f(x)=—x? 

(c) f:A—B, f(x)=x?+2x, A={-1,0, 1}, B ={—1, 0, 3} 
(d) f:A—B, f(x) =x*+2|x|, A={-1,0, 1}, B ={—1, 0, 3} 
(e) f:A—A, f(x)=Vx, A={xeR|x=0} 

f: AR, f(x)=—-Vx, A={xeR|x>=0} 


14. Draw the graphs of the following functions. 





(a) f(x)=4—~x, —1=x=3 (b) f(x)=3x-2,xeER 

(c) f(x)=3-2x, xeER (d) f(t)=—2(t+1), teR 

(e) y= 7~S eR (f) g(x)=|x+1|, xER 

(g) g(x)=4-x?, -2<x<3 th) h(x)=(x=1)(x=3)) =1=x=5 
(i) y=2x?+x-1,xeER (j) F(t)=Vt, t=0 

(k) y=, #1 (1) f(u)=u*, uER 

(m) g(x)=x*, xeER (n) h(x) =|x?—1|, -3<x<3 


15. Define p(x) to be the number of primes which are less than or 
equal to x. (By definition, 1 is not a prime.) Find 
(a) p(2) (b) p(9) (c) p(18) — (d) p(37) ~—(e)_ p97) 


16. A ball is thrown straight up in the air with a velocity of 24.5 m/s. If 
h(t) is the height of the ball above the ground after t seconds, then 
h(t)=24.5t—4.9t? while the ball is above ground. 

(a) How many seconds is the ball in the air? 

(b) Draw the graph of h as a function of t. 

(c) How high does the ball go? 


17. If f(x)=x*+2 and g(x)=3-—5x, find 
(a) f(g(3)) (b) g(f(3)) (c) f(g(—2)) 
(d) g(f(—2)) (e) f(g(x)) (f) g(f(x)) 


18. If f(x)=1—x and g(x)=——, find 


(a) f(g(2)) (b) g(f(2)) (c) f(g(2)) 
(d) g(f(2)) (e) f(g(x)) (f) g(f(x)) 


19. The following functions are defined by different formulas in differ- 
ent parts of their domains. In each case find 
(i) f(—1) (ii) £(0) (iii) #(1) 


and graph the function. 


0 if x<0 —x if x<0 
Crs t if x =0 i) foo=| x? if x>0 

Sale ties aa Slit x 
foVeixy=]=< Tif 1<x<2 (d) f(x)=2x if -1<x<1 

jit 2<=x=<4 jet 

=o Xt ox (x +1)? if x<0 

1+x if -2<x<0 (f) f(x)=<0 if x=0 

(e) a | 1—x if 0<x<2 (x—1)? if x >0 

—3+x if 2=xs3 


20. A worker’s weekly pay P is a function of the number of hours t 
that he works. Suppose that he gets paid $6/h and he gets “time and a 
half’ for overtime (hours over 40). 

(a) Give an expression for P(t) using a divided definition as in question 
19. 

(b) Use the expression in (a) to find the worker’s pay for 35h and 45h. 
(c) Draw the graph of the function P. 


Te S 
21. If f(x) =————., find the following correct to 5 decimal places. 
i See 
(a) (3) (b) f(1.1) (c) f(2.345) (d) f(—0.86) 
22. Graph the following functions. 
10x(x + 8) 
i>) =————, -30=x =30 
ee 10/7 sh 





(b) g(x) =J7.63x?—5.82x + 3.56 


BlimeX saa 
(c) h(x)= Vieaap? 





1.2 PROPERTIES OF FUNCTIONS 


In this section we shall deal with some useful properties of real- 
valued functions of a real variable. These properties concern con- 
tinuity, symmetry (even or odd), and whether a function is increasing 
or decreasing. Each property has a simple geometric interpretation. 


A function f:A—R is called 
(i) increasing if whenever x, and x, are in A and x,<X, then 
f(x.) < f(x); 


(ii) decreasing if whenever x, and x, are in A and x,<xz, then 
f(x,) > f(x,). 








Geometrically, the graph of an increasing function rises as we move 





functions 


9 


10 


fmt: senior 


from left to right and the graph of a decreasing function falls as we 






(x4, 0G) 








(X2, f(X2)) 







(X2, f(X2)) 


[(x,, Fx) 


x, Xo x O 












x 
A decreasing function 






An increasing function 


move from left to right. Many functions are neither increasing nor 
decreasing but they may be increasing on certain intervals of their 
domains and decreasing on other intervals. 


EXAMPLE 1. The graph of a function f is given. On which intervals is 
f increasing and on which intervals is it decreasing? 


Se ee eee ees 


cee) Saeed eee Ree IRC in, A BEN! et A) ee 
} } Lie | ‘ ] 





Solution 

From the graph we see that 
f is decreasing when —5<x <—2, 
f is increasing when —2=x S1.5, 
f is decreasing when 1.5=x <4, 
f is increasing when 4=x <6. 


EXAMPLE 2. Use the rules for working with inequalities to prove that 


4 
f(x)=1 ©, is an increasing function on A={xéeR|x>0}. 


Solution 


1 ae A 
If 0<x, aXe then Sa, 
xy Xo 


F(x,)< (x2) 


f is increasing 


The graph of f confirms this calculation: 


SYMMETRY 


The graphs of f(x) = x* and f(x) =x°® in Figure 1-3 are both symmet- 
ric. The one on the left is symmetric in the y-axis, t.e., the graph is 
mapped onto itself when reflected in the y-axis. The one on the right 
is symmetric about the origin, i.e., the graph is mapped onto itself 
when rotated through 180° about the origin. Notice that in either case 
we need only plot the graph of the function for x =O. The rest of the 
graph is then obtained by symmetry. So our work is cut in half. 


(—x, y) 








x x 
i Site 
XXq 4X 
1 1 
—< — 
MX & 
1 1 
—< — 
MX, Xo 




































































Figure 1-3 
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(x, y) > (—x, y) for reflec- 
tion in the y-axis. 


(x, y) > (—x, —y) for rota- 


tion of 180° about the 
Origin. 
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Notice that if the graph of f is symmetric in the y-axis and (x, y) is on 
the graph, then so is (—x, y). Thus f(x) = f(—x). Functions which satisfy 
this condition are called even functions. 

Likewise if the graph of f is symmetric about the origin and (x, y) is 
on the graph, then so is (—x, —y). Thus f(—x) = —f(x). Functions which 
satisfy this condition are called odd functions. 


An even function f satisfies f(—x)=f(x) for all x in its domain. 
The graph of an even function is symmetric in the y-axis. 


An odd function f satisfies f(—x)=—f(x) for all x in its domain. 
The graph of an odd function is symmetric about the origin. 





EXAMPLE 3. Determine whether each of the following functions is 
even, odd, or neither. 


(a) f(x)=x?® (b) g(x)=1—x? (c) h(x)=x?+x 

Solution 

(a) f(—x)=(—x)? (b) g(—x)=1—(—x)?_ (ce) h(—x) = (—x)? + (—x) 
= (—1)?x® =1-x? =x?-x 
=x5 = g(x) h(—x) # h(x) 
=—f(x) -. g is even h(—x)# —h(x) 

f is odd -. h is neither even 
nor odd 
y y y 
O x / O \ x O x 
CONTINUITY 


Intuitively speaking, a continuous function is one whose graph has 
no breaks or holes in it. Thus the graph of a continuous function can 
be drawn without lifting the pencil from the paper. If f is continuous, 
then as x gets close to any number a in the domain of f, f(x) gets 
close to f(a). 





discontinuous function continuous function discontinuous function 


EXERCISE 1-2 


A 1. On which intervals are the functions, whose graphs are given, 
increasing or decreasing? 


(a) (b) 










































































2. State whether the functions whose graphs are given are even, odd, 
or neither. 


(a) y (b) y (c) y 
Oo x O x ] Oo \ x 
(d) y (e) y (f) y 
O Kerth z O x O x 
3. Which of the functions whose graphs are given are continuous? 


(a) (b) (c (d) 
y y y 
7 O osx \ HIO a & x O} / x 
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B 4. Prove using inequalities (i.e., without looking at graphs) that the 


following functions are increasing. 
(a) f(x)=3x-4 (b) g(x)=x+3 (c) h(x)=x?, x=0 


(d) f(x)=—2x?,x<0 (e) glx)= x1 


5. Prove using inequalities that the following functions are 
decreasing. 
(a) f(x)=5-—2x (b) glx)=— =, x>0 (c) h(x)=x7, x =0 
6. Graph the following functions and find the intervals on which they 
are increasing or decreasing. 
(a) f(x)=x?+4x+3, -5<x<1 (b) g(x)=6x—x*, -1<x<7 
(c) h(x) =|x—2I (d) F(x)=2—|x+2| 
x if -3<x<-1 
— x? if -1<x< 
(ethic x if), O= ces 
=e He WEEK 
x-2 if 25xs< 


WH = © 


7. The figures below show parts of the graph of a function. Sketch the 
remaining parts given that the functions have domain A= 
(4, 3) 


{xe R|—4<x <4} and are 
ces : 
x 
—4) 


(i) odd, (ii) even. 
8. (a) Find f(—x) for each of the following functions. 
(b) Determine whether the function is even, odd, or neither. 
(c) Use symmetry to sketch the graphs of those functions that are 
even or odd. 














(a 


(i) f(x) =2x?+5 (ii) f(x) =2x?-—x 
(iii) f(x) = x* (iv) f(x)=x?-x 
(v) f(x) =x*— x? (vi) fix)=— 
(vii) f(x) =x® (viii) f(x) =|1—x?| 


9. Determine whether each of the following functions is even, odd, or 
neither. 





1 

(a) f(x)= 244 (b) Og) =~ a8 

(c) eee + 3x? (d) F(x)=x°+x?+x 
x 1 5 


10. If f(x) is defined to be the largest integer which is less than or 
equal to x, draw the graph of f. Is f continuous? 


n 


11. Prove that the function f(x) =x" is an even function if n is an even 
integer and an odd function if.n is an odd integer. 


1.3 THE ALGEBRA OF FUNCTIONS 


Two real-valued functions f and g can be combined to form new 
f 

functions f+ g, f—g, fg, and — in a manner similar to the way we add, 
g 


subtract, multiply and divide real numbers. 
If we define the sum f+g by the equation 


® (f + g)(x) = F(x) + g(x) 


then the right side of equation () makes sense if both f(x) and g(x) 
are defined. In other words x must belong to the domain of f and it 
must also belong to the domain of g. Therefore if the domain of f is A 
and the domain of g is B, then the domain of f+g is ANB. 

Notice that the + sign on the left side of equation @ stands for the 
operation of addition of functions but the + sign on the right side of 
equation (1) stands for addition of the real numbers f(x) and g(x). 

Similarly we can define the difference f—g and the product fg and 


f 
their domains will also be AMB. But in defining the quotient — we 
must remember not to divide by 0: g 


f f(x) 
(<)oo= where: x © AMB and g(x) 40 


g(x) 








Operations on Functions 





Let the domain of f be A and the domain of g be B. 


Addition (f+ g)(x) = f(x)+ g(x) Domain=ANB 
Subtraction (f—g)(x)=f(x)— g(x) Domain=ANB 
Multiplication (fg)(x) = f(x)g(x) Domain=ANnB 


Division (2) Domain ={x €AMB|g(x)#0} 
g g(x) 








EXAMPLE 1. /f f(x)=x?—5x—1, where xcA={x|—4<x<1}, and 
g(x)=2x+3, where xe B={x |—2<x<5}, find the functions f+g, 


f 
f—g, fg, and—. 
g 
Solution 
(f+ g)(x) = f(x) + g(x) Domain=ANB 
= (x?—5x —1)+(2x +3) ={x|-2<x<1} 
=x7=3x+2 
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(f—g)(x) = f(x)— g(x) 


Domain=ANB 


= (x?—5x—1)—(2x +3) ={x|-2<x<1} 


=x?—7x=4 


(fg )(x) = F(x)g (x) 


Domain=ANB 


= (x*—5x —1)(2x +3) ={x|-2<x<1} 
= 2x?—7x?-17x-3 


fmt: senior 


Domain={xe€ANB|2x+3+#0} 
={x|-2<x<1,x#-1.5} 


There is a method called graphical addition which enables us to 
draw the graph of the function f+g directly from the graphs of f and 
g. The idea behind the method is illustrated in Figure 1-4. We take two 


y 














Figure 1-4 


points P and QO on the same vertical line such that P(x, f(x)) lies on the 
graph of f and Q(x, g(x)) lies on the graph of g. Assume first that 
f(x)>0. Construct R(x, y) above Q on the same vertical line so that 
RQ = PS. Then 


y=RS=RO+QS 
=PS+QS 
= f(x)+ g(x) 


and so R(x, f(x)+g(x)) lies on the graph of f+ g. (Note that if f(x)<0, 
then R lies below Q.) In effect, we have added the y-coordinates of P 
and QO to get R. By repeating this procedure for several values of x we 
obtain enough points to sketch the graph of f+g. 


EXAMPLE 2. Given the graphs of f and g, 
draw the graph of f+g. 





























Solution 





























A similar procedure can be used to draw the graph of f—g. The 
f 

graphs of fg and — are not easily obtained from those of f and g. If 
g 


if 
formulas are given for f and g, we just compute fg and — and draw 
their graphs in the usual way. g 


EXERCISE 1-3 


A 1. Given f(x)=x?+3x+1 and g(x)=x, both defined on R. 
(a) State 
(i) (f+g)(x) (ii) (F—g)(x) (iii) (g — f)(x) (iv) (fg)(x) 


(v) (F)o0 


(b) State the domains of the functions in (a). 
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2. For each of the following pairs of functions f and g defined on A and 
B respectively, state 
(a) (f+ g)(x) (b) (f—g)(x) (c) the domain of f+g 
(i) f(x)=x+2, A=R, g(x)=x°-1, B={x|0<x<1} 
(ii) f(x) =8x’, A={x |O0<x <5}, g(x)=x’-x, B={x|-4<x <4} 
(iii) f(x) = x?-—x?+2x—-1, A=ix|1<x <4), g(x) =x?+1, 
B= i{x|0< x= 2} 
3. For each of the following pairs of functions f and g defined on A 
and B respectively, state 
(a) (fg)(x) (b) the domain of fg 


f eof 
(c) (=)ox (d) the domain of — 
g g 


(i) f(x)=x+1, A=R, g(x)=x—1, B=R 
(ii) f(x)=x, A={x|-3<x <3}, g(x)=x?-4, B={x|-5<x<5} 
(iii) f(x) =Vx4+1, A={x|x=-1}, g(x)=Vx, B={x| x >0} 
4. For each of the following pairs of functions f and g defined on A 
and B respectively, find 


f 
(a) f+g (b) f—g (c) Gg (d) fg (e) = 


and the domains of these functions. 
(i) f(x)=x?+2, A=R, g(x)=x?-3x+2, B=R 
(ii) f(x)=x?-1, A=R, g(x)=x?+4, B={x | x<87} 
(iii) f(x) =x*+x?+1, A=R, g(x)=x*, B=R 
(iv) f(x) =Vx?-1, A ={x||x|=1}, g(x) =V4—x?, B={x||x|<2} 
(v) f(x) = x*—3x?+x?—2x—-8, A=R, g(x) =x*—2x-8, 
B={x|-2<x<4 
5. Copy each of the following graphs and use graphical addition to 
sketch the graph of f+g. 


(b) 




















(c) Pe ee Roe 























6. Copy each of the graphs in question 5 and sketch the graph of f—g. 


7. Given the following functions with the indicated domains, 
(a) graph f and g on the same axes; 
(b) use graphical addition to sketch the graph of f+g; 
(c) give a formula for f+g; 
(d) state the domain of f+g. 
mix) — 2x, g(x)=1—x, xeR 
(ii) f(x)=x?, g(x)=2x, xER 
(iii) f(x) =x? for -2<x <2, g(x)=1 for x=0 
(iv) f(x)=x for xER, g(x)=Vx for x=0 
lv) f(x)=x°*, g(x)=—x, xeR 
(vi) f(x) =V16—x? for |x|<4, g(x)=x for xeER. 
8. Given f(x)=x? and g(x)=2, -2<x <2. 
(a) Sketch the graphs of f and g on the same axes. 
(b) Sketch the graph of f+g. 
(c) Sketch the graph of gf. 
(d) How are the graphs of f+g and gf related to the graph of f? 


9. If f(x)=x?—4 and g(x)=~x, find the values of x for which 
(f+ g)x (x)=2. 


10. Let f(x)= 





1 pact (x 2x 
n =—., 
x?-4 q _ x-2 


(a) What are the domains Of the functions f, g, f+g? 
(b) For what value of x is (f+ g)(x)=2? 


11. If f(x)=sin x, O<x S27, 


g(x)=tan x, Sees 
2 2 


find 
f 
(a) f+g, (b) f—g, (c) fg, (d) a 


and state the domains of these functions. 
Sketch the graphs of (a) and (b). 


12. Suppose that f and g are both increasing functions. 

(a) Show that f+ g is an increasing function. 

(b) Is f—g necessarily an increasing function? 

(c) Is fg necessarily an increasing function? What if it is known that 
f(x)>0 and g(x)>0? 
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1.4 COMPOSITION OF FUNCTIONS 


In the last section we combined functions by the operations of 
arithmetic, namely addition, subtraction, multiplication, and division. 
There is another important way of combining two functions which is 
called composition. 

Suppose that the domain of g is A, the domain of f is B, and the 
range of g is contained in B. If xe A, then g(x)<B and so it makes 
sense to consider f(g(x)). The result is a new function h(x) = f(g(x)) 
obtained by substituting g into f. It is called the composition (or 
composite) of f and g and is denoted by h=foeg. 


If g:A—B and f:B->C then the composi- 
tion (Orcomposite ) of f and g is the function 


fog:A—>C 
defined by 
(fo g)(x) = f(g(x)). 





The best way to think of composition is in terms of mapping diag- 
rams: 





Or, more briefly, 


fog:ASB5C 


Note: The notation f>-g means that the map g is performed first and 
then f is performed second. 
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EXAMPLE 1. /f f and g are given by the following arrow diagrams, 
draw an arrow diagram for fg. 


Solution 
Combining the two diagrams we get 





which gives 
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EXAMPLE 2. /f f(x) =2x*—x and g(x)=4x +1, find the functions f°g 


and got. 

Solution 

(fo g)(x) = f(g(x)) (g°f)(x) = g(f(x)) 
= f(4x +1) = g(2x*—x) 
= 2(4x +1)?—(4x +1) = 4(2x?—x)+1 
= 2(16x?+8x+1)—4x—-1 =8x?—4x+1 
= 32x?+12x+1 


In Example 2, notice that 
fog# got. 


In the preceding section order was unimportant because f+g=g+f 
and fg = gf. But in combining f and g by composition to get fog, the 
order is important. | 


EXERCISE 1-4 


A 1. Given f and g as defined by the following arrow diagrams. 








A B 
State 
(a) f(g(1)) (b) f(g(4)) (c) f(g(3)) (d) f(g(5)) 
(e) g(f(2)) (f) g(f(16)) (g) f(g(2)) (h) g(f(4)) 
2. Let m(x)= mother of x f(x)=father of x 
s(x)= oldest son of x d(x)= oldest daughter of x 
h(x) = husband of x w(x) =wife of x 


The family tree of the O’Connor family is as follows. 


Ken [married Vera] 


Jim [married Sue] Sally [married Don] Al [married Sharon] 
Glen Ann _— Barb Mary Bill Ron Bob George 
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State 


(a) f(m(Bill)) (b) w(f(Jim)) (c) f(f(George)) 
(d) d(h(Vera)) (e) h(d(Vera)) (f) d(m(Barb)) 
(g) s(d(Ken)) (h) d(s(Ken)) (i) s(f(Sally)) 
(j) s(f(Glen)) (k) m(m(Mary)) (I) w(h(Sue)) 
(m) f(h(Sharon)) (n) d(d(Ken)) (o) s(s(Ken)) 


B 3. If f and g are defined by the following arrow diagrams, then draw 
arrow diagrams for feg and get. 


| 


espa 
ene 
Pe 
i. fats 


Le} 
> 











A B B A 
4. In each of the following cases, find fog, gof, fof, and gog. 
(a) f(x)=5x+6 g(x)=8x-9 
(b) f(x)=2x-1 g(x)=x* 
(c) f(x)=7x-6 g(x) =7x +5 
td) f(x) = 17 g(x)=x?-9 
1 Find unequal rational 
(e) Ad eee GUE a numbers other than 2 and 
ftix)=>x°—x+3 g(x)=1—x PSMA LEM 
7 1 ee ote 
(g) f(x)=3x—4 g(x)=3 
(h) f(x) = |x| g(x) = x? 
(i) f(x) =x g(x)=x?+1 
‘ x?+2 x?+1 
(j) SS ae gIxX)= 249 


Beet f(x)=x?+2, g(x)=V1—x?. 

(a) Find the domain and range of f and g. 

(b) Are the functions g°f and feg defined? Explain. 

6. If g(x)=|x|, then (g°f)(x) = g(f(x)) =|Ff(x)|. 

Sketch the graphs of g, f, and g°f=\f| for the following functions. 


1 
(a) f(x)=x-3 (b) f(x)=1—2x (c) fad is 
(d) f(x)=4— x? (e) f(x)=x? 
7. Let f(x)=x+4 and h(x)=4x—1. Find a function g such that 
fog=h. 
8. Let f(x)=3x+5 and h(x)=3x?+3x+2. Find a function g such that 
fog = h. 
C 9. Let f(x)=x+4 and h(x)=4x-—1. Find a function g such that 


git — h. 
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10. (a) Prove that the associative law 
fo(geh)=(feg)oh 
holds, assuming that all the compositions are defined. 
(b) If fx)=xto, find fof and fofof. 
11. In each of the following cases find fog, gof, fof, and g°eg. 


(a) f(x)=sin x g(x)=5x 

(b) f(x)=x?+3 g(x)=cos x 

12. Let f(x)=Vx?—2 and g(x)=sin x. 

(a) Find the domain and range of f and g. 

(b) Are the functions gcef and feg defined? Explain. 


1.5 TRANSFORMED FUNCTIONS 


In this section we shall see how the use of transformations, such as 
translations and reflections, can reduce the amount of work in graph- 
ing functions. 


VERTICAL AND HORIZONTAL SHIFTS 





| i EXAMPLE 1. Given the graph of y=f(x), 

SS a 1 . use graphicalgaddition foitind the graenercr 
: | wes (a) y=f(x) +3 

(b) y=f(x) +5 

(c) y=f(x)—2 


| See PO ee) ee he + j Mere CRE Tees Oa Ce aE 
i 




















Solution 
(a) In graphing y =f(x)+3 we just apply graphical addition to find 
the sum f+g where g(x)=3, i.e., g is a constant function. 
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(b) and (c) Similarly by taking g(x)=5 and then g(x)=—2, we 



















































































cl 
ba 
[| 

\ 


obtain the graphs of y=f(x)+5 and y=f(x)—2. From Example 1 we 
see that if c is a constant, then to get the graph of y = f(x)+c we just 
shift the graph of y = f(x) by c units in a vertical direction. 


Let c>0. 

(a) The graph of y=f(x)+c is the graph of y=f(x) translated 
upward by c units. 

(b) The graph of y=f(x)—c is the graph of y=f(x) translated 
downward by c units. 





EXAMPLE 2. (a) Given the graph of y = f(x), 

compare the graph of y = h(x), where Note h(x)=(f°eg)(x) where 
h(x) = f(x —6), with the graph of y = f(x). g(x)=x—-6 

(b) Draw the graph of y=f(x+9). 
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Solution 

(a) We have h(x)=f(x-—6), i.e., the value 
of h at x is the same as the value of f at 
x —6. In other words the value of h at a point 
is the same as the value of f, 6 units to the 
left of the point. So the graph of h is just the 
graph of f shifted 6 units to the right. 


















































(b) Similar reasoning shows that the 
graph of y=f(x+9) is the graph of y=f(x) 
shifted 9 units to the left. 
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Let c>0. 

(a) The graph of y =f(x+ cc) is the graph of y = f(x) translated to 
the left by c units. 

(b) The graph of y = f(x—c) is the graph of y = f(x) translated to 
the right by c units. 





Let us summarize our results on translating the graphs of functions as 
follows. 


Let c>0. The graph of 


y=f(x)+c upward 


y=f(x)-—c downward 


ye Fae is the graph of y = f(x) shifted c units fo the lee 


y =f(x—c) to the right. 
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STRETCHING AND REFLECTING 





EXAMPLE 3. Given the graph of y=f(x), 
draw the graphs of the following functions. 


(a) y =2f(x) (b) y =3f(x) 
(c) y=—f(x) (d) y=—2f(x) 
(e) y =—af(x) 









































Solution 

Notice that in this example we are really finding the product of two 
functions f and g where g is a constant function. In (a) g(x)=2 and 
y =(fg)(x) = f(x)g(x) = 2f(x). In general, to obtain the graph of y= 
cf(x) from the graph of y = f(x) we replace each point (x, y) by (x, cy), 
i.e., we stretch by a factor of c in the y-direction. 





































































































The graph of y=-f(x) is obtained from the graph of y=f(x) by 
reflection in the x-axis because each point (x, y) is replaced by the 
point (x, —y). 
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In general if c is any constant and f is a given function, then the 
function cf defined by (cf)(x)=cf(x) can be graphed using the follow- 
ing rules. 


The graph of y=cf(x) is obtained from the graph of y =f(x) by 
stretching in the y-direction if c>1 
shrinking in the y-direction if 0<c<1 


reflection in the x-axis if c=—1 
shrinking and reflecting in the x-axis if e340 
stretching and reflecting in the x-axis if c<-—1 





EXAMPLE 4. Use the transformations of this section to draw the 
graph of y=3(x+4)?+2. 


Solution 

There are four steps. 

@ We first draw the graph of y = x’. 

@ We shift it 4 units to the left to get the graph of y =(x+4)’. 

@) We stretch it vertically by a factor of 3 to get the graph of 
y =3(x+4)?. 

@ We shift it 2 units upward to get the graph of y =3(x+4)?+2. 




















EXERCISE 1-5 


A 1. Suppose that the graph of f is given. Describe how the graphs of 


the following functions can be obtained from the graph of f. 


(a) y=f(x)+6 (b) y=f(x +6) 
(c) y=f(x)—8 (d) y=f(x—8) 
(e) y=3f(x) (f) y=—f(x) 
(g) y=—5f(x) (h) y =sf(x) 

(i) y=—3f(x) (ji) y=f(x—2) 
(k) y=f(x)+3 (I) y=f(x+1) 
(m) y = 2f(x) (n) y=2f(x)+1 
(0) y=f(x+1) (p) y=2f(x+1) 
(q) y=—4f(x) (r) y=—4f(x)—3 
(s) y=9f(x) (t) y=2f(x)—1 





B 2. The graphs of three functions y = f(x) are given 



































In each case draw the graphs of the following functions. 


(a) y=f(x) —4 (b) y=f(x)+2 
(c) y=3f(x) (d) y=3f(x)—2 
(e) y =af(x) (f) y=3f(x)+5 
(g) y=f(x—6) (h) y=f(x+4) 


3. The graphs of three functions y = f(x) are given. 
(i) (ii) 








Beet i oo 


uv WML. AE 








In each case draw the graphs of the following functions. 


(a) y=f(x—6) (b) y=f(x)—6 
(c) y=f(x—6)—-6 (d) y=—f(x) 

(e) y = 2f(x) (f) y =—2f(x —6) 
(g) y=—2f(x—6)—6 (h) y=3f(x+8)+4 


4. Use transformations to graph the following functions starting from 
the graph of y= x’. 

(a) y=3x?-1 (b) y=—2x? 

(c) y=—3(x —3)? (d) y=—2(x+3)?+4 

5. Sketch the graph of the function f(x) = (x—10"°)*+1. 

[Hint: Sketch only the interesting part of the graph.] 


6. Use transformations to graph the following functions starting from 
the graph of y =x’. 

(a) y=-x? (b) y=x?-1 

(c) y=3x? (d) y=(x+5)? 

7. Use transformations to graph the following functions starting from 
the graph of y =|x(|. 

(a) y=|x—4| (b) y=—|x|+1 

(c) y=3|x+2| (d) y=|x—3|-5 
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8. Use transformations to graph the following functions starting from 


1 
the graph of y =— 


x 
1 1 
= =——1 
(a) y aa (b} y = 
2 fg ele 
(c) ae ie (d) y= 9 


9. The graph of f is given: 












































(a) If h(x) =f(2x), find h(—3), h(—2), h(—1), h(0), h(1), h(2), h(3), h(4). 
(b) Draw the graph of y =f(2x). 

(c) Draw the graph of y =f (3x). 

10. If g(x) = cx, where c is constant, and h=feg, then h(x)=f(g(x))= 
f(cx). As question 9 illustrates, the graph of y = f(cx) is obtained from 
the graph of y=f(x) by shrinking in the x-direction if c>1 and by 
stretching in the x-direction if 0<c<1. The graphs of two functions f 
are given: 


(i) 















































In each case draw the graphs of the following functions. 

(a) y=f(2x) (b) y= f(3x) (c) y=f(5x) (d) y=f(§x) 

11. (a) How is the graph of y = f(—x) related to the graph of y= f(x)? 
Draw the graph of y = f(—x) for the two functions in question 10. 

(b) How is the graph of y=f(cx), c<0, related to the graph of 
y = f(x)? For each of the functions in question 10 draw the graphs of 


(i) y=f(—2x) (ii) y= f(—3x). 





12. In each of the following cases describe how the graph of the given 
function can be obtained from the graph of f. 


(a) y=3f(x) +2 (b) y=1—f(x) 
(c) y=f(x+5) (d) y=f(5x) 

x 
(e) y =3f(5x) i) y=2)-1 
(g) y=—f(x) (h) y=f(—x) 
(i) y=—f(—x) (j) y=af(2x)+3 


13. Describe how the graph of y= f(cx+d) is related to the graph of 
y =f(x). Consider the following cases separately. 


(a) c>1,d>0 (b) c>1,d<0 Using six 2’s we can write 
(c) 0<c<1, d>0 (d) 0<c<1, d<0 13 as follows. 
| Hin: If g(x)=f(cx) and h(x)= a(x+5), then 2?-94+2=13 
hix)=t(o(x+2))=flex+a).| Write 1000 using eight 8's. 
c 


1.6 ONE-TO-ONE FUNCTIONS AND 
THEIR INVERSES 


Compare the functions f and g whose arrow diagrams are given in 
Figure 1-5. The most important difference between f and g is that f 


of 0 0 


Figure 1-5 


maps the elements of A into different elements of B (i.e., any two 
elements of the domain have different images) whereas g maps two 
elements of A into the same element of C(i.e., there are two elements 
of A with the same image). In symbols 


g(2)= 9(3) 
but 
f(x,)# f(GQ) Whenever x, # Xo. 
Functions which have this same property as f are called one-to-one. 
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A function f with domain A and range B is called a One-to- 
One (or 1-1) function if no two elements of A have the same 
image, i.e., every element of B is the image of only one element 


of A. In symbols 


f(x,)# f(x.) whenever x,# Xo. 





EXAMPLE 1. Which of the following functions are 1-1? 
(a) f(x) =x? (b) g(x)=x? 


Solution 

(a) f(x)=x? is not 1-1 because, for example, 
fijyea =1 

and f(-1)=(-1)?=1 


Thus 1 and —1 have the same image. 
(b) If x, # Xo, then x,°# x>° 


g(x,)# g(x2) 
g is 1-1 


This example can also be done graphically: 


f(x) = x? yi 











Any horizontal line intersects the graph of g only once. This means 
that g takes on each value in its range only once, so it is 1-1. But you 
can see that there are horizontal lines that intersect the graph of f 
more than once. This means that f takes on the same value at two 
different points, so it is not 1-1. 
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Horizontal Line Test 






1. If each horizontal line intersects the 
graph of a function f in at most one 
point, then f is 1-1. 

2. If there is at least one horizontal line 
which intersects the graph of f in more 
than one point, then f is not 1-1. 































f(x,) = f(x.) 


In Figure 1-6 each horizontal line intersects the graphs of f and h only 
once. However the indicated horizontal line intersects the graph of g 
more than once. Therefore f and h are 1-1 functions but g is not 1-1. 
Notice that functions which are either increasing or decreasing must 


be one-to-one. 











y =f(x) y = g(x) 


Figure 1-6 


INVERSE FUNCTIONS 


y 





Figure 1-7 shows the arrow diagram for a 1-1 function f. If we 
reverse the direction of the arrows we get a new function g whose 


arrow diagram is given in Figure 1-8. 


oe een, 
ie bia 
eee. | ems 
Tray ima 
A f B B g A 


Figure 1-7 


Figure 1-8 


functions 
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1 
f ‘ does not mean Fe 
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g is called the inverse function of f and is usually denoted by f ". (If f 
were not 1-1, then by reversing the arrows we would not get a 
function, but f ' could be defined as a relation.) 


Notice that 
f(1)=0 and g(0)=1 
f(2)=3 and g(3)=2 
f(3)=6 and g(6)=3 
In general 


f(x)=y and gly)=x. 


lf f maps x into y, then g maps y back into x. In other words the 
inverse function f ' undoes what f does. 


Notice also that 
domain of f=A=range of g 


range of f= B=domain of g 





If f is a 1-1 function with domain A and 
range B, then its inverse function 
g= f ' has domain B and range A 








e and is defined by 
giy)=x if f(x)=y 
for any yeB. 
A 


EXAMPLE 2. Find the inverse function of f(x)=4x-—3. 


Solution 
Let g=f<. 
gly)=x & f(x)=y 
4x-3=y 
4x=y+3 
y+3 
a 
4 
But x=gly) 
ayes 
g(y)= 4 


Usually we use x as the independent variable. So replacing y by x, we 








have 
x+3 
XX) ae 
g(x) 4 
XS 
or f(x) =—— 
(x) A 
f(x)=4x-3 multiply by 4, then subtract 3 
= x+3 
fax) — A add 3, then divide by 4 





In Example 2 if we use the notation y=4x-—3 for the original 
- ao 
function and then solve for x, we get x Se If we now interchange 


x3 
x and y we have y Saar a i which is the defining equation of the inverse 
function. 





The defining equation for f ' is found by solving the equation 


y =f(x) for x and then interchanging x and y. 





1 
EXAMPLE 3. Find the inverse of the function y ee 


Solution | 


: : Solution Il 
First solve the equation for x. 


Interchange x and y. 


Eaten 1 
es Soo 
Vial 
1 
Xa ay Then solve for y. 
1 
1 ee eee 
y 
2 1 
Now interchange x and y. y=1+— 
x 


1 
y =1+-— is the defining equation of the inverse. 
x 
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The principle of interchanging x and y to 
find the inverse function also gives us the 
method for obtaining the graph of f ' from 
the graph of f. Recall that the transformation 


(x, y) > (y, x) 


which interchanges the coordinates of a 
point is just reflection in the line y=x. So if 
we reflect the graph of f in the line y= x, we 
get the graph of f '. 





The graph of f ' is the reflection 


of the graph of f in the line y = x. 





EXAMPLE 4. Let f(x)=x?+1, x20. 
(a) Sketch the graph of f '. 
(b) Find an expression for f '. 


Solution 

(a) We know what the graph of 

y = x*+1(x20) looks like. 

So we need only draw its reflection in the 
line y=x. 

(b) Solve y= x?+1 for x. 





xe=y-1 
xXx=AtvVy-1 


x =Vy—1 since x=0. 














Interchange x and y. 














y=Vx-1 
f\(x)=Vx-1 


EXERCISE 1-6 


A 1. Which of the functions represented by the following arrow diag- 
rams are 1-1? 


(a) (b) ) 
= aa 
ee 
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a 


2. Which of the functions whose graphs are given are one-to-one 
functions? 


ie 
He 4 


B 3. Which of the following functions are 1-1? 


(f) 


©)|N < 
x 


(a) f(x)=x+1 (b) g(x) =|x| (c) y=3-—2x 
1 

(a) hixy== (e) FX) =< ify alee 

(g) f(t)=—t° (h) G(t)=t* (i) y=vx 


(j) fx) =<, x<0 (k) g(x)=1—x?, x>6 


4. Draw arrow diagrams for the inverse of those functions in question 
1 which are 1-1. 


5. In each of the following cases find f ' and state the domain and 


range of f '. 

(a) f(x)=2—5x (b) f(x)=13x+6 

(c) f(x)=x?, x=0 (d) flx)== 

(e) f(x)=x? (f) f(x)=3x-2,0<x<4 
6. Find the inverses of the following functions. 

(a) y=3(x—7) (b) y =5(36—x) 

(c) y=5x°-6 (d) y=Vx 


functions 37 


38 


A 


fmt: senior 


(e) y=vx-3 (f) y=14s 








1 1-x 

——— h SS ee 
A ene (DEY, Saree 
. 4x—1 : ban 3x 
(i) vo 8G (ji) y= 
(k) y=x*,x20 (l) y=3(x-1)?, x>1 
(m) y=Vx?+9, x20 (n) y=V25—x?,x>0 
7. In each of the following cases find f ' and then calculate fof ' and 
f “of. 
(a) f(x)=5x-8 (b) f(x)=Vx (c) f(x) = 





2x+3 


8. Copy the following graphs of functions and use them to draw the 
graphs of their inverse functions. 


(a) : (b) v (c) y 
O x Of ex O x 


9. For each of the following functions, 
(i) draw the graph of f, 

(ii) use it to draw the graph of f ', 

(iii) find the expression for f '(x). 


(a) f(x)=2x+1 (b) f(x)=x?+2, x=0 
(c) f(x)=x? (d) f(x)= -* 


REVIEW EXERCISE 


1. If f(x)=x?—2 and g(x) =2(x-—3), state 

(a) f(3) (b) g(3) (c) f(—4) (d) g(8) 

(e) f(1) (f) (10) (g) g(—2) (h) g(0) 

(i) g(—3) (j) (0) (k) (—8) (1) f(a) 

2. State the domain and range of the functions represented by the following arrow 
diagrams. Which of them map A onto B? Which of them are 1-1? 


(a) (b) 





(c) (d) 
‘ee 
GEE) (=) 
A B 


3. Which of the following figures are graphs of functions? Which of the functions 
are 1-1? 


(a) (b) (c) (d) 
y y V/ y 
/ O x é Ol sr x TNO x Ome x 


4. The functions f and g are defined by the following arrow diagrams. 


—_ 
oO 
=) 
o 


-_n © WO 
> nm © 0 


Z 





A B —— 
State 

(a) f(g(—1)) (b) f(g(2)) (c) f(g(1)) (d) f(g(0)) 
(e) g ‘(9) (f) g ‘(4) (g) g ‘(10) (h) g(f(4)) 


5. In each of the following cases describe how the graph of the given function can 
be obtained from the graph of f. 


(a) y=f(x)—4 (b) y=f(x—4) 
(c) y=3f(x) (d) y =f(3x) 

(e) y=—f(x) (f) y=2f(x+1) 
(g) y=f(x—1)+2 (h) y=3f(x)—5 


x7? +1 
6. If f(x) =x?+3x?—2 and g(x) =——, find 
XE 


(a) f(3) (b) g(3) (c) f(—0.1) (d) g(0) 
(e) (1.5) (f) g(1.5) (g) f(t—1) (h) g(t—1) 
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7. Draw the graphs of the following functions. Use transformations where approp- 
riate. 


(a) f(x) =5-—4x (b) f(t)=(t—1)?+3 
(c) y=Vx (d) y=vVx-3 
(e) f(x)=x* (f) g(x)=(x+2)*-1 
1 
=3x—1 in) Y= ——= 
(g) y |x | ( ) Y x+3 
d 1 ’ 1 
(i) Vinee ay = lee 
8. Determine whether each of the following functions is even, odd, or neither. 
(a) f(x)=2x?+x° (b) g(t)=t?+t® 
2 
aE 3 = 
(c) y=x?+1 (d) y Er 


9. Copy the following graphs and use graphical addition to sketch the graph of f+ g. 


(a) (b) 





10. In each of the following cases find fog, gof, fof, and geg. 


(a) (x)= x? g(x)=x-2 
(b) f(x) =x?+1 g(x) = x?-1 
(c) f(x) =V/x g(x) =x? 

1 x 
(d) Set vera g(x)=—— 


11. Which of the following functions are 1-1? Find the inverse of each function that 
is 1-1. 


(a) y=2x+9 (b) y=(x+2)?+3 

(c) y=Vx+1 (d) y=1-x® 

(e) y=1—x* (f) y=(x+2)?, x=-2 
x+5 1 

(9) y=—— (h) y=-3 
xX —-5 x 


12. Graph the function f defined by 
6(x + 2) if -—4<x<-2 
1—(x+1)?. if -2<x<0 
1-(x-1)? if O<x<2 
6(x — 2) if 2<=x=<4 


TX) = 


REVIEW AND PREVIEW TO CHAPTER 2 


EXERCISE 1 EQUATIONS OF LINES 





hilo 


Slope point form Vie Vii MXaX,)) 


Slope y-intercept form 





Slope x-intercept form 





Two intercept form 


Slope m =——— 
Xo X 





Yo—Yi | Parallel lines m,= mz, 


Perpendicular lines m,m,=~—1 





1. Find the equation of the line 

(a) with slope —3, passing through (2, —5). 
(b) with slope 2 and x-intercept 3. 

(c) with slope —3 and y-intercept 1. 

(d) with x-intercept 5 and y-intercept —2. 


2. Find the slope and y-intercept of each of the following lines. 


(any —2x—3 (b) 2x+y=1 (c) 2x—3y+5=0 
(d) staal (e) 3x+y=3 (f) 2y =3(x—2) 


3. Find the equation of the line 

(a) passing through (2, —3), parallel to y=3x—-—2 

(b) passing through (—1, 5), perpendicular to y=—2x+5 
(c) passing through (0, 4) and perpendicular to 2x +y=5. 
(d) passing through (—2, 0) and parallel to x-y=3 

(e) passing through (3, 4) and parallel to y =2. 

(f) passing through (—5, 2) and perepndicular to y =2. 


y =2x+b represents the family of lines with slope 2. 


y =mx+3 represents the family of lines with y-intercept 3. 





4. Find the equation of the family of lines 

(a) with y-intercept 2 

(b) with slope 3 

(c) parallel to y=—2x+3 

(d) perpendicular to y=3x—5 

(e) passing through (2, 5) 

(f) passing through (2, —5) 

(g) passing through (—1, —3) 

(h) perpendicular to the x-axis 

(i) passing through the point of intersection of y=2x+1and y=x+2 
(j) parallel to the line segment joining (1,5) to (2, 3) 
(k) passing through the origin 
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EXERCISE 2 GRAPHING 


1. Sketch the graph of each of the following, x,yeER 


(a) y=x+3 (b)) y=2x—1 
(c) y=3-x (d) y>2—2x 
(e) x+y=4 (f) 2x-y<4 
(g) 3y—2x>6 (h) 4x +3y<—12 


2. Graph the following, x, ye R. 

(a) {(x,y)| y<x-3 and y>x+2} 

(b) {(x, y)| y>2x+1 and y<3+x} 

(c) {(x, y)]2x+y<4 and 3x-y>6} 

(d) {(x, y)| y2=2 and x<-1} 

(e) {(x, y)| y>x+2 and x>0} 

(f) {(x,y)|x+y>4 or x-y<2} 

(g) {(x, y)|3x+2y<12 and x>0 and y>=0} 


EXERCISE 3 FACTORING 


1. Complete the following 


(a) 5x +30 =) (b) 7x?y — 14x2y? = 7x7 MC) 
(c) G6abc —4ab = 2ab (KK WW) (d) 6x? — 4x = 3.x (KlL_’r WY) 

(e) BMN—7M7N = —ZMN{K QQ) __(F)_ KF Sy = x (K)'’~—wi@i)s~ 

(g) 5x*—9x = 5(IKKIWY) (h) —3x?+ 4x = —3( KYW) 

(i) —6x?+8x = —6x (KW) (j) 42x — 7.x? = 7.x (Ww ) 

(k)  —x?—6x = (II’'’W™~w ) (I) 3X7 —3x = 2(KW$®Q 

(m) —3x?+4x = —3(Ry dd) (n) —§x?— 10x = —3 (I I) 





Quadratic 
Functions 


When we cannot use the compass of mathematics or the torch of 
experience... it is certain we cannot take a single step forward. 
Voltaire 


In Chapter 1 we studied the characteristics of functions in general. In 
this chapter we shall study the quadratic function in detail. 


2.1 PARABOLAS IN STANDARD FORM 


A function determined by a second degree polynomial is called a 
quadratic function. Examples of quadratic functions are y =2x’, y= 
—3x*+4x, y=x?—3x+1. The graph of a quadratic function is called a 
parabola. 

We graph the function f(x) = x? by first determining a set of ordered 
pairs, then plotting the points and joining them by a smooth curve. 





























The graph of the parabola is symmetric 
about the y-axis since f(x)=f(—x). The axis 
of symmetry of a parabola is the line such 
that the parabola is mapped onto itself by 
reflection in the line. In this case the axis of 
symmetry is the y-axis. The vertex, or turn- 
ing point, of the parabola is the point where 
the graph intersects the axis of symmetry. In 
this example the vertex is (0, 0). 

Vertex 


CHAPTER 2 


Axis of 
¥ Symmetry 


quadratic functions 


43 

















Figure 2-1 


Figure 2-2 
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Figure 2-1 illustrates the change in the 
parabola y = ax* for different values of @. If 
a>0O the parabola opens upward. If 2 <9 the 
parabola opens downward. Compare the 
functions to y =x’. 

(i) If |@|>1 there is a stretch in the y- 
direction. 
(ii) If |al<1 there is a shrink in the y- 
direction. 


Figure 2-2 illustrates that the graphs of 
y=x?+2 
and 
Y=x"=3 
are congruent to y = x’. 
All three have the same size and shape, but 
different positions. The graph of y = x?+2 is 
the graph of y=x? shifted up 2 units. The 


graph of y=x?-—3 is the graph of y=x? 
shifted down 3 units. 


In general, if c>0, 
(i) the graph of y=ax?+c is the graph of 
y = ax’ translated upward by c units. 
(ii) the graph of y=ax*—c is the graph of 
y = ax’ translated downward by c units. 





EXAMPLE 1. Sketch the graphs of 
(a) y=2x?-4 
(b) y=—2x°+3 


Solution 


(a) The graph of y =2x*~—4 is the graph of 
y = 2x’ translated downward by 4 units. 





(b) The graph of y=—3x*+3 is the graph of 
y =—>x’ translated upward by 3 units. 
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y =(x+3)? \ ly =x" Misael 
ite —+—haft-—+ eae | 
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Figure 2-3 illustrates that the graphs of 
y =(x-2)/? 
and 
y =(x+3)? 
are congruent to 
y=x? 
but have different positions. The graph of 
y =(x—2)? is the graph of y=x? shifted 2 


units to the right. The graph of y =(x+3)? is 
the graph of y = x” shifted 3 units to the left. 


In general, if h>0, 

(i) the graph of y=a(x+h)? is the graph of 
y = ax’ translated to the left by h units 

(ii) the graph of y=a(x—h)? is the graph of 
y = ax? translated to the right by h units. 


EXAMPLE 2. Sketch the graphs of 
(a) y=2(x-—3)? 
(b) y=—3(x +2)? 


and find the vertex and the equation of the | 


axis of symmetry. 


Solution 


(a) The graph of y = 2(x—3)? is the graph of 
y = 2x” translated to the right by 3 units. The 
vertex is (3, 0). 





The equation of the axis of symmetry is | 


x=3. 


(b) The graph of y=—3(x+2)? is the graph =e (ps os AV \ 2 cea 
ee ee |e, 


of y = —3x? translated to the left by 2 units. 7 7 
The vertex is (—2, 0). Pec eine | i cai 
The equation of the axis of symmetry is ea a 

2. score! eric oat es ee 

e He i a 4. ee 4 


Figure 2-4 illustrates that 
the graphs of y =(x—4)?+3 
and y=(x+3)?—5 are con- 
gruent to y= x’. The graph 
of y=(x-—4)*+3 is the 
graph of y = x? shifted right 
4 units and up 3 units. The 
graph of y=(x+3)?—5 is 
the graph of y=x? shifted 
left 3 units and down 5 
units. 
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Figure 2-4 
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The graph of 


y =a(x—h)’?+k 


is a parabola with the point (h, k) as the vertex and the line x =h 
as the axis of symmetry. The parabola opens upward when a >0 
and downward when a<0O. 








The equation of the form y =a(x—h)*+k is called the standard form 
for a quadratic function. 


EXAMPLE 3. Sketch the graph of 
y = 2(x+4)*?-1 


Solution 





The graph of y=2(x+4)*?—1 is congruent to 
the graph of y =2x*. The vertex is (—4, —1), 








the equation of the axis of symmetry is x = 





—4. Since a >0, the parabola opens upward. 
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EXAMPLE 4. Find an equation for the parabola with vertex (—3, —2) 
and passing through the point (—2, 0). 


Solution 
Setting (h, k)=(—3, —2) we substitute in the formula 
y=a(x—h)?+k_ to obtain 
y = a(x —(—3))*+(—2) 
= a(x+3)?-2 


Since the parabola passes through the point (—2,0), we replace x by 
—2 and y by O. 


0=a(=2+3)°—2 
0=a—2 
a=2 


the equation is y = 2(x +3)*—2 





EXERCISE 2-1 


1. For each of the following parabolas state 
(i) the direction of the opening (up or down) 
(ii) the coordinates of the vertex 

(iii) the equation of the axis of symmetry 


(a) y=4x? (b) y=x7+3 (c) y=—}x? 

fajmy=—3x°+5 (e) y=2(x +1)? (f) y=3(x—4)?+2 

(g) y=—5(x +6)? (h) y=x?-6 (i) xy =Salx= 1)°-6 

(j) y=2x?+7 (k) y=4(x—3)? (I) y=—(x+5)? 

(m) y=—7x?-7 (n) y=2(x+6)?—-10 (0) y=—3(x—3)?-3 

(p) y=3(x—3)? {q) y =0.5(x—3)?-0.7 (r) y=—1.2x?-3.4 

(s) y= —0.009x* (t) y=—2(x+5)?-10 (u) y=6(x—1)?+8 

2. Write an equation for a parabola with the given vertex and value 

for a. 

(a) (0,0), a=4 (b) (0,0), a=—3 (c) (0,0), a=—3 

(cjmeO;4) a — 1 (e) (0) —3), a=—2 (f) (0,—4), a=6 

(g) (5,0), a=2 (h) (—4,0), a=—3 (i) (—6,0), a=3 

(j) (3,2), a=1 (K}e(=3,9),,4a— 2 (\) (4,—3), a=4 

(m) (0,6), a=—3 (n) (-6,-7),a=—5 —(o) (-5,0), a=3 ADDITION 

(p) (0,0), a=-3 (q) (6,6), a=—3 i Ya2)pe 8 

(s) (0,—7), a=4 (Ue (= 3, =4) "a7 (u) (—6,0), a=—11 Two 
3. Without making a table of values, sketch the graph of each of the THREE 
following. SEVEN 
(a) y=3x? (b) y=—2x*+4 (c) y=3(x +2)? —_—_—_——— 
(d) y=2(x+1)?-5 = (e) y=3x?-5 (f) y=-2(x-3)?-4 TWELVE 
eV 3x — 5)" (h) y=—2x?-9 (i) y=—(x+5)? 

Gi) y=4(x+37=1 — “(k) y=—2x*-6 (I) y=—3(x—-1)?+6 

(m) y=x?+3-—0 (n) y=2(x +6)? (o) y=—2(x+3)?—4 

(p) y=2(x+3)?+1 (q) y=—4(x-—1)? +3 (r) y=6(x—2)747 


4. Find an equation for the parabola with the given vertex and passing 
through the given point. 

(a) vertex: (3, 2), point: (1,6) (b) vertex: (—1, —3), point: (—2, —5) 
(c) vertex: (—3, 6), point: (—2,10) (d) vertex: (2,—4), point: (1,—7) 
(e) vertex: (2,—6), point: (4,—4) (f) vertex: (—4, 3), point: (—3, 2) 


5. Determine the values of h or k so that the graph of the parabola 
will pass through the given point. 





(a) y=2(x—1)?+k; (2,7) (b) y=3(x—h)?+2; (1, 14) 
(c) y=—3(x+2)?+k; (—3, -7) (d) y=—2(x—h)?+5; (2,3) 
(e) y=—3(x-—h)?—4; (4, -6) (f) pyeiSlx +2)7+.k; 4=3,=4) 


6. Find a and k so that the given points will lie on the parabola. 
(a) y=a(x—1)*+k; (2, 4), (3, 10) 

(b) y=a(x+3)?+k; (—2,3), (0, —13) 

(c) y=a(x—2)*+k; (1,8), (—1, 32) 


7. Graph y =|x?—4| 
8. Graph y =|x?-9| 
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2.2 GRAPHING BY COMPLETING THE 
SQUARE 


In the previous section we graphed quadratic functions written in 
standard form. Functions of this type may be rewritten as follows. 





Y= 2(x — 3)? -7 ——_ standard form 
= 2(x?—6x+9)—7 
= 2x?—-12x+18—-7 


= 2x?-12x+11— general form 





The equation y=2x?—12x+11 is written in the general form of a 
quadratic function. Many quadratic functions appear in this form, but 
it is easier to graph a quadratic function when it is expressed in the 
standard form y = a(x—h)*+k. To make the transition from general to | 
standard we use a procedure called completing the square. In order to 
understand the process we first square two binomials. 


(x+3)?=x?+6x+9 


(x +t)? = x?+2tx+ t? 


Notice that the constant term, 9 or t?, is the square of half the 
coefficient of x. We use this fact when we complete the square. 


EXAMPLE 1. Express y = x*—6x-—1 in standard form 


Solution 
y =x*-6x-1 


We first determine what must be added to x?— 6x to make it a square 
trinomial. 

The square of half the coefficient of x is 9. Since we add 9 to the 
Original function we must also subtract 9 to keep the value of the 
function the same. 


y =x?-6x+1 
=x?—6x+9-9+1 
—6 2 2 
(=) -9 = (x?~6x+9)-9 +1 
=(x—3) —8 
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EXAMPLE 2. Sketch the graph of y= 
x?+8x+11 


Solution 
We first complete the square to put the func- 
tion in standard form. 


y=x?+8x+11 
= x*+8x+16—16+11 
=(x+4)?-5 


The coordinates of the vertex are (—4, —5) 
and the parabola opens upward. 









penne 


4 


ix +4 | 


re nme 
i 
+ 








In Examples 1 and 2 we expressed quadratic functions of the form 
y=x’*+bx+c in standard form. We shall now consider quadratic 


functions of the form y = ax?+bx+c where a#1. 


EXAMPLE 3. Express y = 3x?—12x+7 in standard form. 


Solution 


We factor the coefficient of x* from the first two terms. 


y =3x?-12x+7 
= 3[x?—4x]+7 
= 3[x?-4x+4-4]+7 
= 3[(x?—4x +4)—4]+7 
= 3[(x —2)?—4]+7 
= 3(x —2)?-12+7 
= 3(x—2)?-5 


(complete the square) 


(remove square brackets) 
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EXAMPLE 4. (a) Sketch the graph of y =—3x?—4x-3. 
(b) Determine the y-intercept and plot the appropriate point on the 
graph. 


Solution 
(a) We first rewrite the equation in standard 
form. 


y = —3x?-4x-3 

=—3[x*tex]=s 

= —3[x?+3x+35—3]—3 

= —3[(x + 3)?-3]-3 

= —3(x +§)*+$-3 

== 3(X +3) as 
The coordinates of the vertex are (—3, —3) and 
the parabola opens downward. 


(b) We determine the y-intercept by setting 
x =0 in the original equation. 


y =—3x?-4x-—3 
= —3(0)?-4(Q)-3 
=-3 





the y-intercept is —3. 


EXERCISE 2-2 


1. Complete the square in each of the following. 


(a) x?+8x (b) x?7+6x (c) x?—12x 
(d) x?—2x (e) x*+10x (f) x?-14x 
(g) x?+x (h) x?—3x (i) x*—5x 

(ji) x2+1x (k) x?—£x (Il) x?—0.8x 
(m) x?+4x (n) x?+2x (o) x?+0.2x 
(p) x?—1.2x (q) x*—3x (r) x?+2.4x 


2. Without making a table of values, sketch the graph of each of the 
following functions. State the range of each function. 


(a) y=x?+6x+7 (b) y=x?-4x-1 (c) y=x?+10x+9 
(d) y =x*-8x (e) y=x*+3x (f) y=x?-x+1 
(Gly =xX4>5% (h) y=x?+3x-2 (i) u=x?—8x 


3. Without making a table of values, sketch the graph of each of the 
following functions, State the range of each. 

(a) y=2x*+8x+5 (b) y=3x?-6x+4 (c) y=—2x?+4x-—2 
(d) y=—x?+6x+3 (e) y=—-2x?+5x+2 (f) y=—3x?-12x-1 
(g) y=5x?—-15x-1  (h) y=3x?+3x-2 (i) y=—3x?-2x+4 

(j) y=—4x?+6x (k) y=—0.2x*+2x+7 (I) y=$3x?—-x+2 

(m) y=2x?+3x+1 (n) y=—6x?-—x-3 (o) y=—2x?-0.8x —2 





C 4. Sketch the graph of each of the following. 


(a) y+3=x7?+2x+1 (b) y-2=2x*-6x-1 
(elisy =x = 3x =1 (d) 4y =—2x?+6x-8 
(e) y=3—4x— x? (f) y-1=3x-2x?+5 


2.3 APPLICATIONS: MAXIMUM AND 
MINIMUM 


The function f(x)=2x—3 (or y=2x-—3) is 
graphed in Figure 2-5. The function has a 
value of 5 when x =4, 1 when x = 2, —1 when 
x=1 and so on. The ordinates of points on 
the graph of a function are the values of the 
functions. For example, the value of 








Vex ext | 


when x=2 is (2)?+2(2)+1 or 9. 
The corresponding ordered pair is (2, 9). 


























Consider the function y =2x*—4x +5. 
Expressed in standard form it becomes 
y =2(x—1)*+3. The point (1,3) is called the 
minimum point of the graph because it is the 
lowest point on the graph. The minimum 
value of the function is 3 when x = 1 because 
f(x)=3 for xER. 




















For the general function y = a(x—h)*+k, 
when a>O the parabola opens upward. 
Clearly a(x —h)?=0. Therefore 


a(x—h)?+k=k 





























and the minimum occurs when a(x —h)*=0 
or x=h. 
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Similarly, the function y =—2x?—4x+3 ex- 
pressed in standard form becomes 

y =—2(x + 1)?+5. The point (—1, 5) is called the 
maximum point of the graph. The maximum 
value of the function is 5 when x =—1. For 
the general function y =a(x—h)?+k, when 
a <0 the parabola opens downward. Clearly 
a(x—h)?<0. Therefore a(x—h}?+k<k and 
the maximum occurs when a(x—h)*?=0 or 
x=h. 





EXAMPLE 1. Determine the maximum or minimum value of the © 
function y = —3x?+6x — 13. 


Solution 
We first complete the square. 








y =-3x?+6x-—13 
= —3[x?-— 12x]—13 
= —}[x?—12x +36 —36]—13 
= —3[(x—6)?—36]—13 
=—a(x—6) +1813 


= —3(x—6)?+5 








Since —3(x—6)*<0 

—}(x —6)?+5<5 
Therefore the function has a maximum value 
of 5 when —3(x —6)?=0 or when x=6. 





EXAMPLE 2. During the summer months Terry makes and sells 
necklaces on the beach. Last summer he sold the necklaces for $10 
each. His sales averaged 20 per day. Considering a price increase, he 
took a small survey and found that for every dollar increase he would 
lose two sales per day. If the material for each necklace costs Terry $6, 
what should the selling price be to maximize profits? Determine the 
profit. 
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Solution 

Let x be the number of dollars that Terry increases the selling price 
from $10. 

Income from sales is (number sold) x (selling price), or 


(20 — 2x)(10+x) 
Expenses are 6(20-— 2x) 


Profit = Income — Expenses 
P =(20—2x)(10+ x) —6(20— 2x) 
= —2x?+12x +80 
= —2[x?-—6x +9-9]+80 
= —2[(x —3)?—9]+80 
= —2(x —3)?+ 18480 
= —2(x —3)?+98 


Since —2(x —3)*<0 
—2(x —3)?+98=<98 
The function reaches a maximum value of 98 when —2(x —3)*=0 or 
when x =3. 
The profit reaches a maximum of $98 when x=3. Therefore the 
selling price should be $13. 


EXERCISE 2-3 


1. Determine the maximum or minimum of the following functions. 
State the value of x where each occurs. 


(a) y=2x?—12x—-7 (b) y=—3x*-18x+4 

(c) y=5x?-10x+4 (d) y=—-x?+2x-3 

(e) y=—3x?+6x-3 : (f) y=sx*+2x+1 

(g) y=5x*—3x+1 +  (h) y=—4x?4+2x-1 

(i) y=0.1x?7+2x+1 (j) y=—0.3x*—0.6x +0.1 





2. Find two numbers whose sum is \32 and whose product is a 
maximum. 


3. Find two numbers whose difference is 6 and whose product is a 
minimum. 


4. If a pistol bullet is fired vertically at an initial speed of 100 m/s, the 
height in metres after t seconds is given by h=100t—5t?. Find the 
maximum height attained by the bullet. 


5. A rectangular field is to be enclosed with 600 m of fencing. What 
dimensions will produce a maximum area? 


6. A rectangular field bounded on one side by a lake is to be fenced 
On 3 sides by 800m of fence. What dimensions will produce a 
maximum area? 


In how many ways is it 
possible to make change 
for a dollar? 
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7. A large car dealership has been selling new cars at $600 over the 
factory price. Sales have been averaging 80 cars per month. Due to 
inflation the $600 markup is going to be increased. The marketing 
manager has determined that for every $10 increase there will be one 
less car sold each month. What should the new markup be in order to 
maximize income? 


8. Mary is an artist who works at a shopping centre drawing “‘pencil 
portraits’. She charges $20 per portrait and she has been averaging 
30 portraits per week. She decides to increase the price but realizes 
that for every one dollar increase she will lose one sale per week. If 
materials cost her $10 per portrait, what should she set the price at in 
order to maximize her profit? 


9. A rectangular field is to be enclosed by a 
fence and divided into two rectangular fields 

x by a fence parallel to one side of the field. If 
1200 m of fence are available, find the di- 
mensions of the field giving the maximum 
area. 


10. The TruTime watch company has been selling 1200 watches per 
week at $18 each. They are planning a price increase. A survey 
indicates that for every dollar increase in price there will be a drop of 
40 sales per week. If it costs $10 to make each watch, what should the 
selling price be in order to maximize profit? 


11. The effectiveness of a T.V. commercial depends on how many 
times a viewer sees it. A television advertising agency has deter- 
mined that if effectiveness (e) is put on a scale from 0 to 10 where 10 
is maximum positive effect, then e =—s5n*+5n where n is the number 
of times a viewer sees a particular commercial. Determine how many 
times a viewer should see a commercial to attain maximum positive 
effect. 


12. A rocket is fired down a practice range. The height in metres after 
t seconds is given by 


h =3t?+3t+45 
Find the maximum height attained by the rocket. 


13. A rocket is launched vertically upward with an initial velocity of v. 
The height h of the rocket at time t is equal to the height it would 
attain in the absence of gravity (vt) minus the free fall distance due to 


; at) 
ravi ey (4 
gravity (F 
2 


Thus ek sare 


Neglecting air resistance and the variation of g with altitude, show 
ae 


; 2 I Vv : Vv 
that the rocket attains a maximum height of nt at time —. 
g 








2.4 QUADRATIC REGIONS 


The parabola y = ax*+bx-+c divides the plane into three regions. 


y > ax’?+bx+c describes 
the points above the 
parabola 





y = ax*+bx+c describes 
the points on the 


parabola 


y <ax*+bx+c describes 
the points below the 
parabola 








* 


EXAMPLE 1. Draw the graph of y>x*—4x+7 


Solution 
First we express y = x*—4x+7 in standard 
form. 
y =x°=4x+7 
= x?—-4x+4-4+7 
=(x=2)°+3 


The parabola has its vertex at (2,3). The 
equation of the axis of symmetry is x =2. 
The required graph is the set of points on or 
above the parabola. 
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EXAMPLE 2. Graph the solution set of the system of inequalities 
y <—x?--2x+2 


and y>-—3x-—2. 


Solution 





The solution set is the intersection of the 





solution sets of each inequality. For y< 








—x?—2x+2 the region is below the parabola. 
For y>-3x-—2 the region is above the 
straight line. The intersection is represented 





by the shaded area. 
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EXERCISE 2-4 


1. Draw the graphs of the following. 


(a) y>2x? (b) y<x?7+4 

(Cl X20 (d) y<(x+3)?—4 
(e) y<—2(x—1)?+5 (f) y=4(x+2)?-7 
(g) y>x?+4x+1 (h) y<x?—-6x+5 
(i) y<—x?+6x-11 (j) y2=—x?-8x—14 
(k) y<2x?-12x+14 (l) y>—2x?-4x-6 
(m) y= —4x?+2x+3 (n) y<3x?—4x+1 


2. Graph the solution set of the following systems. 
(a) y>x?+2 and y<x+4 

(b) y>x?—4x+6 and y<3x+4 

(c) y<—x?—2x+2 and y>x 

(d) y>x?—4x+1 and y<—§x+2 

(e) y<—x?+6x-—7 and y>-3 

(f) y<—2x?+4 and y>0 

(g) y>2x?+12x+18 and y<—3x+4 

(h) y=>2x?—4x+2 and x>1 

3. Graph the solution set of the following. 
(a) y<—x?+5 and y>x?-4 

(b) y<—x?+4x and y>2x?—4x+2 








2.5 QUADRATIC RELATIONS WHOSE 
GRAPHS ARE PARABOLAS 


In Section 1.6 we found that the graph of a 
function and its inverse were symmetric 
about the line y=x. Given points on the 





graph of a function the points on the graph 





of the inverse relation are found by inter- 
changing the x and y values. 





For example the inverse of the function y = 
x?+2 is x=y7+2. Its graph is found by 
reflecting the graph of y=x7+2 in the line 
v= x. 





























Although x=y’+2 does not define y as a 





function of x, it does define y as two func- 








tions of x, namely 





y=vx-2 
and y=—-vVx-3 



































The techniques used to graph quadratic functions can also be used 
to graph quadratic relations whose graphs are parabolas. These rela- 
tions are of the form x=ay*+by+c, a0 
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For such parabolas 





(a) an “upward translation’ becomes a 
“translation to the right”, 





(b) a “‘downward translation’’ becomes a 
“translation to the left, 
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(c) a “translation to the right’’ becomes an 
“upward translation”, 








(d) a “‘translation to the left’ becomes a 
“downward translation”. 





EXAMPLE 1. Sketch the graph of x =2y*—4y+5 


+ 
Solution 
We first complete the square to put the rela- 
tion in standard form. 


x=2y —-4y+5 
=2[y*—2y]+5 
=2[y*=2y4+1=1)+5 
= 2{(y—1)?—1]+5 
=2(y—1)?-2+5 
=2(y—1) +3 








The co-ordinates of the vertex are (3, 1) and 
the equation of the axis of symmetry is y = 1. 
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EXERCISE 2-5 


A 1. State the coordinates of the vertex and the equation of the axis of 
symmetry for each of the following. 
(a) x=y?-2 (b) x =3y’ (c) x=—-y?+4 
(d) x=—2y*+5 (e) x=(y+3)?+2 (f) x=(y—1)?-4 
(g) x =2(y+2)*+7 (h) x =—(y—4)?-1 (i) x =3(y+1)?+6 
(j) x=—2ly+5)?-3 (k) x=4(y—3)°-8 (I) x =3(y—6)*—-9 

B 2. Without making a table of values, sketch the graph of each of the 
following. State the domain of each. 


(a) x =2y? (b) x=—y? (c) x=y?*+2 

(d) x=y*—4 (e) x=-y*+3 (f) x =(y+2)? 

(g) x =—2(y —3)? (h) x =2(y+1)?+1 (i) x=—(y—2)?-4 

3. Without making a table of values, sketch the graph of each of the 
following. 

(a) x=y*+4y (b) x=y?—6y+7 (c) x=2y7+4y 

(d) x=—y7?+8y (e) x=2y?-4y-1 (f) x =—2y?+8y+1 
(g) x=3y?-12y-2 (h) x=—4y?-16y+3 (i) x=sy?+y+2 

(j) x=2y?+y-3 (k) x=—3y?+2y+1. (I) x=3y?-2y+1 


2.6 THE GENERAL QUADRATIC 
FUNCTION 


We shall now apply the technique of completing the square to express 
the general quadratic function, y= ax+ bx+c, in standard form 


y =ax*+bx+ce 





4a 
Comparing this equation with y = a(x—h)?+k we conclude: 
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The graph of the general quadratic function y = ax*+ bx +c is ] 


: b 4ac—b? é 
a parabola with vertex cep =——). The equation of the 


: : b 
axis of symmetry is x = otk The parabola opens upward when 


a>0O and downward when a<0O. 











EXAMPLE 1. Determine the vertex and the equation of the axis of 
symmetry of the parabola 


y =—2x?+3x-4 


Mee G6 WORD LADDER 
For y=—2x°+3x-—4, a=—2, b=3 and c=—4 


Start with the word 





Vertex: “snail” and change one 
; letter at a time to form a 
x-coordinate = eh new word until you reach 
“boat’’. The best solution 
ane has the fewest steps. 
2(-2) sail 
=e a 
we! 
4ac—b? ee 
y-coordinate = ——_—— aoa er 
4a ay Sega 
_ 4(-2)(-4)—-(3)? at tae 
a A(_2) boat 


the coordinates of the vertex are (3, —%) 


Axis of Symmetry: 


EXAMPLE 2. Find a quadratic function f that satisfies the given 
conditions 


f(1)=0) f(3) =2, f(—2) = 12 
Solution 
The quadratic function is defined by 
f(x) = ax?+bx+c 
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f(1)=a(1)?+b(1)+c=0 or a+b+c=0 
f(3)=a(3)?+b(3)+c=2 or 9a+3b+c=2 
f(—2) = a(—2)?+ b(—2)4+c=12 or 4a—2b+c=12 


We now solve the resulting linear system. 


atb+c=0 @ 
9a+3b+c=2 @ 
4a—-2b+c=12 @ 








Eliminate c from @ and @ Eliminate c from @ and @ 
a+b+c=0 @ 9a+3b+c=2 @ 
Satsbte=2y FQ) 4a-2b+c=12 @ 
Subtract —8a-2b=-2 @ Subtract 5a+5b=-10 © 
or ' 4a+b=1 @ or a+b=-2 © 


Eliminate b from @ and © 
4a+b=1 @ 


a+b=-2 © 
Subtract 3a=3 
a- 
Substitute a=1 in @ 
4a+b=1 
A)\+b=1 
4+b=1 
pe =3 


Substitute a=1, b=—3 in @ 
a+b+c=0 
(1)+(-3)+c¢=0 
c=2 


f(x) = x?-—3x+2 
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EXERCISE 2-6 


1. State the values of a, b and c for the following quadratic functions 


(a) y=2x?+3x-7 (b) y=2x?-x-3 (c) y=—x?*-4x 

(d) y=3x?-4 (e) y+3=x?+2x (f) y—7=2x? 

(g) y=7—3x +5x? (h) y=3x-—4x?*-2 (i) y=5x—-—3+7x? 
2. Find the vertex and axis of symmetry of each of the following. 
(a) y=x?-x-12 (b) y=x?+2x+3 (c) y=2x?-—4x-1 
(d) y=—x?-2x+5 (e) y=—2x*+x-5 (f) y=3x?-x+4 
(g) y=sx?-2x+1 (h) y=—4x*+3x-1 (i) y=4x?-7 


(j) y=2x?—6x 

3. Find a quadratic function that satisfies the given conditions. 

(a) f(1)=2, f(—1)=4, f(2)=4 é ! ¢ 
(b) £(1)=0, £(3)=—2, #(-1)=10 Write 100 using four 9's. 
(Gen) = 2. 1(—1)——4, (2) —8 

(d) f(0)=2, f(—2)=12, f(3)=2 


4. Determine without graphing if the following will cross the x-axis. 


(a) y=x?—2x-8 (b) y=2x?+4x+3 
(c) y=—x*-7x-12 (d) y=—2x*+6x—5 
(e) y=—3x°+3x-4 (f) "y =3x?—10x-8 


5. lf y=ax*+bx+c crosses the x-axis, does y =—ax*—bx-—c cross 
the x-axis? Explain. 


6. If f(x) =ax?+bx+c and f(x)=f(—x) for all x, show that b=0. 


REVIEW EXERCISE 


1. For each of the following parabolas state 
(i) the direction of the opening 

(ii) the coordinates of the vertex 

(iii) the equation of the axis of symmetry 


(a) y=3x? (b) y=x?—4 (c) y=—-x?+3 

(d) y=—2(x—1)? (e) y=2(x+3)°+4 (f) y=3(x—4)?-3 
(g) y=—3x?-5 (h) y=—3(x+1)?+2 (i) y=—5(x—4)?-7 
2. Complete the square for each of the following. 

(a) x?—8x (b) x?—12x (c) x*—10x 

(d) x?—x (e) x?+3x (f) x*-—$x 

(g) x*—-0.4x (h) x*+3x (i) x?+5x 

3. Sketch the graph of each of the following. 

ta). y= 2x" (b) y=—x7?+3 (c) y=2(x—1)? 

(d) y=—3(x +1)? (e) y=—(x-—2)?-1 (f) y=—2(x+2)?+5 
ayy = 2x°=2 (h) y=3(x—4)?-2 (i) y=4(x+3)?-2 
4. Sketch the graph of each of the following. 

(a) y=2x?-8x-1 (b) y=3x?+6x+7 (c) y=—x?-4x-2 
(d) y=—2x?7+x-1 (e) y=3x?+3x-2 (f) y=x?-3x+5 
(g) y=—3x?+12x+5 (h) y=—3x?+x-3 (i) y=3x?-4x-1 
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5. Determine the maximum or minimum of each of the following functions. State 
the value of x where each occurs. 

(a) y=x?-2x+5 (b) y=—x?+4x+2 (c) y=3x?-6x+1 

(d) y=5x?+x+7 (e) y=—2x*-x-1 (f) y=$x?+6x 


6. A rectangular field, bounded on one side by a river, is to be fenced on 3 sides by 
1200 m of fence. Determine the dimensions of the field that will produce a maximum 
area. 


7. A rectangular field is to be enclosed by a 
fence. Two fences, parallel to one side of the 
field, divide the field into 3 rectangular fields. 
If 2400m of fence are available, find the 
dimensions of the field giving the maximum 


area. 

8. Draw the graphs of the following. 

(a) y<x? (b) y=x?-2 

(c) y>—x?+3 (d) yX(x—1)?+4 

(e) y=-2(x+2)?-1 (f) y<x?-2x+5 

(g) y>2x?-6x-—2 (h) yS—x?+4x-1 
(i) y2=—3x?—6x—2 (i) y>3x?4+x+4 


Determine the pattern. Find 
the missing number 
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REVIEW AND PREVIEW TO CHAPTER 3 


EXERCISE 1. 
INEQUALITIES 


1. Solve the following 
(a) 3x+16=x-—28 
(c) 3(x—4)—6=5x-12 











(e) 2(1—3t)—2(4t-—5)=-2 
(g) (x—1)(x+3)=(x+2)(x+1) 
(i) sex! 
pa 84.? 
2 Aaklacene pil 

2 


4t+3 | 3t+5 
2 5 





(m) 


Pope 2(2x — 1)-0.2(X—2)=3 


2. Solve the following inequalities. 
(a) BOX == SXao 
(c) 3—3(t+1)=5(t—8) 


(e) 4(2—3t)—5>t-6 


(g) 3(2x +1)—2(1—x)<5 


EXERCISE 2 RADICALS 


1. Simplify the following 

(a) J2+3V2-—5V/3+8V3 

(c) 4/27 —5./12—3V80—2,/45 
(e) 5V63—2,/54+ 2/28-3./24 
(g) 5/363 —2/300+ 6/27 


2. Expand and simplify. 
(a) (3V2—4)(5V3+ 2/2) 
(c) (5V6— /3)(5V64+ V3) 
(e) (2+ 4V5)(V3—V15) 

















EQUATIONS AND 


(b) 4t—3=t—45 

(d) 4(2w—1)—(w-—5)=11 

(f) 0=5—3(s—5)+4(2—s) 

(h) 4—(w—3)+2(3w-—5)=6 
Kat tap Xie 


(j) 2 Sey 





(Il) 5x —3(2x —3)+7=2(14+ x) 


(n) 0.2(x —3)+1=0.3(x +2) 


3X Ae Se 
4 3 2 





(p) 


(b) 3(w—1)—2<2w+1 
(d) 7—3(x+5)—2(1—2x)<2(x +1) 


xX x 
(f) —+1<= 
2 3 





(b) V8+3V18— 3/32 

(d) 2V90+5V40—3V/75+ 2/48 
(f) 2/68—5./13—2/153—4V/52 
(h) 6/20—4/125+8./45—/500 








(b) (2V3—/2)7 
(d) (2—3V2)(2+3V2) 
(f) (6/2—V5)(6V2+ V5) 
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3. Rationalize the denominator of each of the following. 














3 Byoe4 2+3V5—V2 

(ajy=—= (b) (°c) Se 

2/2 V/3 2V5 
(aj eee (e) v3 (f) av/a-1 

Va an2 1-+3/2 2/5 =V/3 
(g) SEAS (h) -v7 (i) aE 

25 307 3V5-1 VBe2y 9-3 
4. Expand and simplify. > 
(a) (Vx+3)(/x-1) (b) (/x—4)? (c) (2Vx—1)(Vx-3) 
(d) (Vx+1+2)(Vx+1+3) (e) (/x—-5+1)? (f) (3/x+ 2-1)? 
(g) (iw x =i (h) (2—Vx +3)? (i) (14 2x24 


Using only the digits 2, 3, 
5 or 7, find the product. 


NS NS 
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CHAPTER 3 


Quadratic 
Equations 


I'm very well acquainted too with matters mathematical, 

| understand equations, both simple and quadratical, 

About binomial theorem I’m teeming with a lot o’ news— 

With many cheerful facts about the square of the hypotenuse. 
—sung by the model of a modern Major-General 
in Gilbert and Sullivan's The Pirates of Penzance 


3.1 SOLVING QUADRATIC BOSTON: 
BY GRAPHING 


A \linear-quadratic system such as 


y =x?-2x-3 





y=5 


may be solved graphically by plotting the 
graph of each equation. The points of inter- 
section will give the solution, namely (—2, 5) 
and (4, 5). 


In Figure 3-1 the system 
y =x?-2x-—3; 
y=0 


is solved graphically. The points of intersec- 
tion are (—1,0) and (3,0). Note that the x- 
intercepts of the quadratic function 


yax==2x=3 


are —1 and 3. 
The roots of the corresponding quadratic 
equation, 


x?—2x— 3=0 





are —1 and 3. 


Figure 3-1 
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The quadratic equation 
x*-4x-5=0 


may be solved graphically. 
First we set y equal to both sides of the 
equation 

y =x°—4x—5 

y=0 
We then plot the graph of each equation to 
find the points of intersection. 
Since the original equation, x*—4x-—5=0, 
involved only x, we only need the x coordi- 
nates of the points of intersection, namely 


—1 and 5. We verify by substitution that —1 
and 5 are the roots of x7—4x —5=0. 


L.S.=(-1)?-4(-1)-5 R.S.=0 
=14+4-5 
=0 
and L.S. = (5)?— 4(5)—5 R.S.=0 
=25-20-5 
=0 


.. the roots are —1 and 5. 


EXAMPLE 1. Solve x*—2x-—8=0 graphi- 








cally. 
Solution 
Draw the graph of y = x?—2x-8. 
The graph intersects the x-axis at (4,0) and 
(—2,0). Therefore the solution set for the 
corresponding quadratic equation x?—2x— 
8=0 is {—2, 4} 
Check 
xXx==2 x=4 
L.S.=x?-2x-8 L.S.=x?-2x-8 
= (—2)?-2(-2)-8 = (4)?—2(4)-8 
=4+4-8 = 16—-8-8 
=(0 =0 
R.S.=0 R.S.=0 





.. the roots are —2 and 4. 
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The zeros of the quadratic function are the roots of the corresponding 
quadratic equation. 

Figures 3-2, 3-3, and 3-4 show cases where the associated quadratic 
equation has (i) two distinct real roots, (ii) two equal real roots and (iii) 
no real roots. 


(i) (ii) (iit) 


y y y 
O x O x O x 
Figure 3-2 Figure 3-3 Figure 3-4 


Case (iii) will be studied in Section 3.8. 
In general, if we let y=0 in the quadratic function y = ax*+bx+c 
we have the general quadratic equation 


ax?+bx+c=0 


The solution for this equation may be found by graphing the quadratic 
function y = ax*+bx+c to locate the zeros of the function. 


EXERCISE 3-1 


1. Solve each equation by graphing. Check each root by substitution. 


(a) x?+2x-—8=0 (b) x*+4x-5=0 
(c) x7+6x—-7=0 (d) x*-x-2=0 

(e) x7+4x+3=0 (f) x?-6x+8=0 
(g) x?+x—-20=0 (h) x7+6x+5=0 

(i) x?-4=0 Z (j) x?+8x+15=0 
(k) x*+6x=-8 (l) x*-6x+1=-4 
2. Solve graphically. Check your solutions. 

(a) —x?-2x+3=0 (b) 9-x*=0 

(c) 2x?+3x-2=0 (d) x*-6x+9=0 
(e) 3x?+5x =-2 (f) 2x?—12x+10=0 


3. For the quadratic function y = x*—4 determine the values of x so 
that 5<y<12. 
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3.2 FACTORING QUADRATIC 
EXPRESSIONS 


One method of solving quadratic equations is the factor method. Before 
using this method we shall review factoring trinomials over the integers. 
When factoring over the integers we restrict factors to those having only 
integral coefficients. 

We first consider polynomials of the form ax* + bx +c where a = 1. An 
analysis of a general expansion simplifies factoring. 


(x+r)(x+s)=x?+sx+rx+rs 
=x*+(st+r)x+rs 
=X? bx 2c 


Here b=(s+r) and c=rs. 


To write x*—2x-—15 in the form (x+r)(x+s), 
b=(st+r)=—2 
and c=rs=—15 
Hence r=—5 and s =3 and the factors of x*— 2x — 15 are (x —5), (x +3). 


x? =2x —15=(x—5)(x +3) 


EXAMPLE 1. Factor x*—x-—72 

Solution 

For x°-—x—72 
b==1=r+s 
C2 IS 


The two integers that add to give —1 and multiply to give —72 are —9 
and 8. 


x?—x—72=(x-—9)(x+8) 


Factoring trinomials where a#1, such as 6x*+x-—2, is simplified if 
we break up the middle term into two parts. 


6x? + x —2=6x*—-3x+4x-2 
= (6x? —3x)+ (4x — 2) 
= 3x(2x —1)+2(2x —1) 
= (2x — 1)(3x + 2) 


In order to factor by grouping, x was replaced by —3x+4x. The 
decision as to what two terms must be used to replace the middle 
term will be clarified if we analyze the general expansion. 


(px + r)(qx +s) = pqx*+ psx +qrx+rs 
= pqx’+(ps+qr)x+rs 
=ax*+bx+c 


If we break up the middle term bx into two terms, say mx and nx, 
then 


m+n=ps+qr=b 


and mn = pars = ac. 


EXAMPLE 2. Factor 6x?—11x—10 


Solution 
For 6x?—11x—10, a=6, b=—11, c=—10. 
To replace —11x by mx+nx we first determine m and n. 


m+n=b=—11 
mn=ac=—60 
Therefore m and n are —15 and 4. 
6x?— 11x — 10 = 6x*— 15x + 4x —10 
=(6x7= 15x)+ (4x — 10) 
= 3x (2x —5)+2(2x —5) 


= (2x —5)(3x + 2) 
EXERCISE 3-2 
1. Factor 
fa). x?4+7x+12 (b) x?+7x+10 (c) y?—7y+10 
(d) w*—8w+15 (e) x?—2x-8 (f) s?-4s—21 
(g) x?+3x-10 (h) x?—16 (i) x?—25 
(j) x?7+10x+25 (k) x*—14x+49 (Il) w?+3w-70 
(m) x*+2x—15 (nj). f =t—12 (0) r7+2r—24 
(p) w*?—4w—45 (q) t*?—2t+1 (r) x?+7x—30 
(s) x?+11x+28 (t) w?—14w+40 (u) x?+6x-—27 
(vy) t°—t—20 (w) x?+3x-—88 (x) x*— 100 


2. If possible, determine integer values for m and rn. 


(a) m+n=-—1, mn=—-12 
(c) M+n=—2, mn =—42 
(e) m+n=—5, mn=—36 
(g) m+n=15, mn=44 
(i) m+n=-—2, mn=1 

(k) m+n=0, mn=—36 


(b) m+n=7, mn=10 

(d) m+tn=5, mn==50 
(f) m+n=-—2, mn=—10 
(h) m+n=—-12, mn=20 
(jj) m-an=3, mn=—t3 
(l)) damania = 8}, naval = 183 


3. Factor over the integers, if possible. 


(a) 2x?7+7x+3 
(d) 3w?—11w—20 
(g) 4x?+12x+9 


(b) 2x*-7x+5 
(e) 6y?+y—1 
(h) 10w*—-w-2 


(c) 6w*—7w-3 
(f) 3x?—3x-4 
(i) 2w?+9w+10 
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(j) 4x?-9 (k) 30t*+t—20 (l) 14s7+41s+15 
(m) 24x?—46x +21 (n) 12w?7+29w+15 = (0) 12t?7—25t+12 
(p) 4x?+20x+25 (q) 10—11x + 3x? (r) 36x?+1 


3.3. SOLVING QUADRATIC EQUATIONS 
BY FACTORING 


Many quadratic equations can be solved by factoring. A solution by 
factoring depends on the following fact. 


For any two real numbers a and b, 


ab =0 if, and only if, a=0 or b=0. 








This includes the possibility that both a and b=0. 


EXAMPLE 1. Solve 3x*—10x—8=0 


Solution 
3x?—10x-—8=0 
(3x + 2)(x —4)=0 


Since the product of the two factors is zero, one or both of the 
factors must be zero. 


3x+2=0 Ona — 0 
Che = =72 Se! 


The solution is checked by substitution. 








Check 
x=-3 x=4 
L.S.=3x?-—10x-8 L.S.=3x?-10x-8 
= 3(—4)? — 10(-4)-8 = 3(4)?— 10(4)—8 
= 3a 8 =48-40-8 
=0 =) 


R.S.=0 R.S.=0 


The roots are —3 and 4. 
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EXAMPLE 2. Solve 10x*—9x=-2 


Solution 
We rewrite the equation so that one side of the equation is zero. 
10x?-9x =—2 
10x*-9x+2=0 
(5x —2)(2x —1)=0 
5x—2=0 or 2x—-1=0 
x=2 x=} 


The solution set is {2, 3} 


The following rules summarize the procedure for solving quadratic 
equations by factoring. 

1. Clear fractions. 

2. Transform the equation so that one side is zero. 

3. Divide both sides by any numerical common factors. 
4. Factor. 
5 


. Set each factor equal to zero and solve the resulting linear 
equations. 


ADDITION 
EXAMPLE 3. Solve 10x*+24=-—38x BASE 
BALL 
Solution SSS 
GAMES 


10x? + 24 = —38x 
10x? + 38x +24=0 
5x?+19x+12=0 Divide by 2 
(5x +4)(x+3)=0 
5x+4=0 or x+3=0 


xX =—§ x=-3 
The roots are —2 and —3 
4 
EXAMPLE 4. Solve il teat i 
X= 1 Xa2 
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Solution 


4 3 


XG x42) 
A(x + 2)—3(x — 1) = 2(x — 1)(x + 2) Clear fractions 
4x +8-—3x+3=2(x?+x-—2) (multiply by (x —1)(x +2) 
x+11=2x?+2x-4 
2x?+x-15=0 
(x +3)(2x —5)=0 
x+3=0 or 2x—5=0 


The roots are —3 and 3 


EXERCISE 3-3 


1. State the roots of the following quadratic equations. 


(a) (x+3)(x—1)=0 (b) (x—1)(x—4)=0 

(c) (x+5)(x-—4)=0 (d) (w—7)(w+9)=0 

(e) (t—11)(t—7)=0 (f) (x+7)(x+8)=0 

(g) (8x —1)(3x+5)=0 (h) (4W—3)(w—5)=0 

(i) (2t+5)(3t+10)=0 (i) $4s=27)(Sssaiji=0 

(k) (8x +3)(7x —5)=0 (I) (Qw+11)(3w+ 14) =0 

2. Solve by factoring. Check your solution. 

(a) x-=x=12=0 (b) x7+9x+18=0 (c) x?7—x-20=0 

(d) x?+8x+15=0 (e) x?-4x =77 (f) x?+117 =—22x 
(g) x?—23x+126=0 (h) x*+8x+16=0 (i) x?+3x =40 

3. Solve by factoring. Check your solution. 

(a) 2x?+3x-2=0 (b) 3x?+7x+2=0 (c) 2t?-7t+5=0 
(d) 6x?-7x+2=0 (e) 12y7+29y+15=0 (f) 2x?+11x-21=0 
(g) 3w*—4w-—32=0 (h) 6x?+5x—50=0 (i) 6s?+11s+5=0 
(j) 8x?+30x+7=0. (k) 4t?7—11t-45=0 (I) 2w?-13wW-7=0 


(m) 15x*+19x—10=0 (n) 8w*—2w-—15=0 (0) 5t?+23t+24=0 
4. Solve by factoring. 


(a) 2x?—5x =12 (b) 10w?7=7w+12 (c) 6t?+10=19t 

(d) 4x?-18x-—10=0 (e) 6x?+27x+12=0 (f) 10s*=17s+20 
(g) 30w?+73w+7=0 (h) 56t*+14=65t (i) 5x?+21x—54=0 
5. Solve 

(a) 3x(x—2)—x(x+1)+5=0 (b) x?+(x+1)?=13 

(c) x?7+2x-—23=0 (d) w?+(w+1)*+ (w+ 2)? =50 


(e) 3(x—1)(x+4)—2(2x +1)? =—-18 (f) 3(x—1)(x+2)—(x+1)? =—4 


6. Solve 
3 4 4 3 
ee b 4= 
i) Xeia eX ( Eee XaaS 

















x 5 30 30 
rao (d) aS 
Masel oesrel x+15 x 
2x 5 6 
(e) ——-—3x+8=0 (f) +——-—7=0 
ea X= 1) xs 1 
7. Write a quadratic equation whose roots are 
(a) 3,4 (b) —2,5 (c) -7, -—4 
(d) 3,3 (ec) (Heras 


3.4 SOLVING QUADRATIC 
EQUATIONS—SPECIAL CASES 


A quadratic equation is written in the form ax?+ bx +c =0 where a, 
b and c may have any real values except a#0. When one or more of 
these coefficients is 0, the resulting equations have relatively simple 
solutions. 


Case 1. If c=0, the equation becomes ax?+ bx =0. This type can be 
solved by factoring and 0 is always one of the roots. 


EXAMPLE 1. Solve 3x*—5x=0 


Solution 
3x?-5x =0 
x(3x —5)=0 
x=0 or 3x-—5=0 
3x =5 
X=3 


..the roots are 0 and 3 


Case 2. If b=0, the equation becomes ax*+c=0. The roots are 
numerically equal but opposite in sign. 


EXAMPLE 2. solve 4x*-7=0 


Solution 
4x?—7=0 If x?—d=0 
4x?=7 then xc='d 
23 
rad and x=4Jd 
x7 =2 
4 
x =41/7 


-. the roots are 3V7 and —3V7 
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Case 3. If b=c=0. the equation becomes ax*=0. In this case both | 


roots are 0. | 


If a=0, the equation is linear and has only one root. | 


Ox?+ bx+c=0 | 


bx=—c | 

: 

Kine 

b | 

) 

EXERCISE 3-4 : 
1. Solve the following. 
(a) 2x?+7x=0 (b) x?—16=0 (c) 5x?=0 : 
(d) 3t7—12=0 (e) 3x?7—2x=0 (f) 4w?—25=0 | 
(g) —6w?=0 (h) 5t?=4t (i) 100x2=9 | 
(j) =27 ighGsae ae (I) 25x?—1=0 | 
(m) ~—**~o (n) 0O=—3w? (0) 3x?+34x =0 : 


3.5 SOLVING QUADRATIC EQUATIONS 
BY COMPLETING THE SQUARE 


develop other methods of solution which are more generally 
applicable. 

The principle of completing the square, which was used in graphing 
quadratic functions, is also used to solve quadratic equations. 

The equation x*—9=0 may be solved by factoring 


x?-9=0 
(x —3)(x+3)=0 
x-3=0 or x+3=0 
x= 3 C==3 


The equation may also be solved by taking the square root of both 
sides 


x*-9=0 
x?7=9 
x=+3 


This method may be used to solve equations of the following form. 


Not all quadratic equations can be solved by factoring, so we must 
(x+3)?=16 





EXAMPLE 1. Solve 
(x+3)?=16 
Solution 
(x+3)?=16 
x+3=+4 
X+3—=4 or x+3=—4 
x=1 x=-7 
Check Xa = I 
L.S. = (x +3)? L.S. = (x +3) 
=(1+3) eh 743): 
=16 = 16 
R.S.=16 R.S.=16 


.. the roots are 1 and —7. 


Example 1 suggests that a quadratic equation can be solved if we 
express it in the form 


(x+m)y=d 
or x?+2mx+m’*=d 


This can be done using the principle of completing the square. 


EXAMPLE 2. Solve x*—6x+4=0 


Solution 
x?—6x+4=0 
x*-6x+4—4=0 =A: {Subtract the constant term from both sides 
x?—-6x =-—4 
x?-6x +9=-449 {Add the square of half the coefficient of x 
x*—6x+9=5 
(x-3)?=5 
x-3=4V5 Write the left side as a perfect square 
x-3=V5 or x-3=-V5 (Gene the square root of both sides and 
proceed as in Example 1 


x=34+V5 x=3275 


The solution set is {3+ V5, 3-5} 
If the coefficient of x* is not 1, a preliminary step is required. 
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EXAMPLE 3. Solve 2x*—3x-—1=0 


Solution 
2x°=3x=1=0 
x?—3x-$= Divide by 2 
2 


Add 3 to each side 


Complete the square 





(x=2) =4 Simplify 
V17 
Xe a= se - Square root 
wena 
x =3+—_ 
4 
moa 7 
4 





3217 seu 


The solution set is { ; 
4 4 


This method of solving quadratic equations must be understood 
because it leads to the derivation of the quadratic formula which will 
be discussed in the next section. 


EXERCISE 3-5 


1. State the value of k that makes each trinomial a perfect square. 


(a) x?+6x+k (b) x?—8x+k (c) x*-10x +k 
(d) x*-—2x+k (e) x?7+4x+k (f) x?-12x+k 
(g) x?+18x+k (h) x?—22x+k (i) x?—3x+k 

(j) x?+x+k (k) x*-7x+k (I) x?+3x+k 
(m) x?—3x+k (n) x?+ix+k (0) xa ext Kk 

2. Solve. 

(a) (x+4)?=9 (b) (x-—2)?=3 (c) (x+1)?=7 

(d) (x-5)?=8 (e) (x+7)?=27 (f) (x—6)? = 12 
(g) (x +3)?=6 (h) (x-3)? =3 (i) (x+3)?=§ 

(j) (x-3 =% (k) (x +5)? =3 (ly (x=3)? =2 

3. Solve by completing the square. 

(a) x*?-2x-8=0 (b) x?—4x+1=0 (c) x?+6x—-2=0 
(d) 2w*+8w+5=0 (e) 2x*-8x+3=0 (f) 3t7—6t+2=0 
(g) 5x?+5x—-2=0 (h) 2s?-3s-—5=0 (i) =x?+3x+1=0 
(j) 3x?+x-1=0 (k) 3t7+4t—2=0 (l) 7x?—2x-2=0 


3.6 THE QUADRATIC FORMULA 


The method of completing the square can be used to solve the 
general quadratic equation ax*+ bx+c=0, a#0. 


ax*+bx+c=0 











ats c ne 
Xe MS SO Divide by a 
a a 
SD CG c c 
x°+—x+——-—=0 Subtract — 
a a a a a 
b Cc 
x2 X = —— 
a a 
bo be 
or ae kg eee 
x*+—x PE = TEC. Complete the square 
b\2 b*—4ac 
x+— |) =———— Simpli 
( a 4a? stay 
2 
ee ae jo eee Square root 
2a Aa 
b V b?—4ac 
xX+—=+ 
2a 2a 


bb DN b*4ac 








b 
Subtract — 
2a 











De Oe 2a 
hie: 
2a 2a 
x a D#vb*—4ac 
2a 


* 





The solution for a quadratic equation ax*+ bx +c =0 
is given by the quadratic formula 


_—b+vVb*—4ac 


2a 


x 
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EXAMPLE 1. Solve 3x*—5x+2=0 using the quadratic formula. 


Solution 
For 3x*—5x+2=0, 


_—b+Vb*—4ac 
ey 2a 
_~5)+vE5)-48)@2) 
28) 


_5+V25-24 
‘ 6 


_5+V1 











Therefore 


The solution set is {1, 3} 


EXAMPLE 2. Solve 
5x*-—2x—2=0 
Solution 
For 5x*+2x—2=0 
a=5, l= 22, C——_ 2. 


—b+~Vb?-—4ac 


2a 
_~@)+V@)?-46)--2) 
26) 
—2+vV4+40 
10 
-2+V44 -242V11 
7 Cima Ota: 


2 








x 








Bn 


The roots are n 
5 5 
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EXAMPLE 3. Solve 








2 3 
ne esa 
Solution 
sl a 
XO Xe 
2(x + 1)—3x = x(x +1) Multiply by x(x —1) to clear fractions 


2x+2—3x=x7?+x 
—x?—-2x+2=0 
x?+2x-2=0 Multiply by —1 


Sefer — 1,0 —2 and e¢——2 


—b+b?—4ac 
2a 





—(Q+v(Q?—4(1)(-2 Find an integer x such thai 





2(1) 


—24+V4+8 is a perfect cube. 
2 


SEA 
2. 


_-242Vv3 
2 


8 peu3 


The roots are —1 Pe and —1 a3 


The roots may be expressed to the nearest tenth as follows 


x =-1+V3 x=-1-V3 
21 E473 =-1-1.73 
=0.73 a 2./ 
ay 
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EXERCISE 3-6 


1. State values for a, b and c for each of the following. 


(a) 2x?+7x-1=0 
(d) 9x*-7=4x 
(g) 2x?-7=0 


(b) 4x —7+5x?=0 
(e) O=x?—-7x+1 
(h) 5x? =9x 


(c) 3x?+2x =7 
(f) 4—2x? = 9x 
(i) 4—x?+J2x =0 


2. Solve using the quadratic formula. 


(a) x*+6x+8=0 
(d) 10t*?—21t +9=0 
(g) 4s?+4s+1=0 
(j) x?+2x-6=0 


(b) x?—2x-—15=0 
(e) 7w*-3w=0 

(h) x?—-2x-4=0 
(k) 2x*+8x-3=0 


(c) 2W?7—3w+1=0 
(f) 5x?-16=0 
(i) x*-x-5=0 
(l) 7x*-2x-2=0 


3. Solve using the quadratic formula. 


(a) 2x?-x=3 

(d) 2s*=8s—-7 

(g) 6x +6 = 15x? 

(j) 1=3t?+7t 

4. Solve. 

(a) x*—0.1x —0.06=0 
(c) t?+3t— 14.56 =0 
(e) 0.1t?7+0.2=0.45t 
5. Solve. 

(a) 9x?-x=3 


(c) 2(1—x?)—3x(1—x)=7 
(e) 3w?-—1=0 
ele tells 


(g) (3x —2)(x—3)=(x—4)(x—1) 


3 22 
+ —— = 
ea eS 
4 2 
(ki == + - 
w-2 wt2 
2x 3 4 


KA x 





(i) 








(m) 


(b) 6x =2-—x? 

(e) 2=3x?+8x 
(h) —x?-7x-1=0 
(k) 1=5x? 


(c) 3w*=2w+2 
(f) 10x?-4x-4=0 
(i) 1=8x+3x? 
(1) 4x?7+4x=14 


(b) w?+ 2.76 =3.5w 
(d) 3.1x +0.66 = x? 
(f) 0.02x*+0.13x —0.57 =0 


(b) 2t(t{—1)—-3=0 
(d) Ee EF; 
3 ay 


(f) 2(«—2)(x+1)—(x+3)=0 








3 
hy eens 
X— 1 Xe 2 

XG Se XS 

(j) = 
Dye= 5) Meare! 

(1) x+4 2xs5 
x5 x4+2 
x?4+5x+6 x-1 

(n) = 


Ox Sx? xXa2 


6. Solve and express irrational roots to the nearest tenth. 


(a) x°-=2x—5=0 


2 


caret a 


1 he 3 
9x=1 Ax +4x-7 
7. Solve for x. 

(a) V2x?—x-—3V2=0 
(c) J2x?-V3x—-V2=0 





(e) 


(b) 2w?-3w=3 
3 4 
Oa 
x x+2 


Kae 2X ane 
Xi) tae. 








(f) 


(b) 2x2—V/3x-1=0 
(d) x?—kx+k—1=0 


3.7 APPLICATIONS OF QUADRATIC 
EQUATIONS 


Many problems can be solved by translating the problem into an 
equation and then solving the equation. In this section we shall 
consider problems that give rise to quadratic equations. 


EXAMPLE 1. The sum of the squares of two consecutive even inte- 
gers is 452. Find the integers. 


Solution 
Let x represent the first even integer. Then x+2 represents the next 
even integer. The sum of their squares is 452. 


x?°+(x+2)?=452, xel 
X7 +x? +4x4+4=452 
2x?+4x —448=0 
x*+2x —224=0 
(x —14)(x + 16) =0 
Xe 14 OL 16 


Since x represents the first even integer, we see that there are two 
solutions. 

When x= 14, x+2=16 and 147+ 16° = 452 

When x =—16, x+2=—14 and (—16)*+(—14)? = 452 

The two integers are 14 and 16 or —16 and —14 


EXAMPLE 2. A rectangular supermarket, 90m by 60m is to be built 
on a city block having an area of 9000 m’. There is to be a uniform 
strip around the building for parking. How wide is the strip? 


+ 


9052 





~ Solution 
Let the width of the strip be x metres. Then 
x>0. The dimensions of the city block are 


(90+2x) metres by (60+2x) metres. The UII). 


area of the block is 9000 m7 UY; Z 
VY, 4 Yp 
(90+ 2x)(60+ 2x) = 9000 Uy yy A 
5400+ 180x + 120x + 4x? = 9000 
4x? +300x — 3600 =0 


x?+75x —900 = 0 





quadratic equations 85 


86 


fmt: senior 


‘. _—b+vb*—4ac 


2a 





_ —(75)+ (75)? — 4(1)(—900) 





2(1) 
ep be eye 245) 
2 
—75+15V 41 
SS Ee) 
Pe 
ae —75+15V41 
2 
: Tay WENel| 
We reject the root eg since x>0.) 


To determine the width to the nearest tenth of a metre, we evaluate 
V41 to the nearest hundredth and substitute. 


_—75+ 15(6.40) 
2 
7 75+96.00 
2 
= 10.50 





.. the width of the strip is 10.5 m. 


EXAMPLE 3. A jet flew from New York to Los Angeles, a distance of 
4200 km. On the return trip the speed was increased by 100 km/h. If 
the total trip took 13h, what was the speed from New York to Los 
Angeles? 


Solution 

Let x represent the speed from New York to Los Angeles, x >0. 
Then x+100 represents the speed from Los Angeles to New York. 
Complete the DST table. 


Distance 
km 


N.Y. TO LA. 


LA. TO N.Y. 











The total time is 13h. 


4200 4200 | 
x x +100 — 


4200(x + 100) + 4200x = 13x(x + 100) Multiply by x(x + 100) 
4200x + 420 000 + 4200x = 13x* + 1300x 
13x*—7100x — 420 000 = 0 
(13x + 700)(x — 600) =0 








_ 700 


ae Ol) X= 1600 
le 


Since we reject —73 
.. the speed from New York to Los angeles is 600 km/h. 


EXERCISE 3-7 


1. The product of two consecutive even integers is 224. Find the 
integers. 





2. The product of two consecutive odd integers is 323. Find the 
integers. 


3. The sum of a number and its square is 272. Find the number. 


4. The sum of the squares of two consecutive positive integers is 481. 
Find the integers. 


5. The sum of the squares of three consecutive integers is 434. Find 
the integers. 


6. The difference between a number and its square is 420. Find the 
number. 


7. The sum of two numbers is 20 and the sum of their squares is 272. 
Find the numbers. 


8. The sum of two numbers is 30 and their product is 209. Find the 
numbers. 


9. The product of two consecutive even integers is 528. Find the 
integers. 


10. The product of two consecutive positive odd integers is 195. Find 
the integers. 


11. The sum of a number and twice its square is 300. Find the 
number. 


12. The sum of twice a number and three times its square is 261. Find 
the number. 


13. The sum of the squares of three consecutive even integers is 116. 
Find the integers. 


14. The difference between three times a number and its square is 
378. Find the number. 


15. Two numbers differ by seven and the sum of their squares is 389. 
Find the numbers. 
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Find the missing number. 
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16. The hypotenuse of a right triangle is 15cm. The sum of the legs is 
21cm. Find the legs of the triangle. 


17. The hypotenuse of a right triangle is 26cm. The sum of the legs is 
34 cm. Find the legs of the triangle. 


18. The length of a rectangle is 6 m longer than the width. If the area 
of the rectangle is 91 m7’, find the dimensions of the rectangle. 


19. The hypotenuse of a right triangle is 6cm and one leg is 2cm 
longer than the other. Find the length of each leg to the nearest tenth 
of a centimetre. 


20. A lidless box is constructed from a square piece of tin by cutting a 
10 cm square from each corner and bending up the sides for the box. 
If the volume of the box is 1200cm’, find the dimensions to the 
nearest tenth of a centimetre. 


21. A rectangular piece of tin 40cm by 30cm is to be made into an 
open box with a base of 900 cm’ by cutting equal squares from the 
four corners and then bending up the sides. Find, to the nearest tenth, 
the length of the side of the square cut from each corner. 


22. A playground, which measures 60 m by 40 m, is to be doubled in 
area by extending each side an equal amount. By how much should 
each side be extended? 


23. A rectangular skating rink measuring 30m by 20m is to be 
doubled in area by adding a strip at one end and a strip of the same 
width along one side. Find the width of the strips. 


24. A local building code requires that all factories must be sur- 
rounded by a lawn. The width of the lawn must be uniform and the 
area of the lawn must equal to the area of the factory. What must be 
the width of a lawn surrounding a rectangular factory that measures 
120 m by 80 m? 

25. A factory is to be built on a lot that measures 80m by 60m. A 
lawn of uniform width and equal in area to the factory must surround 
the factory. What dimensions must the factory have? 


26. A jet flew from Montreal to San Francisco, a distance of 4000 km. 
On the return trip the speed was increased by 300 km/h. If the total 
trip took 13h, what was the speed from Montreal to San Francisco? 


27. Pete drove from Buffalo to Boston, a distance of 720 km. On the 
return trip he increased his speed by 10 km/h. If the total trip took 
17h, what was his speed from Boston to Buffalo? 


28. Mary drove from Dry Creek to Cactus, a distance of 250 km. She 
increased her speed by 10 km/h for the 360 km trip from Cactus to 
Spur. If the total trip took 11h, what was her speed from Dry Creek to 
Cactus? 


29. A jet flew from Tokyo to Bangkok, a:-distance of 4800 km. On the 
return trip the speed was decreased by 200 km/h. If the difference in 
the times of the flights was 2h, what was the speed from Bangkok to 
Tokyo? 


30. If a rock is thrown down a well, the distance, d, travelled in metres 
after t seconds is given by the formula 


d=5t?+vt 


where v is the initial velocity in metres per second. 

(a) How deep is the well if v =0 (the rock is dropped not thrown) and 
the splash is heard after 3s? 

(b) How long will it take until the splash is heard if d=200m and 
v=0? 

(c) How long will it take until the splash is heard if v=4m/s and 
d =300 m? 

31. It took a crew 25h to row 6km upstream and back again. If the 
rate of flow of the stream was 3 km/h, what was the rowing rate of the 
crew in still water? 


3.8 COMPLEX NUMBERS 


The equation x+1=0 has no solution in the set of whole numbers. 
However it does have a solution in the set of integers. Similarly the 
equation x*+1=0 has no solution over the real numbers since for any 
real number x*=0. We wish to enlarge the replacement set of x to 
obtain a set over which x + 1 = 0 does have a solution. We do this by 
introducing a number /, called the imaginary unit, with the property 
that 


The imaginary unit / is a number 
whose square is —1; that is, 





The equation x*+1=0 has j as a solution. 
Six R.S.=0 
=(i)?+1 
= (ai Tyee 


=-1+1 
= 


It will be necessary to combine / with real numbers so that expres- 
sions such as 4+3/ and 5—2i have meaning. We want the sum of a 
real number and an imaginary number to be a number. This new 
number is called a complex number. 
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We assume that the laws 
that hold for real numbers 
also apply to complex 
numbers. 
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A complex number is a number of the form a+ 
bi where a and b are real numbers and i*=—1 


If b=0 then a+bi=a. In other words a real number can also be 
considered to be a complex number since 5 can be written as 5+ Oi. 
If a=0 then a+ bi = bi. Numbers such as 7/ are called pure imaginary 
numbers. 

Complex numbers may be summarized as follows. 


Complex Numbers C 
C=a+bDi, a, b real numbers and i*=—1 


real 

pure 
imaginary 
imaginary 





Consider the following example. 








(2i)? = (2i) x (21) = 4i7 = 4(-1) = —4 
More generally, for any x >0 
(Vxi)? = (Vx)? x i? = x(-1) =—x, 


and so we make the following definition. 


For every positive real number x, V—x= Vxi 


EXAMPLE 1. Simplify the following. 


(a) V—81 (b) V—20 
Solution 
(a) V—81=V81xi (b) /=20=J20xi 
=O = 2/5 xi 
=2iV5 


EXAMPLE 2. Simplify the following. 
(a) (3+2i)+(5—4i) (b) (1+3/)(1—3/) (co) 
Solution 


(a) (3+2/)+ (5—4/) =(3+5)+ (2i-—4/) 
= 3—2i 








(b) (1+3/)(1—3/) = 1-—3/+3i—9/7 AC mieten 1 15 





= 1-9)? l= T)x(-1)x(=1) 
= T= 9(=1) =-1 
=10 


EXAMPLE 3. Solve x?—2x+5=0, xeC 


























Solution 
XS 2x 5=0 
aD #Nb*-4ac 
2a 
Ble?) v(52)5nA(1)6) 
2(1) 
22 —16 
2 
_ 244i 
2 
= send] 
.. the roots are 1+ 2/ and 1—2i. 
EXAMPLE 4. Solve aS = |, EE 
MaRS) ED 
Solution 
alee pee 
SaaS NESE PL 
3(x + 2) —2(x +3) =(x+3)(x +2) Multiply by (x +3)(x +2) 
3x +6—2x—-6=x?+5x+6 
x?+4x+6=0 Z 
a bev b* = 4ac 
2a 
_—(4)+v4?—4(1)6) 
2(1) 
_-44+V-8 
2 
_-442iV2_ 
2D 
= =96 19 


‘the roots are —2+iV2 and —2~—iV2 
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The concept of imaginary numbers can be illustrated further by the 
following example. 


EXAMPLE 5. Sketch the graph of y=x*—4x+6 


Solution 
y =x-=4x+6 


= x?—4x+4-4+6 
=(x=2)*+2 
To determine the y-intercept we let x =0 
y =x°-4x+6 


When x=0, y=6 
To determine the x-intercepts, if they exist, 











we let y=0 
When y =0, 
x?-4x+6=0 
2 _4+v16— 24 
Pa 
a fa/—8 
2 
_4+2iV2 
2 
=2+i/2 


The corresponding quadratic equation has no real roots and hence the 
parabola has no x-intercepts. 
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The Argand Plane ‘| 


Complex numbers can be represented geometrically in the 
complex plane, often called the Argand plane after Jean R. 
Argand who gave the representation in 1806. 


The complex number 3+2i/ is rep- imaginary 
resented by the directed line segment, or axis 
vector, from the origin to the point (3, 2). 











The horizontal axis is the real axis, and 

the vertical axis is the imaginary axis. Site 
Real numbers, such as 5, are written in i ea 

the form 5+0/ and are represented by 

points on the real axis. Pure imaginary 1 real 
numbers such as 3i/, are written 0+ 3/ and axis 





are represented by points on the imagi- 
nary axis. 





imaginary 


Multiplying the complex number 
Z—3+4I by i, 
(34+ 4i)i = 31+ 4/7 
= 4 3i 
results in another complex number whose 
vector representation has the same mag- 


nitude. This new vector has been rotated 
90° in a counterclockwise direction. 











fe? 2? 3? 4? 








What is the result of multiplying a complex number by i*? i°? | 





EXERCISE 3-8 





1. Simplify. 

I (a) (3—i)+ (244i) (b) (2+5i) +(3—2i) 

Bic) (5—2i)+(34+4i) (d) (3+4i)—(2+2i) 

Be) (5—3/)—(2+4/) (f) (34+4i)+(2—4)i) 

2. Simplify the following. 

f(a) /—-4 (b) /—25 (2 (d) /—100 
Ble) /—5 (f) /—20 (g) V—12 (h) V—18 
H(i) /—16 (ivate (k) 2i? (I) (v=3)? 
B(m) (v—5)? (n) V(—5)? (o) i° (p) i* 
H(q) (/—7)? (r) (5i)(2i) (s) (—3i)(7i) (tare 

| 3. Expand and express in the form a+ bi. 

(a) (2i—1)(21+1) (b) (1—i)(1+/) (c) (1+i)? 

W(d) (2+1)(3—i) te) i217 (f) (5+2i)(1—i) 
W(g) 3i(2i?—5i+2) th) shee (eG 
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_—b+vb*—4ac 


2a 





ry 


—b—Vb?—4ac 
Se 2a 





—b+0 
[m= 
2a 
Beit AY 
a4 
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Cc 


4. Solve for x, x EC. 
(a) x?7-2x+4=0 
(d) x*—-2x-6=0 


(c) x?+7=2x 
(f) x?+9=0 


(b) x?-2x+6=0 
(e) 2x?+8x+9=0 











(g) 2x?+7=0 (h) 5x?+2=2x (i) O=3x?—2x+2 
(j) 7x?—2x+2=0 (k) 2x?+x+4=0 (lI) 3x?-14x-5=0 
5. Solve, x eC. 
1 2 
(a) <7 + (x + 1)? + (x 2)? ==1 (b) ——--———=1 
x1" x=2 

x-2 x-4 XS 2x Ts x 1 
(c) = (d) ; = 

3x x+2 x“=1 x+2 


3.9 THE DISCRIMINANT 


Using the quadratic formula we found the roots of ax*+bx+c=0 to 
be 


—b—~Vb?—4ac 


2a 


—b+~vb?-—4ac 
rr, = , 
2a 











hes = 


The quantity under the radical sign, 6° — 4ac, is called the discriminant 
of the quadratic equation. The discriminant is useful because it en- 
ables us to determine the nature of the roots of ax? + bx +c =0 without 
solving the equation. 

There are three possibilities for the roots of a quadratic equation. 

(a) imaginary 

(b) real and distinct 

(c) real and equal 


We know that the value of the discriminant must be positive, zero or 
negative. We shall now consider each case. 


(a) b*—4ac is negative. If b?—4ac <0, the expression +Vb?-— 4ac rep- 
resents the square root of a negative number. The equation has no 
real roots. The roots are imaginary. 


(b) b*—4ac is positive. If b?—4ac>0, the expression +V/b?—4ac has 
two values, one positive and one negative. Hence the quadratic 
formula will give two real numbers and there will be two real roots of 
the quadratic equation. 


(c) b*—4ac is zero. If b?—4ac =0, the expression +V/b*—4ac has the 
value zero. Both roots of the quadratic equation will have the same 


b : : 
value, aan The quadratic equation has equal roots. 





EXAMPLE 1. Determine the nature of the roots of the quadratic 
equations 


(a) x*-6x+9=0 
(b) 3x?+5x—2=0 


(c) 2x?+x=-—5 


Solution 
(a) b?—4ac =(—6)?— 4(1)(9) 
= 36-36 
=0 
*, roots are real and equal 
(b) b*—4ac = (5)? —4(3)(—2) 
=25+24 
=49 
*, roots are real and distinct 
(c) b*—4ac = (1)?—4(2)(5) 
=1-40 
= —39 
*. roots are imaginary 


EXAMPLE 2. Given that the quadratic equation kx? +(k+8)x+9=0 
has equal roots, find k. 


Solution 


b?—4ac =(k + 8)?—4(k)(9) 
= k? + 16k + 64— 36k 
y= k’—20k+64 
Since the roots are equal, the discriminant is zero. 
k*— 20k +64=0 
(k—4)(k—16)=0 
. k=4 or k=16 


The discriminant can also be used to describe the relationship of the 
graph of the function y=ax?+bx+x to the x-axis. Since the x- 
intercepts are found by letting y=0, the discriminant determines 
whether the graph of y = ax*+bx+c will intersect the x-axis 


(a) not at all 
(b) in two distinct points 
(c) in One point. 
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(a) (b) (c) 








y y 
2 

+—— —+— 
O 2 x O ex 
Ve 4 Xr y=x?-2x y=x*t+4x+4 
b’-4ac=-4 b?-4ac =4 b*—4ac=0 


The following is a summary of the three cases. 


Parabola 


x?—6x+11=0 | (-6)?—4(1)(11) Imaginary 
_ =-8 








(-6)?—4(1)(7) | Real, Distinct 
=8 





y=x?-6x+9 | x?-6x+9=0 | (-6)?—4(1)@) | Real, Equal 
= () 
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EXERCISE 3-9 


1. If the discriminant of a quadratic equation has the given value, 
state the characteristics of the roots. 


(a) —15 (b) 16 (c) 35 (d) —9 
(e) 42 (f) 121 (g) 36 (h) 0 
it) =22 (j) 3.4 (ky =1:5 (I) 1.44 


2. Assuming that a, b, and c are real numbers, how many times 
would the graph of y = ax*+bx+c intersect the x-axis if 


(a) the discriminant of ax?+ bx +c =0 is positive? 
(b) the discriminant of ax?+ bx +c=0 is negative? 
(c) the discriminant of ax*+bx+c=0 is zero? 


3. Find the discriminant and determine the nature of the roots of the 
following equations. 


(a) x*-8x+16=0 (b) x7-x-5=0 (c) x7+3x+10=0 
(d) x7+2x+7=0 (e) 4x*+9=12x (f) x?-16=0 
(g) 3x*-x+4=0 (h) 2x?7+x=5 (i) 5x?+7x=0 
(j) 12x?-x=6 (k) x7+5=3x (l) 9x?=5x 
4. Determine the characteristics of the roots of the following equa- 
tions. 
x? Me? wil Sah 2 
(a) 5 ER ea (b) 3X +5X=1=0 (c) ou —3=0 


2 


fdjaix+1)(x—2)=4 (e) 4(x?-5x+5)=—5,, (f) 78 


(g) 2(x?—3)=4x (h) 2x?-V5x=4 (i) 3V2x?-x-J2=0 
5. Determine the value of k that will give the indicated solution. 
(a) x*—4x+k=0; equal roots 

(b) x*+3x—2k =0; imaginary roots 

(c) kx?—2x+1=0; real distinct roots 

(d) 3kx*—3x+1=0; imaginary roots 

(e) x?+kx+16=0; real distinct roots 

(f) x*+4kx+1=0; equal roots 

(g) (k+1)x?—2x —3=0; imaginary roots 

(h) x?+(k+2)x+2k=0; equal roots 

(i) x?+(k+3)x+1=0; equal roots 

(j) x?+(k—1)x+1=0; real distinct roots 

6. Find k such that the graph of y =9x*+3kx+k 

(a) is tangent to the x-axis 

(b) intersects the x-axis in two points 

(c) has no intersection with the x-axis. 


— 
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3.10 RADICAL EQUATIONS 


A radical equation is an equation in which a variable appears under a 
radical sign. 

Before solving radical equations we shall review the operation of 
squaring radicals. Recall that 

(a) squaring a quantity and 

(b) determining its square root 
are inverse operations like multiplication and division. Thus when we 
determine the square root of a quantity and then square the result, the 
quantity we obtain must be exactly the same as the one with which 
we started. 

For example 


(/5)?=5 
(Vx—1)?=x-1 


EXAMPLE 1. Square the following 


(a) 3Vx+1 
(b) Vx-1-—3 


Solution 


(a) (3Vx+1)?=9(x+1) 
=9x+9 


(b) (Vx —1-—3)?=(V¥x—-1-—3)(Vx—1-—3) 
=(V¥x—1)?-6Vx—149 





=x = =6V xX Lo 
=x+8-6vx-1 


To solve a radical equation we use the operation that is the inverse 
of taking a root. However, squaring both sides of an equation does not 
always produce equivalent equations so all solutions must be verified. 


EXAMPLE 2. Solve Vx—1—5=0 


Solution 
Jx=1-5=0 | 
Vx—1=5 Isolate the radical 
(vx — 1)? = 5? Square both sides 
x-—1=25 
x = 26 
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Check 


LS.=vx-1-5 RS.=0 
=V 26155 


= Write 1000 using five 9’s. 
.. the root is 26. 
EXAMPLE 3. Solve x+Vx-2=4 
Solution 


X+Vx—-2=4 


Vx—-2=4-x Isolate the radical 
(Vx —2)? =(4—x)? Square both sides 


x—-2=16—8x+x? 


x*-9x+18=0 


(x —3)(x—6)=0 
x=3 or x=6 
Check Check 
x=3 x=6 
L.S.=x+Vx-2 L.S.=x+Vx—2 
ie NAC tei =6+vV6-2 
=3+1 =6+2 
= A =8 
R.S.=4 ee 
.. the solution set is {3} # 
Since 6 does not satisfy the original equation it is called an extrane- 
Ous root. 


EXAMPLE 4. Solve 





V4x+5—-/2x-6=3 


Solution 





V4x45=/2x=6=3 


When a radical equation contains more than one radical we rewrite 
the equation with one radical on each side. 
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V4x+5=3+V2x-6 
(V4x +5)? = (3+V2x —6)” 


Square both sides 


4x+5=9+6V2x—-—6+2x-6 


2x +2=6V/2x-6 
x+1=3V2x-6 
(x +1)? = (3V2x — 6)? 
x*+ 2x +1=9(2x —6) 
x?+2x+1=18x—54 
x*— 16x +55=0 
(x—11)(x—5)=0 


x=11 0r x=5 





Isolate the radical 
Divide by 2 


Square both sides 








Check Check 
yea 44 ~=5 
L.S.=V4x+5—-VJ2x-6 L.S.=V4x+5—-V2x-6 
= J/4(i1)+5—V2(11)-6 = /4(6)+5-—-J/26)-6 
= AG=/16 =J/25-V4 
= 3 = 3 
RiSe—=3 RS. = Ss 
.. the solution set is {5, 11} 
EXERCISE 3-10 
A 1. State the solution set of each of the following. 
(a) ¥Vx+1=3 (b) Vx-1=4 (c) Vx+2=-3 
(d) V38x-—2=4 (e) Vx -2-—2=0 (f) Vx+12=3 
(g) /x+3=3=0 (h) V5x+6=4 (i) 2Vx=3 
B 2. Solve. 
(ay 2y x21 =o (b) /x+7-Vx=1 


(c) Vx-—54+Vx+4=9 
(e) V3x —5+1=V/3x 
(g) Vx-Vx—5=5 

3. Solve. 

(a) Vx+2=x 

(c) Vx+44+8=x 
(e) 7—~x =-vx-1 
(g) x=3+vx-1 


4. Solve. 

(a) V2x-14+vx-1=1 
(c) Vx+14+V3x+1=2 
(e) V3x-—2-—2Vx=1 
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(d) Vx+2-—Vx+5=3 
(f) Vx+1=14+Vx-4 
(h) vx=/x—16=2 


(b) 5Vx—6=x 

(d) vix=1=x==1 
(f) x+vx+7=5 
(h) ¥14—10x+3=x 


(b) V3x=—2=1=v2x—3 
(d) Vx?—4x+34+Vx?—2x+2=1 
(f) 2V/x+6+V2x+10=2 








5. Solve. 




















(a) ¥x-1=3 (b) ¥x-2=2 
(c) Je 1+ oem VKH6 (d) Vx -7+Vx= == 
(e) Vx+2+Vx—1=VJ4x+1 fy" x Ax 4 — xe axa 
(g) Vx+V3=Vx+3 (h) 1 ¢ Le crear 

lex Aes x sR 
6. Solve. 
(a) x=V2x+1 (b) V2x+2=x 


3.11 QUADRATIC INEQUALITIES 


The solution of quadratic inequalities 
ax*+bx+c<0O is best understood if we consider the graph of y= 
ax*+bx+c. The next two examples illustrate this. 


EXAMPLE 1. Sketch the graph of y = x*—4x—5 and indicate where 


(i) « x*=4x—5=0 
(ii) x*—-4x-5>0 
(iii) x*—-4x-5<0 


Solution 


We complete the square to sketch the 
graph of y=x?—4x-5 


y =x?-4x-5 
=x*=4x+4—-4=5 
=(x-—2)*?-9 


(i) The function is zero (x?—4x~5=0) when 
x=5 or x=-1 , 

(ii) The function is positive (x?—4x—5>0) 
when x>5 or x<—1 ; 
(iii) The function is negative (x?—4x —5<0) 
when x <5 and x >~—1, that is, when 
—1<x<5 


ax*+bx+c>0 
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EXAMPLE 2. Use a graph to find x for which —x*+4x—220. 


Solution 


We first sketch the graph _ of 
ys=ox’+4x=2. 


y=—x +4x—2 
= —(x?-4x+4—4)—2 








=—(x— 2) 42 
= (x= 2). 2 
When y=0, 
—x?+4x-=2=0 
x?-4x+2=0 
4+V16—-8 
pry te 
2 
=2+/2 


From the graph we see that —x*+4x—2>0, (y=0), for all points 
(x, y) which are on the parabola and. also on or above the x-axis. 
Thus —x?+4x—22>0 if 2-J/2<x<2+V2. 


The solution set for a quadratic inequality may also be found 
algebraically. 


EXAMPLE 3. Solve x?—2x—15>0 


Solution 
First we factor 


x?—2x—-15>0 
(x —5)(x+3)>0 


The product of the two factors must be positive. Hence both factors 
must be positive or both factors must be negative. This means that we 
have two cases to consider. 


Case |—B8oth Positive or Case II—Both Negative 
x=5>0 and x+3>0 x-5<0 and x+3<0 
x>5 and x>-3 XS erand mex 
The intersection of the solution sets of these The intersection of the solution sets of these 
inequalities is inequalities is 
{x | x >5} {x | x <—3} 
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.. the solution set of the given inequality is 
PC) Me x | x <= = 3} 


whose graph is 


sg et tt or te 
mir Jt 6 O84) 37082 15. 0. 1) 2) SF A>N5_ 6Lr74 8:9 


EXAMPLE 4. Solve 2x*+x-6<0 


Solution 
2x?+x-6<0 
(2x —3)(x +2)<0 


The product of the two factors must be negative. Hence, one of the 
factors must be positive and the other one must be negative. There 
are two cases to consider. 


Case | Case Il 
2 Xe OME Al Ome Xe pe .0) 2 Xe OAC ee Xe? 0 
x>$ and x<-2 x<} and x>-2 
There is no intersection for these ine- The intersection of the solution sets of these 
qualities. inequalities is 


.. the solution set of the given inequality is 
{x | -2<x <3} 


whose graph is 


EXERCISE 3-11 


1. Sketch the graph of y = x*—2x—3 and indicate where 
(i) x?-2x-3=0 

(ii) x?-2x-3>0 

(iii) x?-2x -3<0 

2. Sketch the graph of y = —x?+4x-—3 and indicate where 
(i) —x?+4x-3=0 

(ii) —x*+4x-3>0 

(iii) —x*+4x-3<0 
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3. Graph the solution for each of the following. 





(a) x?+6x+5>0 (b) x7-6x+8<0 
(c) x?+2x-—15<0 (d) x*-4>0 
(e) x7+2x>0 (f) x*-4x+4<0 
(g) x*+x-12>0 (h) x?-7x+12<0 
(i) x*+9x+20<0 (j) x?+5x-14=0 
4. Graph the solution set for each of the following. 
(a)yP R27 2S E12 (b) x?+6>5x 
(c) x*-5x+420 (d) x*~x+12=0 
(e) x*-9<0 (f) x?-5x>0 
(g) 2x7+5x-3>0 (h) 2x*-13x+15<0 
(i) 2x?-5x<12 (j) 2x?-7x+5>0 
5. Graph the solution set. 
(a) 2x?+3x=15<2x (b) x*-2x-2=0 
72 
(c) x*—-2x—1>0 (d) Sx 2-0 
<a 
(e) parece (f) x?+(x4+1)?+(x+2)?>14 
x?7+4  2x(x—1) 4 
ze h) ———= 
(a) 5 this Saw, 2 


REVIEW EXERCISE 


1. Factor, if possible. 


(a) x?+8x+15 (b) 16x*-9 (c) x?7+5x+5 

(d) t?—2t—35 (e) x?—3x—80 (f) w?+27w+180 

(g) z7+3z—108 (h) t?-17t+70 (i) x*+26x +169 

2. State the roots of the following equations. 

(a) (x—6)(x+7)=0 (DR Gei5) (ea) 10 (c) (w—10)(w+3)=0 
(d) (2x +1)(x—4)=0 (e) (3t—4)(2t—5)=0 (f) (5w+7)(3w+11)=0 
(giex(Sx= 4) 0 (h) (6w+12)w=0 (i) (4x+5)?=0 

3. Simplify the following. 

(a) v—9 (b) v—-8 (c) Sie (d) i’ 

(e) (v—6)* (f) (2i)(7i) (gyi (h) (—2i)(—5i) 

4. If the discriminant of a quadratic equation has the given value, state the charac- 
teristics of the roots. 

(a) 15 (b) O ic) =13 (d) 25 (e) 20 

5. State the solution set of each of the following. 

(a) Vx+2=3 (b) Vx-1=4 (c) Vx+2=1 (d) 2Vx=5 

6. Factor over the integers, if possible. 

(a) 6x?+11x+3 (b) 6t?7—41t—7 (c) 15w?+ 28w+12 

(d) 20x*—56x + 15 (e) 28t?+48t+9 (f) 8x?—29x-—12 

(g) 12x*—52x +35 (h) 10x*—35x-—12 (i) 8t?7+38t+35 





7. Solve by factoring. 





(a) 2x*—7x—30=0 (b) 9x?-4=0 (c) 6t?—25t+4=0 
(d) 10x?+27x+18=0 (e) 2w*-7w+5=0 (f) 2x?+16x +30=0 
(g) 18t?+ 24t—10=0 (h) 14w?—17w+5=0 (i) 16x*+34x—15=0 
8. Solve. 
(a) 5x?+14x =0 (b) x*—5x+3=0 
(c) 6t?+13t+7=0 (d) 2w*+5=0 
(e) 2(x?+3)—4x =5 (f) 2x?-3x =-6 
(g) (x +1)?-3(x+1)=0 (h) (2z+5)(z+2)=6 
9. Solve. 
x+1 ii 

(a) ees = x? (b) w7+w+1=0 

2 3 

2 3 
<<; $7 (d)*x?4+6==2x 


Kh yer 
Mol 2X Ss 











= to 
(e) ao anes (f) 0 
(g) 2w(3w-4)+6=0 (h) 3x?+x=2 
10. Solve. 
(a) (x —3)(x —4)—(2x« +1)(x—5)=8 (Dex 2-0) 1x —0:2—0 

3x+1 x 3} 4 
(c) —==6 (a—— =D 
x 2 x x-3 

(e) 0.1x?+0.3x =1 (f) 1.2x?=0.3x +0.2 


11. The sum of the squares of two consecutive integers is 145. Find the integers. 
12. The sum of the squares of three consecutive integers is 302. Find the integers. 
13. The sum of a number and three times its square is 200. Find the number. 


14. A rectangular building 100 m by 80 m is to be surrounded by a lawn of uniform 
width. The area of the lawn must be equal to the area of the building. Find the width 
of the lawn to the nearest tenth of a metre. 


15. Julie drove from Dog’s Nest to Bullet, a distance of 270 km. For the 300 km trip 
from Bullet to Dust she increased her speed by 10 km/h. If the total trip took 6 h, 
what was her speed from Bullet to Dust? 


16. Use the discriminant to determine the nature of the roots of the following. 
(a) 2x7+x—-3=0 (b) 9w7+4=12w (c) 2x?-x+4=0 

(d) 3x? =—5x-2 (e), 2(x*-1)+3x =—-4 (f) (x—1)(x —2) =—3x 
17. Determine the value of k that will give the indicated solution. 

(a) x*-3x+k=0; equal roots 

(b) 2x?+x—2k+1=0; imaginary roots 

(c) 2kx*+x*—x-—3=0; real distinct roots. 





18. Solve. 

(a) V/x+14+Vx-2=3 (b) x3 = 2" x=-5 
(c) Vx-2=4-~x (d) x=10-—Vx+2 
(e) Vx+6=1+Vx-1 (f) Vx—-3+Vx=V2 
19. Graph the solution set for each of the following. 

(a) x*-x-12<0 (b) x*-6x>0 

(c) x*-3x<10 (d) x*+8x+15=0 
(e) 2w*-5w-—3>0 (f) 3x*<10x+8 
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REVIEW AND PREVIEW TO CHAPTER 4 


EXERCISE 1 FACTORING 


Factor the following. 
(a) 2x?—7x-—15 

(c) 3x?—26x +35 
(e) 6x?+x-7 

(g) 12x*—22x+8 

(i) 2x?—-5x?-42x 


(b) 8x?—14x+3 

(d) 6x?+23x +20 
(f) 6x?+29x +28 
(h) 18x* 15x —75 
(j) 18x*-—51x+8 


EXERCISE 2 QUADRATIC EQUATIONS 


Solve the following. 
(a) 2x?+5x-3=0 
(c) 4x*-23x+15=0 
(e) 10x*—19x+6=0 
(g) 6x?—11x =0 

(i) 2x?-x-5=0 
(k) 3x?+3x+6=0 


(b) 3x?+11x+10=0 
(d) 6x?+7x+2=0 
(f) 4x?-25=0 

(h) x?7+3x-1=0 

(j) 2x?+2x+5=0 
(1) 10x?—x+0.2=0 


EXERCISE 3 SIMPLIFICATION 


1. Expand and simplify. 
(a) (x+3)(2x*—7x +4) 

(c) 2(x—1)(x +5)—4(x —5)? 
(e) (3x?—4x + 2)(2x +3) 


(g) 3(3x + 2)(x —4)—5(x —7)(2x +3) 
(i) (x?+x—1)(3x3—2x?— x +1) 


(k) 5(x —3)—(2x —1)?+7x 
2. Simplify 
3x?-6x+9 
3 
15xy?— 25x?y?+ 30x°y? 
—5xy” 


(a) 


(c) 





27x*y° — 36x7y®— 18x?y* 


(e) —3x’y* 





(b) (x?—x—6)(x?+5x+7) 

(d) 3(2x —1)?—4(x + 6)(x —7)—5(x +3) 
(f) (x?+3)(2x* x — 5) 

(h) 4(2x + 1)? — (3x — 2)? — (2x + 1)(x — 6) 
(j) 2(2x —3)(x?+x+1)—(3x +4)? 

(I) (3x?—x—2)}(x?+3x—4) 


4x°—6x*+ 10x? 





oN 


28x*y°z— 14xy*z* — 35xy°z* 





7xy7z 


30x°z?— 25x*z*—5xz+40x?z 





Xz, 


EXERCISE 4 QUADRATIC FUNCTIONS 


Determine the coordinates of the vertex for each of the following. 


(a) y=x*-4 

(c) y=—2(x+3)?-2 
(e) y=2x?-8x+13 
(g) y=—3x?+2x+3 
(i) y=—3x?+5x+1 
(k) y=0.2x?+0.4x+1 
(m) y=2x?-x-2 
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(b) y=(x-1)?+5 

(d) y=x?+2x-1 

(f) y=—2x?+6x-4 

(h) y=—x?+5x-3 

(j) y=—4x?+x+3 

(I) y=—0.3x?—0.6x—0.1 
(n) y=—3x?—2x+4 


CHAPTER 4 


Polynomials 


Mathematicians are like lovers.... Grant a mathematician the least principle, 
and he will draw from it a consequence which you must also grant him, and 
from this consequence another. 

Fontenelle 


Algebraic expressions such as 
3x +5, 2x?-7x+5 and 8x*-2 


are called polynomials. 





A polynomial is a function of the form 
f(x)=a,x° +a, x” '+-+--+a,x'+ a 


where n is a non-negative integer, x is a variable and 
a(i=n,n—1,...,1,0) is a real number. 








In the first section we shall deal with second degree polynomials. 


4.1 ROOTS AND COEFFICIENTS OF A 
QUADRATIC EQUATION 


The roots of the quadratic equation ax*+ bx+c=0 are 


—b+~Vb*—4ac —b—Vb*—4ac 
.—— and (5) Se 
2a 2a 
We shall now determine expressions for r,t+r2 (sum of roots) and 
r, Xf (product of roots) in terms of a, b and c. 





SUM 
—b+~b?—4ac —b—Vb?—4ac 
mere 2a + 2a 


_b vb?=4ac_ b Vb?—4ac 
2a 2a 2a 2a 
ae 
2a 
b 


a 





Il 
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(p+ q)(p—q) 
- pee qs 
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PRODUCT 


. (Pee ee, (BNE See 
Fg ee 


" 2a 2a 





-( B O82) 5 ( b <p Ae) 
2a 2a 2a 2a 
ofthe ele) eee 

as 

_ b?—b?+4ac 

an aa 





If r, and r. are the roots of the quad- 
fatic equation ax?+ bx +c =0, then 


b c 
nt BSS and ,Xlo=— 
a a 





EXAMPLE 1. Find the sum and product of the roots of 2x*—6x —-7=0 


Solution 


If we divide the quadratic equation ax*+bx+c=0 by a we have 
yb c 
X= x += 0 
a a 


This equation can be written as 


b 
x2-(-2) x+£=0 
a a 


or x*—(sum of roots)x + (product of roots) = 0 


Another way of illustrating this follows. 


If the roots of a quadratic equation are r, and r. and x satisfies the 
equation, then 


<1 OGG ale 


xXx=7,=— 0 on X= 0 





(x —14,)(x — ra) =0 


xX? — 1X — foX + 142 =0 





b x?—(r.4+%)xX+i4%=0 
Fitts 
or A 2 (sum of roots)x + (product of roots) = 0 


EXAMPLE 2. Determine a quadratic equation whose roots are 7 and 
3 
Solution 
(i) r+r2=7+(-3)=4 ly 
Reis = (3) = 2 
x?—(sum)x + (product) =0 
x?—4x-—21=0 


(ii) Since 7 and —3 are roots of a quadratic equation 
(x—7) and (x+3) are factors of the corresponding quadratic. 
Hence 


(x -7)(x+3)=0 
and 


x?—4x—21=0 


EXAMPLE 3. Determine a quadratic equation whose roots are 


(ajeQan/ 3:2 av 30% (b) 3-21, 342 


Solution 

(a) r,+ro=(2+V3)+(2-V3)=4 (b) r,+r2=(3—2i)+(3+ 2i)=6 
rX r= (2+ V3)(2—-V3)=4-3=1 r,Xr2=(3—2i)(3+ 21) =9+4=13 
x*—(sum)x +(product) =0 x*—(sum)x + (product) = 0 
x?-4x+1=0 ; x?—-6x+13=0 


EXAMPLE 4. Without solving the given equation, find an equation 
whose roots are the reciprocals of the roots of x*+5x—7=0. 


Solution 
Let the roots of x?+5x—7=0 be r, and r>. Then 


b 
r,+h= ——=-5 
a 
and 
Cc 
1, Xfo=—=-—7 
a 
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Let the roots of the new equation be R, and Ro. 


1 1 
Then a and R,=—. 
1 


2 


The sum of the roots of the new equation is 


ab 4 

Rae AS seat 
Tr, [> 
igade 


402 


The product of the roots of the new equation is 


lol 
Rho 
fr, To 


1 





x?—(sum)x + (product) = 0 


x?=(§)x +(-1)=0 


7x?—5x-1=0 


the required equation is 7x*—5x—1=0 


EXERCISE 4-1 


1. State the sum and product of the roots of the following quadratic 


equations. 

(a) x*+6x+8=0 
(c) 2z7—8z+3=0 
(e) 6t?7—5=0 

(g) —3x?+2x-5=0 
(i) 3x?-6x=4 

(k) O=7—6x+9x? 


(b) x*-3x-4=0 
(d) 3y7+4y—-3=0 
(fy 22? 4 72=0 
(h) —x*-6x+5=0 
(j) 5x?+7=6x 
(I) 4x =3x?-7 


2. State a quadratic equation whose roots have the given sum and 


product. 

(a) sum: 4; product: 3 
(c) sum: —9; product: —7 
(e) sum: —5; product: 0 


(b) sum: —5; product: 6 
(d) sum: 0; product: —9 
(f) sum: —7 product: —7 



























3. Find the sum and product of the roots of the following equations 
(a) 2(x—3) = 3x? (b) (x—3)(x+2)=5 

(c) 3—(x?-2x)=4x (d) 2(2x —1)(x +3)=x?+4 

4. Write a quadratic equation having the given roots and integral 
coefficients. 

(a) 4 and 7 (b) —6 and 3 

(c) 3 and —4 (d) —3 and —3 

(e) 2 and 0 (f) —6 and 6 

(g) 1+V3 and 1—Vv3 (h) 3+2V/2 and 3—2V2 








(i) 2% and —2i (Gj) 1+3/7 and 1-3) 
2-/5 2+V5 gTw2 BeiVe2 
(k) and (1) and 
2 2 3 3 
5. If 3 is one root of 2x*?+ bx +3=0, find the other root and the value 
of b. 


6. Without solving the given equation, find an equation whose roots 
are each one less than the roots of x*-3x —6=0. 

7. If —2 is one root of 5x*+9x+c =0, find the other root and the value 
of c. 

8. Without solving the given equation, find an equation whose roots 
are the negatives of the roots of x*—4x+9=0. 

§9. If 2-2 is one root of x*+bx+2=0, find the other root and the 
Hvalue of b. 

#10. Without solving the given equation, find an equation whose roots 
fare the negative reciprocals of the roots of 2x*—-3x+5=0. 

11. If 2kx?—(k—6)x—5=0, 

(a) find k if the sum of the roots is 2 

(b) find k if the product of the roots is —7 

(c) find k if the sum of the roots is 0 

§(d) find k if the reciprocal of the product of the roots is 4. 

#12. Without solving the given equation, find an equation whose roots 
llare the squares of the roots of x?+4x+2=0. 

b 


| leat 
13. Show that —+— = —— 
ee c 


.2 EQUATIONS IN QUADRATIC FORM 


The quartic equation x*—5x?+4=0 can be solved using quadratic 


x*—5x?+4=0 
(x?)? -5(x7)+4=0 
z’?-5z+4=0 
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This equation can be solved by factoring 
z’—5z+4=0 
(z—4)(z—1)=0 
Z=4 or z=1 
Replace z by x” 
x°=4 or x*=1 
X=+2 or x=+1 


The roots of the equations are 1, 2, —1, —2. 
We have expressed a non-quadratic equation in quadratic form. An 
equation is in quadratic form if it can be written as 


alf(x)]?+ b[f(x)]+c=0 


where a0 and f(x) is some function of x. We solve such an equation 
for f(x) and then, if possible, solve the resulting equations for x. 


2Ne 2 
EXAMPLE 1. Solve (+=) -7(x+2)+12=0 


Solution 
2 
Let z=x+-— 
x 
The given equation becomes 
z?—7z+12=0 
(z—3)(z—4)=0 


Z=3 or z=4 


2 
Replace z by x +— 
x 


2 2 
Xe S. (OL Xs == 4 
x x 





x*+2=3x x?7+2=4x 
x?—3x+2=0 x?=4x+2=0 
por aoe a 
x=2 or x=1 x= 
2 
_442V2 
2 
=24+ V2 


The roots are 1, 2, 2+V2, 2— V2. 








EXERCISE 4-2 


1. Solve the following equations. 


(a) x*—13x?+36=0 (b) x*+3x?—4=0 
aye 4 a\3 1 
(c) x+5 -9(x+2)+20=0 (d) (+=) -5(x+2)+6=0 
x x x x 
(e) x +3Vx-—10=0 (f) (x? +1)? =7(2 +1) +10=0 
2. Solve. 


(a) (x?—2x)?—2(x?—2x)—3=0 (b) (x?—5x)?—36=0 
(c) (x*—3x)*=2(x*—3x)—-8=0 (d) x*—3x?—4=0 





(e) x*—2x?-24=0 (f) x°-9x?+8=0 
3. Solve. 
(a) (x?—2x)?—5(x?—2x)=6 (b) (x*+2)?—17(x?+ 2) =—66 
1 A 1 

(c) 6( ) ( ) 0 (d) 2x*+17x?—9=0 

x—1 4 
(e) (x?+1)?—7(x?+1)+10=0 (f) (2x?+x)?—7(2x?+x)+6=0 
4. Solve. 
(a) x*-4x?+1=0 (b) x*—10x?+17=0 


4.3 GRAPHS OF POLYNOMIAL 
FUNCTIONS 


In Chapter 2 we graphed the quadratic function y = ax?+bx+c. In 
this section we shall graph polynomial functions of degree higher 
than two. We first look at the simplest polynomial graphs, those in the 
form y=ax". The graphs, where n=1, ...,6 and a=1 and a=~-1 
follow. 
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We shall now consider the graphs of cubic functions in the form 
y = ax°+bx*+cx+d where b, c and d are not necessarily 0. If the | 
polynomial can be factored into linear factors the graph is easily 7 
sketched. 


EXAMPLE 1. Sketch the graph of y =(x—1)(x—3)(x+2) 


Solution 
y =(x—1)(x —3)(x+ 2) 


(i) In order to determine the x-intercepts | 
we set y =0 and solve the cubic equation. 


(x —1)(x —3)(x+2)=0 
x—1=0 or x—3=0 or x+2=0 
MS] sees} MS He 


Hence the x-intercepts are 1, 3 and —2. 
(ii) To determine the y-intercept we set | 
x=0. 


y =(0—1)(0—3)(0+ 2) =6 


the y-intercept is 6. 





















(iii) y>O when x>3 since (x—1), (x—3) and (x +2) are all positive 
when x >3. 

(iv) y<0O when 1<x <3 since (x —3) is negative in this area and the 
other two factors are positive. 

(v) y>0O when —2<x <1 since (x —3) and (x—1) are negative in this 
area and (x+2) is positive. 

(vi) y<0O when x<~—2 since all factors are negative in this area. 


In this example the graph crosses the x-axis at three points and the 
corresponding equation has three real roots. 


In general the graph of a cubic function where a>O extends from 
§ the third to the first quadrant and so must cross the x-axis at least 
Honce. Hence the corresponding equation must have at least one real 
root. 

When 2<0O the graph extends from the second quadrant to the 
N fourth, crossing the x-axis at least once. As before, the corresponding 
equation has at least one real root. 

The following graphs illustrate the four possible cases for a cubic 
function when a>0. 


y, 4 y y 


Case |: The graph crosses the x-axis at three points and the corres- 
ponding equation has three real unequal roots. 


y 


wCase Il: The graph crosses the x-axis at one point and touches it at 
fanother. The equation has three real roots, two of which are equal. 


pCase Ill: This case shows the graph of the function whose corres- 
ponding equation has three real and equal roots. 


pCase IV: The graph crosses the x-axis at One point and the corres- 
ponding equation has one real and two imaginary roots. 


hese four cases also apply when a <0. 
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EXAMPLE 2. Sketch the graph of y =2x°+7x?+2x—3. 


Solution 























We see that the graph crosses the x-axis at 
(—3,0), (—1,0). We can estimate the other 
point where the graph crosses the x-axis as 
(3,0). This can be checked by substitution. 























Y =2x?+7x?+2x-3 
= 2(3°+7(3?+2(3-3 
are 1=3 


=0 


the roots of the equation 2x*+7x?+2x—3=0 are 3, —1 and -3. 
Not all x-intercepts can be accurately determined from a graph. In 


Section 4.6 we shall develop an algebraic method for solving polyno- 
mial equations. 


Like the graph of a cubic function, the graph of a quartic function, 
y = ax*+ bx? +cx’?+dx+e, is easily drawn if the quartic can be expres- 
sed as the product of. linear factors. 


EXAMPLE 3. Sketch the graph of y =(x+1)(x+4)(x—1)(x—3). 
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Solution 

(i) In order to determine where the graph 
crosses the x-axis we solve the quartic equa- 
tion that results when y =0. 


(x + 1)(x +4)(x —1)(x —3) =0 





Xe OMG — 4 On x = 1 On X= 3: 

(ii) y>O when x>3 since all factors 
are positive when x >3. 

(iii) y<O when 1<x<3 since (x—3) is 
negative in this area. 

(iv) Both (x—3) and (x—1) are negative 
when —1<x<15s0 y is positive in this area. 

(v) When —4<x<~-—1 three factors are 
negative, so y<0. 

(vi) When x <-—4, all factors are negative, 
so y>0. 























We summarize the above in the following table. 














In general the graph of a quartic function where a>0O extends from 
the second quadrant to the first. The following graphs illustrate the 
seven possible cases for a quartic function when a>0. 


| Case I. The graph touches the x-axis at one 
{ point and the corresponding equation has 
} four equal real roots. 
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Oo x 
y 
O x 
y 
O x 


Case Il. The graph crosses the x-axis at fou 
distinct points and the corresponding equa 
tion has four real unequal roots. 





Case Ill. The equation has four real roots 
two of which are equal. 


Case IV. The equation has two real unequa_ 
roots and two imaginary roots. 







Case V. The equation has two pairs of equal 
roots. 


Case Vi. The equation has two equal roots 
| and two imaginary roots. 


| 
| 


| 
| 
| 








y 
| ase VII. The equation has four imaginary 
oots. 
O x 
, y 
O x 


hese seven cases also apply when a<0O. For a<0O the graph is 
haped like the letter m. 
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Start with the word 


“foot” and change one 
letter at a time to form a 
new word until you reach 
“ball”. The best solution 


has the fewest steps. 
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EXERCISE 4-3 


1. Sketch the graph of each of the following and state the roots of the 
corresponding equation. 

(a) y=(x—1)(x—3)(x +1) 

(b) y=x(x+2)(x—2) 

(c) y=(x—2)(x +2)? 

(d) y=—(x+1)(x—2)(x + 2) 

(e) y=—(x—3)(x—1)(x +1) 

(f) y=(x+2)° 

(g) y=(x +2)(x +4)(x — 1)(x — 4) 

(h) y=—x(x +3)(x —2)(x —4) 

(i) y=(x+1)(x +3)(x—2)? 

(j) y=—x(x—3)° 

(k) y=x(x+4)(x + 2)(x —2)(x —4) 

2. Sketch the graph of each of the following and state any real roots 
of the corresponding equation. 





(a) y=x*-9x (b) y=x°+2x*—5x—6 
(c) y=x*—10x?+9 (d) y=—x*—6x?-8x 

(e) y=x?+2x?4+2x+1 (f) y=—x?-—x?+x+1 

(g) y=x*—2x7+1 (h) y=—x*—3x?—3x?—2x 
(i) y=(x+3)* (j) y=x*+3 


3. Find an equation of the cubic function whose graph passes through 
(—4, 0), (—1, 0) and (3, 0). 


4. Find an equation of the cubic function whose graph passes through 
(—2,0) and which touches the x-axis at (1, 0). 


5. Find an equation of the cubic function whose graph passes through 
(—3, 0), (0,0) and (2,0) and is negative when 0<x <2. 


6. Find an equation of the quartic function whose graph passes 
through (—4, 0), (—2,0), (1,0) and (2, 0). 


7. Find an equation of the quartic function whose graph passes 
through (—3, 0), (—1,0) and which touches the x-axis at (2, 0). 


8. Find an equation of the quartic function which touches the x-axis at 
(0,0) and (3, 0). 

9. Determine an equation of a cubic function whose graph passes 
through (i) 0) sO) al) (ip 4) anda 2.5). 


10. Use a calculator to sketch the graph of 


y =x°+4x*— 10x?—40x?+9x +36 


4.4 DIVISION OF POLYNOMIALS 


Before developing an algebraic method of solving polynomial equa- 
tions we shall first review the division of polynomials. 


EXAMPLE 1. Divide x*+x?—3x-—1 by x+2, x#-2. 


Solution 


x*—-x—1 
x +2)x*+x?-3x-1 
x?+2x? 

—x?—3x 
—x?—2x 

==" 

=k = 2 

7 





We continue dividing until the remainder is a polynomial of degree 
less than the divisor. 
The division statement is 

x?+x?-—3x —1=(x+2)(x?—x-1)+1 


When dividing by x—n where the coefficient of x is 1, division is 
simplified by using a process called synthetic division. It is derived 
from the standard division procedure by working with only the numer- 
ical coefficients. The process is illustrated in the following example. 


EXAMPLE 2. Divide —3x*—10x+2x°+5 by x—3, x#3 


Solution 
We first rearrange the terms of the dividend in descending powers 
of x 


2x°—3x?-10x+5 
Copy the coefficients and place the n number (in this case 3) as shown 
S32: S30—1085 
Repeat the first coefficient of the dividend as shown. 
Si eee Se 1085 
2 é 


Multiply the number below the line by n, put the product above the 
line in the second column, and add. 


33 || 2 Ole OMD 
6 
2 3 


Multiply the last number below the line by n and continue the above 
) process. 
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Thus when 2x?—3x?-—10x+5 is divided by x—3 the quotient is| 
2x*+3x—1 and the remainder is 2. 


We now compare the two methods of division. 





EXAMPLE 3. Use synthetic division to divide x°—x+28 by x+3 and) 
write the division statement. State any restrictions on the variable. 


Solution 


from the dividend so we use a 0 coefficient as a placeholder. 


3 lt Ol) G28 
ae Mas Fe! 
L336 844 


x°—x+28= (x +3)(x?-3x+8)4+4 
In order to avoid division by O we stipulate that x4 —3. 


The traditional method of division is used when the coefficient of” 
the variable in the divisor is not 1. 


EXAMPLE 4. Divide 18x—19x?+6x°—22 by 2x-—5 and state any 
restrictions on the variable. 


Solution 
We first rearrange the terms of the dividend in descending (or 
ascending) powers of x. 


(6x? — 19x? + 18x — 22) +(2x —5) 


3x*—2x+4 
2x —5)6x°— 19x?+ 18x — 22 
6x? — 15x? 
—4x* + 18x 
—4x?+10x 
8x —22 
8x — 20 
==) 


6x? — 19x? + 18x — 22 = (2x —5)(3x?— 2x +4)—2 


















\§Since division by 0 is not defined, 


2x—540 
2x45 


x #8 


XERCISE 4-4 


. Divide and state any restrictions on the variables. 
a) (x?—2x?+2x —15)+(x—3) 
Bb) (x°+3x?—9x—20)+(x +4) 
c) (x°+2x?-—5x—7)=+(x+3) 
Nd) (5w*—4w-—2+w’*)=+(w—1) 
Ne) (11x?—22+26x + x*)+(64+ x) 
Nf) (3t—6—2t?+t°?)+(t—2) 
Hg) (24+ 6x —7x?+ x*)+(x—5) 
h) (5x?+ x*—4x —20)+(5+x) Write 30 using four 5’s. 
Wi) (x*+4x°4+2x?—3x +2)+(x +2) 
j) (2W—4w?+ 2w*—5w?+ 3)=(w—3) 
. Divide and state any restrictions on the variables. 
Ba) (2x°+ x?+ x —1)+(2x—1) 
) 


Bc) (2+5t—t?+6t?)+(1+3t) 

Nd) (6z°+ 13z?—9)+(2z+3) 

e) (9x?—8+4x°)+(2+ x) 

f) (4x°+5x +21)+(2x +3) 

tg) (2W—1+9w’)+(3w-— 2) 

) (10+9x + x#)+(2+x) 

§. Divide. No divisors are zero. 

Ha) (x*+ x°— 13x?— 25x — 12) =+(x?+2x +1) 
Wb) (2w°— 4-8w-3w?+ w*)=(w?—w-— 2) 
Be) (t*—17t?—36t— 20) + (t?—3t—10) 


5 THE REMAINDER AND FACTOR 
THEOREMS 


In order to illustrate the remainder theorem we first divide the 
polynomial P(x) = x°+2x?+3x-—15 by x—2 and then find P(2). 


x?+4x+11 
xX —2)x?+2x*+3x—15 
x?— 2x? 

4x?+3x 
4x?-8x 

1aix15 

11x —22 

7 
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P(x) = x? + 2x?+3x—15 

P(2=(2°+2(2°+3(Q—15 
=Yepodp th Ge OG = 
=7 


The fact that P(2) is the remainder when P(x) is divided by x—2 
illustrates the Remainder Theorem, which says: 













If a polynomial in x is divided by x — a, the remainder obtained 
is equal to the value of the polynomial when x = a. 





When P(x) is divided by x —a, the quotient is 
Q(x) and the remainder is R. 





Q(x) The division statement 
x —a) P(x) 
GZ P(x) =(x—a)x Q(x) +R 
R 


is an identity which can be proven true for all 
values of x. 


Substituting a for x we have 
P(a)=(a—a)xQ(a)+R 


=0xQ(a)+R 
=R 


Remainder Theorem: If a polynomial P(x) 


is divided by x —a, the remainder is P(a). 








EXAMPLE 1. Find the remainder when x*—2x?—x+13 is divided by ) 
Xono: 


Solution 
P(x) = x?-2x?-—x4+13 
P(—3) = (—3)? — 2(-—3)? —(—3)+ 13 
=-27-18+3+13 
=~29 





The remainder is —29 when x*—2x*—x-—13 is divided by x +3. 


EXAMPLE 2. Find the remainder when x°—7x*—9x +2 is divided by 
x—2 and write the division statement. 


Solution 
P(x) = x?—7x?+9x+2 
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P(Q=(2°-7(2?+9(Q+2 
=8—28+18+2 
=0 


2 || -7 +9 +2 
2 -10 -2 
155 =1 0 


x?—7x?+9x+2=(x+2)(x?—5x—1) 


Since division gives zero as a remainder, both x—2 and x*—5x-—1 
are factors of x°—7x*+9x+2. This illustrates the factor theorem. 





Factor Theorem: A polynomial P(x) has 
x —a as a factor if and only if P(a) =O. 


















If a polynomial P(x) has x—a as a factor, then 
P(x) = (x— a) x Q(x) 
Substituting a for x we have 
P( a)=(a—a)x Q(a) 
P(a)=0 


Conversely, if P(a)=0, then by the Remainder Theorem when P(x) is 
divided by x—a the remainder is 0, i.e., x—a is a factor of P(x). 


EXAMPLE 3. Factor 4x*+16x*+9x-9 


Solution 
P(x) =4x°+ 16x*+9x-—9 
P(N=4( I + 16( 1)" + 91 ey 9320 In this example we only 
P(—1)=4(—1)?+ 16(—1)?+9(—1)-9=-6 substitute numbers that 
P(3) = 4(3? +16(3?+9(3 -9=270 are factors of 9. Why? 
P(—3) = 4(—3)° + 16(—3)7 + 9(—3)-9=0 


x+3 is a factor. 
§ Another factor is found by division 


—314 16 9 -9 
—12 -12 9 
4 4 -3 0 
4x? + 16x?+9x—9=(x+3)(4x?+4x —3) 


| In this example 4x?+4x-—3 may be factored using the methods of 
Section 3.2. 
4x° + 16x74 9x —9 = (x +3)(2x +3)(2x — 1). 
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EXERCISE 4-5 


1. Use the Remainder Theorem to find the remainders. 


(a) (x?—5x+4)+(x +2) (b) (w*+3w-—7)+(w-3) 
(c) (t?—3t?+t—1)+(t-1) (d) (z*-—2z7+3z—4)+(z+3) 
(e) (2x?+3x*— x —5)+(x +1) (f) (3x?-2x —7)+(x—2) 


(g) (x*—x?+2x?—x+1)=(x+2) — (h) (W*—w+5)+(w—4) 


2. Determine whether the second polynomial is a factor of the first. 





(a) x?+5x?4+8x+4, x+2 (b) w°-3w?+2,w-1 

(c) t?+3t?—2t-9, t+3 (d) 2x°—3x?—2x-—21, x-—3 
(eux = 3X a OX 4x 2 (f) 5x*+3x?—2x?+3x+3, x+1 
3. Factor. 

(a) x°+4x?+x-6 (b) x°+6x*+11x+6 

(ey ox P2x —9Xen18 (d)st Ata i 7 i 60 

(a) exe + 3x74 3xr 2 (Hox 4x 2x +3 

4. Factor. 

(a) 2W°-5w?+w+2 (b) 2t?+9t?+7t-6 

(c) 6x?+x?—10x+3 (d) x°-7x+6 

(e) x?—2x?+2x-15 (f) 2w°-2w*—-w-6 

(g) 4x?+12x?-—x-3 (h) 6x*—11x?—57x + 20 


5. Determine the value of m so that x +2 is a factor of x°+x?+mx+6 


6. Determine the value of n so that x—2 is a factor of x*—3x+n. 

7. Factor the following. 

(a) x*+4x?—x?—16x—12 

(b) x*—2x?—17x?+18x +72 

(c) x*+x*?—8x?-9x-9 

8. Find the values of a and b if ax*+ bx*+3x—4 has a remainder of 
—2 when divided by (x—1), and a remainder of 2 when divided by 
x=2. 

9. When a polynomial P(x) is divided by 2x—1 the quotient is 

x*— 2x —1 and the remainder is —4. Find P(x). 

10. Show that x-—a is a factor of x" —a". 

11. Show that x+a is a factor of x" +a” if n is odd. 

12. Use the Factor Theorem to show that x —c is a factor of 

x?(c —b)+ c?(b—x)+b7(x—c). 

13. Use the Factor Theorem to show that x —a is a factor of 

(a—x)?+ (x—b)?+(b—a)?. 





4.6 SOLVING POLYNOMIAL EQUATIONS 
BY FACTORING 


In Section 3.3 we solved second degree or quadratic equations by 
factoring. In this section we will see how the factor theorem is used ta 
solve equations of degree higher than two. 


EXAMPLE 1. Solve 2x°—3x?—5x+6=0 


Solution 
We use the factor theorem to factor 2x*—3x*—5x+6 


P(x) = 2x?—3x?-—5x+6 
P(1)=2(1)°—3(1)?—5(1)+6 
—2—3—5+6 


=0 
Determine the pattern. Find 


x—1 is a factor. the missing number. 
Division yields another factor. 


1);2-3-5 6 
2 —1 —-6 
2-1-6 0O 
2x?—3x?—5x+6=(x—1)(2x?— x —6) 
= (x — 1)(2x +3)(x —2) 








(x —1)(2x +3)(x —2)=0 
and. <— 1—=0 > on, 2x6-3=0) onex=2=0 ) | 


x=1 x=-3 x=2 


3 
Z = Sy, al, 2 
The roots may be checked by substitution. 


EXAMPLE 2. Solve x*—4x?—x+12=0 


Solution 
P(x) = x?-—4x?-—x+12 
P(3) = (3)? —4(3)? — (3) + 12 
= 27—-36—-3+12 
=0 


x—3 is a factor of x°—4x?—x+12 
Division yields x*—4x?— x +12 = (x —3)(x*— x —4) 





(x —3)(x?—x—4)=0 
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x*—x-—4 is not readily factored. However we can use the quadratic 
formula to solve x*—x—4=0 


x—3=0 or x?-x-4=0 








—b+b*—4ac 
<— 3 ————— 
2a 
ev Ise 16 
2 
Ty 
2 
14717 1-V17 
The roots are 3, : 5 


EXAMPLE 3. Solve x*—2x—4=0 


Solution 
P(x) =x?-2x-—4 
P(2) = (2)°—2(2)—4 
=8-4-4 
=0 


x—2 is a factor. 
Division yields x°—2x —4=(x—2)(x?+2x+2) 
(x —2)(x?+2x+2)=0 
and x-2=0 oor  x?+2x+2=0 


en etv 4-8 


2 


A wet v—4 


22 


x=2 


2 et 
2 


=-1+i 





the roots are 2, —1+/, —1—i. 


Note that the imaginary roots occur in conjugate pairs. In general if 
a+ bi is one root then a—bi is another. 
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EXERCISE 4-6 


1. Solve. 

(a) x? = 3x2 = 4x +12 =0 (b) x? — 4x? +x +6=0 

(c) t? — t? — 16t - 20 =0 (d) 3w? + w? - 3w -1=0 
(e) 223-22 -15z +18 =0 (f) 4t3 — 7t? — 21t + 18 =0 
(g) 2x3 — 9x? - 8x + 15 =0 (h) x* — 3x? — 16x + 48 = 0 
2. Solve. 

(a) x°-5x+2=0 (b) t?—2t?—2t+1=0 

(c) w*+4w?+7w+6=0 (d) x°-1=0 

(e) t?+8=0 (f) x?+2x?-8x—15=0 

3. Solve. 

(a) x*—x*?—11x?+9x+18=0 (b) x*°—x?—13x?+x+12=0 
{c) = 1.20 (d) 6t?+7t?—43t—30=0 

4. Solve. 

(a) x*-27x=0 (b) x?(x+1)=124+8x 

5. Solve. 

(a) x(x*—4) =—3(x?—4) (b) x°+3x*—5x?—15x?+4x+12=0 


4.7 GRAPHING RATIONAL FUNCTIONS 


Polynomial functions are obtained by a number of multiplications, 
additions, and subtractions of variables and constants. When division 


of expressions is permitted, the result is a class of functions called 
rational functions. 


A rational function f is the quotient of two polynomial 
functions: “ 


P(x) 


fod Sai) 


where P and O are polynomials. 





Examples of rational functions are 


wexer KG 2X Aa, 


y x=1' x xt 4 
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x 
EXAMPLE 1. Sketch the graph of eer 


Solution 


(i) The zero of the numerator is 0 so the 
zero of the function is 0 

(ii) The zero of the denominator is 3. Al- 
though 3 is not in the domain of the function 
its graph approaches the vertical line x =3 as 
X approaches 3 from above and below. The 
line x =3 is called a vertical asymptote. 





j {mY | f 
il jel a Ball to Lo dhe de 
+ os os ore eS or oe 
sas oe en Soe LE GHG ak Selo ae 

+ Say oeke pe eee eee 

4 : poe fenpoffpe tet te tf St 
5. Se et Ik 

: eS ee oe et ee 
SEAREERERESOT 

nt DC) bth Sa 

Le ae: 


So a oe Se ee 


5 Sait sane Sonia nc RRR SORE Caio VED CREE EEO Coe Ceres oe Sooo 


Sete eee Sanne cae 


: ere eet cece Contin ene © 


(iii) By letting x =O we see that the y-intercept is 0. 
3 

(iv) Solving the equation for x gives Xa Hence, y#1 and a 
View 


horizontal asymptote is drawn at y=1. The function approaches 1 as 
|x| gets very large. 


Two important properties of rational functions are: 


1. The zeros of the function are the zeros of the numerator (provided 
that they are not also zeros of the denominator) 


2. Vertical asymptotes are found by determining zeros of the de- 
nominator. 


4 
EXAMPLE 2. Sketch the graph of y peer 





Solution 

(i) Since there are no zeros for the 
numerator there are no zeros for the func- 
tion. (The graph doesn’t cross the x-axis.) 

(ii) There are no zeros for the denominator 
so there are no vertical asymptotes. 

(iii) By letting x=0O we see that the y- 
intercept is 4. 


+ 
4 
| 
et 
4 


oc 





(iv) As |x| increases the value of the function decreases rapidly. As 
4 
|x| get very large, the value of aii approaches zero but never 
x 


reaches zero. Therefore the x-axis is a horizontal asymptote. 


(v) From the graph we see that the range is 0<y <4. 


EXAMPLE 3. Sketch the graph of y = 


















x?-9° 
Solution 
1 1 
y = = | } 
x°=9 (x 3)\(k+3) Tika Rae aa 
d Satie tL SER a fateh +--4+—+4-—4- 
es Ce mes Lane etene ee eon | - a ee ao 
fe pe ppt SS eee 
(i) There are no zeros for the numerator so a ep visto li [lalate 
there are no zeros for the function. Oe i nee a es PY IE 
(ii) The zeros of the denominator are 3 and bsibataciw acannacha Ta Up Sale a da Sa 
—3 so vertical asymptotes are drawn at x =3 Tries ana [ aes lei 
pe. + + a oh if tie sas See co See oh 
and x=~—3. es as Ee ee: 


poe tn 


(iii) When x =0, y =—s. 
Hence the y-intercept is —5. 

(iv) For values of x between 3 and —3 the 
function is negative. 

(v) For values of x greater than 3 and less 
than —3 the function is positive. 


be a a 


ae 
ae 





oy ten Se) Cone ane! Gees Cees owe 
t 


sg eae ST 


+—4 1 ae Sea ao a es 





+— 4} ..4._} 
ee 
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EXERCISE 4-7 


B 1. Sketch the graph of each of the following. 














(a) y=— (b) y=— 
ue fg Ab bas Be 
x+1 wee) 
(c) y=——— (d) y=—— 
Me x 
(a) v= (v= : 
ec) y= Views : 
y= ee 
SHE mee ie a er 
(i) ee U) AY =e 
ene XRD ee x?7+1 
2. Sketch the graph of each of the following. 
2 
x 
= b = 
SU bh eecersayr (Day 
on (d) y= 
“hy x2 Eso V4 
4 = 
a f = ee 
(e) y oars (f) y =ar7 
C 3. Sketch the graph of each of the following. 
AS mt (b) XO 
SAY ~ EEG YO =2x=3 


REVIEW EXERCISE 


A 1. State the sum and product of the roots of the following quadratic equations. 


(a) x?7-5x+5=0 (b) 2x*+3x-7=0 
(c) 7x?—6x =0 (d) 13x7+8=0 
2. State a quadratic equation whose roots have the given sum and product. 
(a) sum: 6; product: —2 (b) sum: —7; product: 6 
(c) sum: 0; product: —5 (d) sum: —2; product: 0 
B 3. Write a quadratic equation having the given roots and integral coefficients 
(a) —5 and —-8 (b) 3 and —4 
(c) 2+2V3 and 2—2v3 (d) 2+3i and 2-3i 


4. If 4 is one root of 3x*—11x+c=0, find the other root and the value of c. 


5. Without solving the given equation, find an equation whose roots are two more 
than the roots of x?+2x—5=0. 


6. Solve the following equations. 
(a) x*—10x?+9=0 (b) (x?—2x)?—11(x?-2x)+24=0 


(c) (x+<) -6(x+2)+8=0 (d) (x?—3x)?—16=0 
x x 


132 fmt: senior 


7. Graph the following and state the roots of the corresponding equation. 


(a) y=(x+3)(x + 1)(x —2) (b) y=(x+1)(x—3)? 
(ec) y =—x(x-+ 3)(x—1) (d) y=(x—3)(x —1)(x + 1)(x +4) 
(e) y=x°?-4x (f) y=(x+2)* 


(g) y=x*—5x?+2x?+8x 


8. Divide and state any restrictions on the variables. 














(a) (x°+2x?— 10x + 5)+(x—2) (b) (6t?+7t?—2t—2)=+(2t+1) 
(c) (6+ 6w*®—5w’)=(3w+ 2) (d) (3x?—10x?+6— x +2x*)=+(x +3) 
9. Use the Remainder Theorem to find the remainders. 
(a) (x*—3x+5)+(x—2) (b) (w?—-3w?+2w—4)=(w-—1) 
(c) (3x*—2x*+ x —5)=+(x+4+2) (d) (2t?—t?—3t+1)+(t-—3) 
10. Factor. 
(a) w°—3w?-4w+12 (b) x°+2x?—11x—12 
(c) 2x*+x?—13x +6 (d) 2x*—3x*—18x +27 
11. Determine the value of k so that x—2 is a factor of x°+x?+x+k. 
12. Solve. 
(a) x°+8x?+19x+12=0 (b) t?—9t?+ 26t—24=0 
(c) w?7+2w?—9w-18=0 (d) 4x*=8x?+x+3=0 
(e) x°-6x+4=0 (f) t?-10t-3=0 
(g) x°+3x*-3x+4=0 (h) 6t?+t?—31t+10=0 
(i) x*+3x*— x?-6x=0 ii) Xe 27 = 0 
13. Sketch the graph of each of the following. 
(a) y=— (b) y=— 
2 ‘Baas ae AR eS) 
Mea 3} 
= d —— 
(c) y = (d) y aoe 
| 5 4 
= ——_ f => 
el eee CUNY serene 
Qa (iy et 
x83 bee xe a2 
ADDITION 
CAB 
CAB 
CAB 
CAB 
RACE 


polynomials 


133 


134 


fmt: senior 


REVIEW AND PREVIEW TO CHAPTER 5 


ALGEBRAIC 


OPERATIONS ON 


RATIONAL EXPRESSIONS 





























EXERCISE 1 
Simplify. 
1 1 
1. + 
x+1 x-1 
1 1 
3. x 
x+1 x-1 
2 5 
5. 
Ma 6) eae! 
; 3+2x 32x 
"24+3x 2-3x 
. a ab 
Diswie fe 
3x-3 11-—2x 
11. P 
7—x 49-~x 
x7 +x=2 x?-9 
13. 


15. 


17. 


19. 


21. 


23. 


25. 





2 x 2 
x°—-x-6 x°+2x-3 
2X SX 2X 2X2 5 
3x?—-7x+2 2x?+x-—10 
2x+1 2x4+3 
x?-1 x?-x-2 
a*—b* -ab 

x 
a a-—b 

















( zap +P a?—ab 
3a : 


a azba 





+ 
1+x 


10. 


12. 


14. 


16. 


18. 


20. 


22. 


24. 


26. 


1 1 


x19 x1 
1 1 


x+1 x-1 
x x+1 
X tee Xion 2 
1 1 
B=le) 2) slo 

xoey i 


y zx? 

















aL; 
“= 33 =P 
aiid 
MAES DBD Far 
xP + 4x x?4+3x — 28 
x?7-16 x?+14x+49 
4x?-4 = 3x?-2x-5 
2x?+5x-7 4x?+8x—21 
1 thx +2 
































n m 
3 
2x+ * 
4+ 
71 
= 


CHAPTER 5 


Exponential 
and 
Logarithmic 
Functions 


Strange as it may seem, the power of mathematics rests on its evasion of all 
unnecessary thought and on its wonderful saving of mental operations. 
Ernest Mach 





JOHN NAPIER (1550-1617) 


John Napier was a Scottish lord, the Baron of Merchiston, who spent most of 
his time managing his estates and writing books on a great variety of topics, 
especially religion. As an amateur mathematician he was mainly interested in 
computation and trigonometry. He started to work on his greatest achieve- 
ment, the invention of logarithms, in about 1594, but it was not until 1614 that 
he published a book containing the first table of logarithms. This book was 
immediately hailed as a great labour-saving device by mathematicians, as- 
tronomers, and other scientists. 





We have studied relatively simple functions such as polynomials and 
rational functions. We shall now turn our attention to two of the most 
important functions in mathematics, the exponential function and its 
inverse, the logarithmic function. As we shall see, these functions 
have a wide variety of applications in such sciences as biology, 
chemistry, physics, geology, sociology, and economics. 


5.1 LAWS OF EXPONENTS 


If aeR and neN, then the nth power of a is written 


aa <a ax ce a 
SS ee) 
n factors 


and rn is called the exponent, a is called the base. For example 


87=8x8=64 and 2°=2x2x2x2xX2x2x2x2=256 
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There are five laws of exponents which we shall illustrate by 
examples. 


1. To multiply two powers of the same number we add the expo- 


nents. 
5* x 57 =(5x5x5x5)(5 x5) a" Xa" =(avcave ae a) latea a Bea) 
e+. - —_—_—F ?@——— 
=5x<5x5x5x5x5 m factors n factors 
= 5° =axaxax...xXa 


m+n factors 


m+n 


a 


2. To divide two powers of the same number we subtract the expo- 








nents. 
m factors 
SiC P CSD GPC OR} a) aaa a 
z= ~ = (m>n,a#0) 
3 3X3 43 a axaxX...Xa 
=3x3 n factors 
= 3? 
4) XIN gb SE) 
————— 
m —n factors 
in ae 
3. To raise a power to a new power we multiply the exponents. 
(PY =7K7Tx7) la™)"= (ax<an cays 
Se 
(7/7) START) m factors 
=7X7X7TX7X7X7 
F =|(aocal <<) oa) p< (arcane ae d)mee (a oaaicemee ca) 
=7/ oes —_. ~~ C2 eee 
m factors m factors m factors 
pO TR a ia td ee LS a Ba 8 8 ee 
n times — 


SCS EIS EIS 5 Se eS) 
Cs eS 


mn factors 
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4. To raise a product to a power we raise each of the factors to the 


power. 
(4x5)? = (4x5) x (4x 5) x (4x 5) (ab)" = (ab) x (ab) x... x (ab) 
=4x4x4x5x5x5 
n factors 
=4°< 5s 
=(axax...xg4)x(bxbx...xb) 
DES Oe) 
n factors n factors 


Sie)" Io)" 


5. To raise a quotient to a power we raise both numerator and 
denominator to the power. 


(2) 22 Dime. 42 
=|) == SXa 
3 3° 3163 3 





artes 
22 SG2 2. n factors 
~ 3x3X3x3 
2: n factors 
ee axax...Xa 
~ bXDX...XB 
Oe acara 
way 
wb" 


Laws of Exponents 


If ae R and m, neN, then 


m+n 


ledue aaa 


Zi Se a (if m>n, a#0) 
a 

3 (a”)\7 =a'¥ 

4 (ab) —acbe 
avn a> 

5 —) =— b#40 
log bt 
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ifn>m 


lf a” =a" (a#1,0, —1) then 
m 
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EXAMPLE 1. Express the following as powers of 2 


9 


2 

a) 4’ b) 2°x8? c) — 

(a) (b) (c) 16 

Solution 
(a) 4’ =(2°)’ (b) 252x842 *(25\7 (c) 2x" 
162029 
=9"4 —2®x 2® —9° 
=9'4 


EXAMPLE 2. Simplify the expressions. 




















(x?y)° (2x)? 
(a) a fh) 
Solution 
(x? ie (xa): 5 (2x)* Daa 
(a) x ae 4 Z (b) a oo 
(xy) any, x x 
10 5 
y 16 
ao gr ae 13 
Xan V. x 
= xv. 


EXAMPLE 3. Simplify 3°x2’ if possible. 


Solution 
3° x 2’ cannot be simplified. 


The first law of exponents cannot be used here since it only applies 
when both factors have the same base. 


EXAMPLE 4. Solve the equation 


B= 125 
Solution 
bie 125 
5% 27= 53 
x=2=3 
x=5 


EXERCISE 5-1 


Assume m,n, peN. 


1. State the following numbers as powers of 2 
(a) 16 (b) 2 (c) (2*)’ (a) 2222" 
(e) 32 (fas (g) (2°)° (h) 2x 2° 








(i) 4x2° (Dar2e 25 (k) (27)™ (i) (273 
2. State the following numbers as powers of 3 


(a) 27 (b) 3%<3* ic} 3X3 (d) 81 
6\6 3"° pym 3” 
(e) (3°) (f) 37 (g) (3°) (h) 3 


3. Use the Laws of Exponents to express the following in another 
form, if possible. 














(a) (9x13)* —(b) (9xy" (c) @) (d) (=) 
(e) 72x9® (f) (6x72)° (qj)e2>a" (h) (xy)? 
Gelembreecrrat teisac (The (aces? (ky) @) (1) (=) 
(2:73) " or SNe a. 
(m) 278)" (") 2 w (3) Pl pe 
(q) 4°x5° (r) (2x?) (s)_ x°xx® (t) (—x°)" 
tu) ber (Vp exe ex" (w) x” xx" xg OG a 
4. Simplify the following expressions. 
(a) (—3x*)? (b) (—3x°)(4x°*) (C)"3 ses: 
(d) a” xa" xa® (e) ((2°)?)* tye (Cae yay. 
a’xa4 See x yee , (x4)? 
(g) 2 (h) Quits cars (i) a 
5. Simplify the following. 
Fs GN eg (b) CE velo cee 
(a) (7 3° 3 
BEE OAL =a 
(c) Te (d) Saree 
ls BOSS eM pe 
(e) 577 (f) ~a’x(a?)"4* 
6. Simplify the following. 
Najea <a (=a)? (bye (xy eK Ox 


Sey ee (3°)" x (81)?" 
(c) iS (2) (S) era 
3/\8/ \1 


Do aAn Wispteetn 2 











(e) 1627-7 > 
7. Simplify if possible. 
(a) (x°y*)(x?y*) (b) x°y® 
tele Gx Vocy) (d) (—xy)*(x*y)? 
2xy* 15x*y? a*b* (2) 
fe) 3x°y? 12x4*y? (f) ATE ba 
ELEM ENGIG 
(g) Bx*y(x2y)" (h) IAW 
(i) te Tals Fe pall ale Watt () xc pebey: 
! rs 27 J XM FD yY pmo 
(k) (b%c*)+(b°c°) (1) (a7b?)" +(ab)*" 
ave (DY TONe (xy)*(2yz)*(—xz)° 
(m) (2) (2) (5) (n) 
b c a xyz 
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0° is not defined because 
0°=0' 1 

Q' 

0° 


0 ate 

=— which is 
0 
undefined. 
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8. Solve the following equations. (x € N) 








(a) Ox = 64 (b) 6* +3 _ 62% 
(c) 9* =729 (d) 2° 45164 
(e) 2=4%% (f) 2(5*)= 1250 
(g) 9% 6_ 3 +6 (h) Ae 164 
et (j) (-1/=1 
9. Simplify. 

7 Pe deta pike ce pn camig eae 
(a) a (b) = tea 

8x7 Sy se 

oy 6° PNT so 
(c) : el aaa ees 

ae” Dia 2 


5.2 NEGATIVE EXPONENTS 


We have defined a” if aeR and neN, but how can we give a 
meaning to a” if n is 0 or a negative integer? For example 5°= 
5x5x5x5, but is it impossible to give a reasonable definition of 5° or 
5 °? If so, we would still like all the Laws of Exponents to be true. If 
the second law of exponents 


is to be true, then we would have 
oe 3-3 ie} 


But 


So 2° must be 1. 
Similarly a° must be 1 if a#0. Note that if we define a°=1, then 
OL 4Ag— a lea c= ae 
So the first law of exponents is also true. 


If a#0, we define a°=1 


If the first law is to hold for negative exponents, then 





52x 5 32 =5?"! 35° 1 


1 
5 Re: (divide both sides by 5°) 








Similarly, under the same assumption, 


a’ ha = at a) Sea (if a#0) 


1 
age eT (divide both sides by a”) 





With these definitions we can show that all the previous laws of 
exponents still hold for any integer exponents. For example 


1eMoivd ith 
(3<5)* 37578 375+ 
(3<5)is= 35 5 


=3 4x5 4 





(3x5) “= 



































[ 
Laws of Exponents for Integral Exponents 
If ae R, a#0, and m, nel, then 
Tee eae aan 
ai m n 
2. Tae te 
a 
3. (aus = Aa 
Ae(ab)e—albe 
2 (é eke 
* Ab ba 
EXAMPLE 1. Evaluate. 
S (—12)° pe) 10 
(a) (3)? (b) 2: (c) Soul 
Solution 
1 (-12)° 1 242 1° Deo ee 
(a) (3) tas (b) 7 Nearer (c) 9 i aE 7 
(3) 2 2 2°+2 2° 242 
1 1 D2) ols GONG) 10 
2 “KH ~ 9x9 949% 9? 
2 2 
=4 = 2" 2? 
mas | 
Pore: 


5 
10 


Il 


1 
2 
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MYRIAD 


The Greeks called the 


number 10000 a myriad. 


Which is larger 


107"*" or myriad’°? 
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EXERCISE 5-2 


1. State the value of each of the following. 








(a) 6° (b) 9" (ce) 2a (disse 
(e) (—1)' (f) (=a)? (g) 10 * (h) 837 ' 
é 1 . 3 lg ah 
(i) 3 (j) 4 (k) 62 (I) 
2. State the following using only positive exponents. 
(a) x.” (bia vane (c)adm@ Dee (anata ae 
1 <3 2 
(e) 5 in (2) fae (h) 
a y b y j 
3. State the following with the variables in the numerator. 
1 a : 
(a) ve (b) pe) (c) 7A | 
3 Dp s ' 
id) aes (e) 5 (f) 5 
ab x“y xyz 
; 
4. Evaluate. ) 
(ajni2uex3’ xa? x 557 (bb) 42a (cise xos 
10 4=18 (27) * (5°+3°)° : 
(d) 4° x2 (e) 38 (f) "io? be | 
Edoaes Li 43 tise tS 
re ser Pagraaere 
Rar? <Si 374 \ 2 # 32 
W ee ww (S55) (I) (5 4X (25)%) 
(m) 1+ : (n) (26S. elt 
2 ‘+ 
3: '+— 


| 
5. Rewrite the following using only positive exponents. Simplify 


where possible. 
(ay x Ve), 
(c) (4ab-*c7d™)? 


a*x? =2 
(e) ss 
b “xy 


(g) a*(a*+a—5a *) 
(i) (by? 2b" 


(k) (a°b ere 
Se y” 
x '+y! 


(o) (=) + (eee 7 


(m) 


(b)(3ay bie 
a °b2 

taiaitb} 

(atesbe M1) 


(h) (x?—1)(x-?+ 2) 

(xen 
ays 

(1) x 4y 

Xo y 

(x+y) ' 

ab 

a =p a 


—-y ™) 


(n) 





STIR 






















6. Solve the following equations for x el. 
ia) 6" °=1 (6) 22"=128 
(c) 5° “=5 (d) (-1)/" =1 


5.3 APPLICATION: SCIENTIFIC NOTATION 


The nearest star beyond the sun, Proxima Centauri, is 

#40 000 000 000 000 km away. The mass of a hydrogen atom is about 
0.000 000 000 000 000 000 000 001 66 g. 

| Scientists who work with such very large or very small numbers 

usually write them in a more convenient way called scientific notation. 

For example they would write 


40 000 000 000 000 = 4x 10"° 


0.000 000 000 000 000 000 000 001 66 =1.66 10 ** 





A positive real number x is said to be written in scientific 
notation (or standard form) if it is expressed as 


x=—a x10" 





where 1<a<10 and nel. 





glihus a number in scientific notation is a single nonzero digit followed 
fy a decimal point and other digits, all multiplied by a power of 10. 


XAMPLE 1. Write the following numbers using scientific nota- 
ition. 


(a) 1786 000 (b) 0.000 043 12 


olution 
(a) 1786 000 = 1.786 x 1 000 000 
= 1.786 x 10° 


| he exponent, n =6, indicates that the decimal point is 6 places to the 1786 000 
ight of the standard position of the decimal point 


(b) 0.000 043 12 = 4.312 x 0.000 01 


1 
='4.312<=— 
: 100 000 


4 
= 4.312 x —, 
10° 


=4,312%10 ~ 


jhe exponent, n=—5, indicates that the decimal point is 5 places to 0.000 043 12 
fghe left of the standard position of the decimal point 


exponential and logarithmic functions 143 


144 


fmt: senior 


One of the advantages of scientific notation is the relative ease of 
computing with large and small numbers (as well as those in be- 
tween) if we first put all of them in standard form and then use the 
laws of exponents. Many calculators do this automatically. In such 
computations it must be remembered to express the final answer to 
the least number of decimal places found among the original num- 
bers. 


B 
EXAMPLE 2. Approximate a where a ==521, b =0.000 415, c=71640 


Solution 
First we express the numbers in scientific notation. 


a =521=5.21x 107 
b =0.000 415=4.15x 10 * 
G—-71,640 7.16410. 

ab | (5.21 10°)(4.15x 10 *) 


Cc 7.164 x 107 


_(5.21)(4.15) | 10? x 10 * 
7.164 10° 


_ 21,165 
7.164 


3.02710. 








x 10° 4-4 


ab | “6 
igi in eaten 10 


or, in more conventional notation, 


ab 
A = 0.000 003 02 


EXERCISE 5-3 


1. Express in scientific notation. 


(a) 2000 (b) 363 (c) 723.4 (d) 0.001 
(e) 0.00072 tt) 3.0: (g) 246 000 (h) 0.045 
(i) 1984 (j) 0.123 (k) 0.000 08 (I) 12345 
(m) 140.61 (n) —100 (0) 0.008 34 (p) 37x 10° 


2. The following numbers are given in scientific notation. Express 
them in the usual decimal notation. 

(a) 2x 10° (b) 7.4 x 10? (c) 2.35910" (a) 3.710 

(e) 1x10" (f) 1.23<10* (g) 9.99107 (h) 5.45610 * 


3. Rewrite the numbers in the following statements in scientific form. 
(a) A light-year, the distance that light travels in one year, is about 
9 410 000 000 000 km. 

(b) The light from the sun is equivalent to about 

3 000 000 000 000 000 000 000 000 000 cd. 

(c) The mass of the earth is approximately 

5 970 000 000 000 000 000 000 000 kg. 

























(d) Light travels one metre in about —————— s. 
300 000 000 


(e) The distance from the sun to the earth is approximately one 
hundred fifty million kilometres. 

(f) The diameter of an electron is approximately 

0.000 000 000 000 4cm. 


4. Express the following numbers in scientific notation. 
(a) 69 000 000 000 (b) 634 10"? 

(c) 0.000 000 078 (d) 0.000 019 83 

(e) 183 555 000 (f) 2635.84 





(g) 0.000 006 8 (h) 123 456 789 000 000 
ti) 17 (i) 832 
"+000 000 1” 100 000 000 
5. Write the following numbers in conventional notation. 
(a) 3.12 10° (b) 8.57x 10 * (c) 2.6710 ~ 
(d) 6.853 x 10'° (e) 1.495x10 '° (f) 9x10"? 
my) 15111110" (h) 4.33710"! (i) 6.56107 
56. Express the following products and quotients in scientific notation. 
B(a) (3.7 x 10°)(8x 10’) (b) 5000000x10 ‘4 
(c) (3x 10'7)(9.1x 10 7”) (d) 0.000 006 x 300 
(e) 60(1.5 x 10°) (f) (800 000)? 
| 6 400 000 5.5x 10"? 
8) aeempnemes (OE aa 
| 0.008 5x10 
( 170<10— ; 0.000 16 
t “axao ) 5000 000 000 
(k) 61 000 000 x 0.009 ieee ee poe 


+ ab 
7. Use scientific notation to approximate — where a=73.1, 
Cc 


}}b +816 000 000, c+0.000 014 
8. If r= 1.62, s=9.13x 10°, t=5.545x 10 *°, find an approximate value 





r 
for —. 
st 


. Find an approximate value for 





(0.000 345 61)(870 513 000) 
(78.91)(0.000 000 000 172 3) 
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5.4 RATIONAL EXPONENTS 


So far we have defined a” where a#0 and nel. We shall see in this 
section that it is also possible to define powers where the exponent is 
a rational number, such as 52 or 88 in such a way that the laws of 
exponents are still true. 












(/3)7=3 If the third law of exponents 
32)? = 32°? 
an (a”)" =a 
: : 1 
is to be true, then putting m = ‘t we would have 
(an)” => ann? => a' =a 
lf a=O, we can take nth roots of both sides of the equation 
(ana 
we get 
ar=Va 
This suggests the following definition. 
an=Ya, neN : 
Note that if n is even, then we must have a=0, but if n is odd, then a 
can be any real number. 
EXAMPLE 1. Find 
(a) 164 — (b) (-27)8 
Solution 
(a) 164=916 = (b) (-27)3= 9—27 
To see how we should define a" when m, néN we again use the! 
third law of exponents: 
1 mmx! mm lism 
83= 8372 an=a n an=an 
= (83)? =a’ \a = fan)” 
= 2° is 


ae = (a)™ 
Therefore we make the following definition for rational exponents. 
an= Va" =(Ya)™, m,n EN 


Again, if n is even then we must have a=0. 

Notice that in calculating an you can either raise a to the mth power) 
and then take the nth root, or first take the nth root and then raise the) 
result to the mth power. With these definitions we can show that all of 
the previous laws of exponents are still true for rational exponents. | 
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Laws of Exponents for Rational Exponents 


lf ac R, a=0, and r,se€QO, then 


1Patwva* =a" 





2 pra 4 
a 
3. fa \eea, 
Ane (al) ear DE 
a\° a’ 
5. =| = b#0 
(Ey = (oxo) 
6. a= 
We a’ =— 
8. 








XAMPLE 2. Find 4 








olution 
There are several methods. 
(i) 43=(Ja4)? 
=o 
— 6 
(iii) 43=(42)° 
= 9% 
= (5) 
XAMPLE 3. Simplify 
(a) 125 3 
olution 
2 
125 3= b 
ta) 1253 (b) 
- 1 
~ (9125)? 
1 
~ 5? 
asi 
~ 25 


(ii) aa= Jae 


{| 
2) 4) 


=8 
(iv) 42=(27)3 
= 9*3 
=? 
—o 


(b) (2x?y*)2 


(2x?y*)3 = 22(x?)3(y*)2 
= (oye ty 


= 2/2x?y* 
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EXERCISE 5-4 


1. State the following using radicals. 








(a) 23 (b) 372 (c) x3 
(e) 22 (f) 3 (g) a2 
(i) 22 (j) 738 (k) a 2 
2. State the following using exponents. 
(a) V3 (b) V19 (c) 723 
(e) (97)? (es 7a (g) (¥6)4 
1 
(i) Ya? (j) (%a)® (k) Te 
3. Evaluate. : 
(a) 42 (b) 643 (c) 93 
(e) 36 2 (f) 83 (g) 9° 
(i) 164 (j) 42 (k) (—8)3 
4. Evaluate. 
(a) 328 (b) 973 
(d) 643 (e) 813 : 
(g) 1285 (h) 37x37 
(j) (49%) (k) 25x a8 
(m) (37)8 (n) (yaa) 2 
643 1 1 
0.16)2(0.008)3 
(p) 7164 (q) ( )2( ) 
(s) 256°°7° (t) 0' .356 
(0.09) 2 Res 
81 4 
V) (0.125) 2 CNA 
5. Simplify. 


(a) 22x 23 (b) 38x93 

(d) (aab3)'? (e) (a°b*c®)s | 
(g) (16x*y?)4 (h) (64x°y 3) 
Wr a \ sexe al V2V xy 

(i) ( ) x3 





(k) 


~ ye anys 


6. Determine which is the larger of each of the following pairs of 


numbers. 
(a) 53, 32 


(b) 74, 43 
(c) 33 93 1 


9.5 EXPONENTIAL FUNCTIONS 


We have now defined a” if a>0 and xeQ but we have not yet 
defined irrational powers. For instance, what is meant by 2°° or 67? 
To help us answer this question we first look at the graph of the 


function y =2*, xel. 


(d) 62,143 


(h) (¥13)° 





(I) (-32)8 


(c) 100 0008 
(f) 625 4 
(Gry 
(1) 93+36 2 
(o) (8) 


(r) 32x 9a 


(u) [(v343)3]° 
(0.81)2x6 2 
*! (0.027)3 


(c) (x3ye)? 
(f) (x3 +3x3)x3 
(i) (20x?y%z 1) 


(ly) aes <Naa 




























































































2 x El 


to include the rational 


pie 


numbers. Approximate values of 2" are given for some rational values 


of x. 


Now let us enlarge the domain of y 














1267/53/03 


2.6 | 6.06 


























1.52 
74 


0.6 
0.8 | 1 









































BS YEO) 


y 


Figure 5-1 
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We want to further enlarge the domain of y=2* to include both 
rational and irrational numbers. There are holes in the graph shown in 
Figure 5-1. We want to fill in the holes by defining f(x)=2", xER, in 
such a way that f is a continuous increasing function. 


In particular, since 
1.7<V3<1.8 
we must have 
2°7<2%<2'8 


Similarly, using better approximations for /3, we obtain better ap- 
proximations for ype 


1.73<V3<1.74 By Wt a Sia) A 
1.732 < V3 < 1.733 #2 "729 a0 ae 
1.7320 < V3< 1.7321 e730 age = 917221 
1.732 06 <4.3 <1.732 06 bite 2 ae eo 


Using advanced mathematics it can be shown that there is exactly 
one number which is greater than all of the numbers 


dey, Aer ee) 1.732. 1.7320 1.732 05 
2 , 2 , 2 , 2 , 2 pees 


and less than all of the numbers 


1.8 51.74 51.733 51.7321 91.732 06 
2 ee. ae 2. ae. 





Tat 


We define 2” to be this number. Using the above approximation 
process we can compute that, correct to 7 decimal places, 


2°3 = 3.321997 1 


Similarly we can define 2” (or a™, if a>0O) where x is any irrational! 
number. It turns out that the laws of exponents are still true for 
irrational exponents. 


The graph of y=2*, xeER, is shown in 
igure 5-2. 





Ou can see that f(x)=2* is am increasing, continuous, One-to-one 
nction whose domain is R and whose range is the set of all positive 
eal numbers. 
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If a>0, the function f(x) =a” is called the exponential function with 
base a, Figure 5-3 shows the graphs of y = a* for several values of the 
base a. Notice that all of the exponential functions y = a* pass through 
the same point (0, 1) because a°=1 for any a#0. 






















































































Figure 5-3 


EXAMPLE 1. Use the graph of y =2* given in Figure 5-2 to find the 
values of x or y in the following equations to one decimal place. 


(a) y=27° (b) 25 =5.7 
(cj yaa. a) (d)52" = 28 


Solution ; 
(a) From the graph y=4.9 (b) From the graph x=2.5 
(c) 2°7=2*x 2?” (d) 2*=4x7 
=16.7— =2*x7 
= 16(6.5) =9?% 928 
= 104.0 _ 948 
x=4.8 
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EXERCISE 5-5 


1. Use the graphs in Figure 5-3 to find approximate values of the 
following numbers. 


(a) o17. (b) Gee (c) eye) (d) 513 
(e) 10°” (f) py (g) 5o* (h) ee 
(i) V10 Hes (k) 10°°4 Nee 


2. Use the graphs in Figure 5-3 to find an approximate value of x 
satisfying the following equations. 


ta) 2° =6 (b) 2*=1.8 (c} 12° =0.5 (d) 3*=10 
(e) 3° =2 (f) 5°=8 (g) 5° =0.8 (h) 10% =3 
Hi) 10% =7 (j) 10% =0.1 (k) 3%=1.5 (Il) 5*=3 


3. Use the graph of y = 2” in Figure 5-2 to find approximate values of 
x and y in the following equations. 

fayiy=2 (b) y=2°* (c) y=2? (d) y=2°’ 

(e) 2*=0.8 (f) 2° =24 (g) 2° =30 (h) 2° =96 

4. Use the graphs in Figure 5-3 to find approximate values of x and y 
in the following equations. 

(a) y=3'" (b) y=3°° (c) y=5*" (d) y=107* 

(e) 5°=7 (f) 5°=50 (g) 3° =36 (h) 10° =90 


5. Draw the graph of y = (3)" with the same axes as y = 3”. Use the fact 


that ey = ae 
3 3* 


State the domain and range of y -(2) 
6. Graph y = 2”! 


5.6 APPLICATIONS: EXPONENTIAL 
GROWTH AND, DECAY 


The exponential function occurs frequently in nature and society. 
For example, it can be used in problems of population growth, 
compound interest, investment growth, depreciation, inflation rates, 
bacterial growth, and radioactive decay. 


EXAMPLE 1. Bacteria of a certain type are known to divide every 
hour, thus producing two bacteria for every previously existing bac- 
terium. Suppose that 100 of these bacteria are breathed into Paul's 
lung. 

(a) How many bacteria will live in his lung after 5h? 

(b) How many after t hours? 
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Solution 
Let N=WN(t) be the number of bacteria after t hours. 


If t=0, N=100 
t=1, N=2x 100 
t=2, N=2x(2x 100) = 27 x 100 
t=3, N=2x(2?x100)=2°x 100 
t=4, N=2x(2°x 100) = 2*x 100 
t=5, N=2x(2*x 100) =2°x 100 : 


(a) After 5h the number of bacteria is 
N(5) = 2° x 100 = 3200 
(b) After t hours the number of bacteria is 


N(t)=2' x 100 


N(t)=cx2a 


where N(t) is the number of bacteria present after t hours, c is the | 
number of bacteria at the beginning, and d is the doubling period, i.e., 
the number of hours required for a given quantity to be doubled. 


More generally 





EXAMPLE 2. A biologist makes a sample count of bacteria in a 
culture and finds that it doubles every 3h. The estimated count after 
6h was 10000. 

(a) What was the initial size of the culture at time t=0? 

(b) What was the estimated count after 1d? 

(c) What was it after 1.5h? 


Solution 
(a) The doubling period is d=3h. 


N(t)=cx23 
where c is the initial size. 
We are given N(6)= 10 000 
But N(6)=cx 2 
Stoxx 2446 
4c = 10 000 
c = 2500 


The initial count was 2500 bacteria. 


(b) From part (a) we have N(t) = 2500 x 23 
N(24) = 2500 x 23 
= 2500 x 2° 
= 2500 x 256 
= 640 000 







| he estimated count after one day was 640 000 bacteria. 
) N(1.5) = 2500x22 

= 2500 x 22 

= 2500/2 

= 2500 x 1.414 

= 3535 


After 1.5h the estimated count was 3535 


XAMPLE 3. Half-life is the period of time during which a given 
mount of radioactive material decays until one half of it is left. An 
sotope of strontium, Sr°°, has a half-life of 25 years. 

(a) Find the mass of Sr®° remaining from a sample of 18mg after 
$25 years. 

(b) after t years. 


olution 
f Let m(t) be the mass, in grams, remaining after t years. We are 
Piven that m(0)= 18 


m(25)=3x18 


, 
m (50) = 2 (2 18) = 35% 18 


\| 


ere) 1 
m(75)=3 |= 18 aoe le 


1 1 
m(100) =3x (5318) aoe 


1 1 
m(125)=3x (x 18) =. 18 


1 
(a) The mass of Sr®° after 125 years is ae ES AGP 


(b) The mass of Sr®° after t years is 


1 t 
m(t)=—418=18%2 2 
225 





exponential and logarithmic functions 


156 


156 


fmt: senior 


More generally 


m(t)=c(tjh=cx2A 


where m/(t) is the mass remaining after time t, c is the initial mass, 
and h is the half-life (measured in the same unit of time as t). Some 
radioactive substances decay very slowly, having half-lives of 
thousands of years. Other substances decay very quickly, having 
half-lives of less than a second. 


EXAMPLE 4. /n eight days a certain amount of Vandium-48, V™, 


1 . : 
decays to Yo of its original amount. What is the half-life of V“*? 


Solution 
m(t)=cx2h 
where c is the original amount. 


1 
We are given that OS ae c 


aio 


But m(8)=cx2. 


1 8 
yp Caan h 
Ji? 

/2 
Choa 
:_8 
ei 
h=16 


The half-life of V* is 16d. 


EXERCISE 5-6 


1. Strontium-90 has a half-life of 25 years. How long would it take 
4mg of it to decay to 

(a) 2mg? (b) 1mg? (c) 0.25 mg? (d) }mg? 

2. Radium-221 has a half-life of 30 s. What fraction of a sample would 
remain after the following time? 

(a) 30s (b) 1 min (c) 2min (d) 3min 


3. The doubling period of a bacteria culture is 15 min and it starts with 
5000 bacteria. How many bacteria will there be after 
(a) 15 min? (b) 45 min? (co) elaine (d) 1.5 h? 


4. A bacteria culture grows according to the formula 
N(t) = 12000 x 24 


where the time t is given in hours. How many bacteria are there 
(a) at the beginning of the experiment? 
(b) after 4h? (c) after 8h? (d) after 12h? 


5. Five million bacteria live in an organism. The doubling period is 
1.5h. How many will there be after 


(a) t hours? (b) 9h? (c) 1d? (d) 2h? 


6. A bacteria culture doubles every ,h. At time 14h an estimate of 
40 000 is taken. 

(a) What was the initial size of the culture? 

(b) What is it after 2h? (c) after 3h? 


7. A bacteria culture starts with 3000 bacteria. After 3h the estimated 
count is 48000. What is the doubling period? 

8. A bacteria culture starts with 6000 bacteria. After half an hour the 
bacteria count is 33600. Estimate the number of minutes it takes for 
the culture to double. [Use the graph of y= 2” in Figure 5-2.] 


9. A bacteria culture triples every 4h and starts with 10 000 bacteria. 
Find the number of bacteria in the culture 
(a) after 24h, (b) after t hours. 


10. The world population is doubling about every 35 years. In 1980 
the total population was about 4.5 billion. If the doubling period 
remains at 35, find the projected world population for the year 2120. 


11. An isotype of sodium, Na”, has a half-life of 15h. 

(a) Find the amount remaining from a 4g sample after 

(i) 30h (ii) t hours (iii) 5d (iv) 7.5h 
(b) How many hours will it take to decay to 2 *g? 

(c) to 1.6g? [For (c) use Figure 5-2.] 


12. The half-life of Palladium-100, Pd'°°, is 4d. After 16 d a sample 
of Pd'®’ has been reduced to a mass of 0.75g. 

(a) What was the initial mass of the sample? 
(b) What is the mass after 2 d? (c) 2 weeks? 


13. After 30h a sample of Plutonium-243, Pu’, has decayed to ¢ of 
its Original mass. Find the halftlife of Pu**. 

14. After 90d a sample of Silver-110, Ag''®, has decayed to about 80% 
of its original amount. What is the approximate half-life of Ag''°? [Use 
Figure 5-2.] 

15. Scientists can determine the age of certain objects by a method 
called radiocarbon dating. The bombardment of the upper atmos- 
phere by cosmic rays converts nitrogen to radioactive carbon-14 with 
a half-life of 5760 years. This C’* is assimilated by all plants and 
animals. When the plant or animal dies it cannot assimilate new C™, 
and the amount present at death decreases by radioactivity as time 
passes. A small sample of a bone was burned and the resulting 
carbon dioxide was tested with a Geiger counter. It was found that the 
amount of C’* had decayed to 3 of its original amount. How old was 
the bone? 


Determine the pattern. 


Find the missing number. 










7, 5 





a0 
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5.7 LOGARITHMIC FUNCTIONS 


Recall that if a>0O and a#1, then the function y=a”™ is a 1-1 
function with domain R and range {ye R]| y>0}. It is increasing if a>1 
and decreasing if 0<a<1 








y 
(0, 1) 
O x 
y=a”™,a>1 


x 


has an inverse function if a>0O and a#¥1. The 
“ is called a logarithmic function and is 


Therefore f(x)=a 
inverse function f ' of f(x)=a 
denoted by f '=log, 





The logarithmic function y =log, x, a>0, 
a#1, is the inverse of the function y = a* 





We read “‘log, x” as ‘‘the logarithm of x to the base a” or as “log x to 
the base a.” 

We know that the graph of f ' is the reflection of the graph of f in 
the line y = x. Therefore to draw the graph of y =log, x, we need only 
reflect the graph of y= a” in the line y =x. 
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The domain of log, is {x¢R|x>0} and its range is R. 
By the definition of an inverse function 


f (y)=xet(x)=y 
or, interchanging x and y, 


f \(x)=yetly)=x 


| log, xX=y.. © @=x 


Notice that log, x is the exponent to which the base a must be raised 


Therefore 








to give x. 
exponent exponent 
| | 
logax= V8 yaar =x 
I 
base base 
In particular 
logox=y & 2% =x 
y 
y = logox 
Thus the curve in Figure 5-4 can be labelled x=2” 
y = log, x if you think of y as a function of x, 
or it can also be labelled x = 2” if you think of 
x as a function of y. es 
O x 
Figure 5-4 


EXAMPLE 1. Express in logarithmic form. 
(a) x=5”  (b) 1000=10° (c) 2°=3 


Solution 
(a) x =5” (b) 1000 = 10° (jez 
logs X=y “. 10g19 1000 = 3 “. logs (g)=—3 


EXAMPLE 2. Express in exponential form. 
(a) log,s=r _— (b) log,. 10000=4 —(c) log, (4)=-1 


Solution 
(a) log,s=r (b) 10g,. 10 000 = 4 (c) log, (4)=—1 
ais “. 10*= 10000 eee Nat 


exponential and logarithmic functions 159 


160 


EXAMPLE 3. Evaluate. 
(a) log; 81 
(d) log, 2” 


Solution 
(a) Let log, 81=y 


(b) !0g,.0.001 
(e) 51°09 5% 


(c) log, 1 


(b) Let log,,. 0.001 = y 


3” =81 10” = 0.001 
But 81=3* 107-08, 
Ef Si y==3 
y=4 
log; 81=4 


(c) Let logg1=y (d) Let log, 2* =y 


By =1 OY 2” 

8’ =3° eV =x 

y=0 logaZasx 
logs 1=0 


(e) tet 55° =a 
logs a = logs x 
a=x (since log, is 1-1) 
5° 5* =x 
The first three parts of Example 3 could be done mentally by remem- 


bering that log, x is the exponent to which you need to raise a to get 
x. 


Parts (c), (d), and (e) of Example 3 illustrate some general properties 
of logarithms: 


If a>0O and a#1, then 
(i Oge t= 0 


(ii) log, a* =x 


(ili) = a8 a*is)x 





Property (i) is true because a°= 1. Properties (ii) and (iii) are proved as 
in Example 3 or by observing that for any pair of inverse functions f 
and f ', f(f '(x))=x and f ‘(f(x))=x 


EXERCISE 5-7 


A 1. Express in logarithmic form. 


(a) 37=9 (b) 2*=16 (c) 6°=216 (d) 9 '=3 
(e) a =c (f) 8°=1 (g) 4°=1024 (h) 492 =7 
(i) 8=4 (j) 5 7=35 (k) 10°=10000 (I) 4 ?=0.125 
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2. Express in exponential form. 


(a) log, 49=2 (b) logs; 729=6 (c) log,512=4.5 

(d) log,.0.1=—1 (e) logs (ie) = —4 (f) log, b=c 

(g) log,. 1728=3 (h) logi.1=0 (i) logs 5=1 

(j) logis 4=0.5 (k) logs 4=3 (1) log, 4096 = 12 

3. Evaluate. 

(a) log, 4 (b) log, 32 (c) log, 1000 (d) log; 27 

(e) logs (s) (f) logo 1 (g) loge (ze) (h) log, 7 | 

(i) logs 125 li) logs 2, (k) log; 3°’ (I) logs 5°? 

(m) log, a (nyel 0. Stns (O\ na eae toca 

4. Evaluate. 

(a) log, 128 (b) logs 81 (c) logs (e2s) (d) loge (2t6) 

(e) log, 256 (f) log, 0.25 (g) log, 0.04 (h) 10g. 0.000 01 

(i) logs V6 (j) log, 8V2 (k) log, V2 (1) log, 0.125 

5. (a) Use the graph of y = 2” in Figure 5-2 to find approximate values log. 3=x 
of log, 0.5, log, 1.0, logz 1.5, log, 2.0, log, 2.5,..., log, 7.0. Use these where 
values to sketch the graph of the function y =log, x 2 =3 


(b) Using the same method and Figure 5-3, sketch the graph of 


Y =10gG10 X 

6. Solve the following equations for x 

(a) logio xX =6 (b) logs x =8 (c) log, 25=2 

(d) log, §=-1 (e) log, 4=3 (f) log, ¥2= x 

(g) logi2=x (h) log: 9= x (i) log, x=—2 

(j) log, 16=3 (k) log, 81=2 (I) logs 3V3 = x 

7. Draw the graph of y = log: x by reflecting the graph of y = (3)* in the 
line y=x. 


_ 8. Draw the graph of y =|log> x| 
9. Draw the graph of y=log,|x|, xe R, x#0. 


- 10. Evaluate. 
(a) 10!!03107 +1090) (b) gilea,7 log,5) 
(c) 8° fay 228 


11. If log, x =L, find log, x? 

12. If log, x =M and log, y=N, find log, xy 
log, C 

rote FREE 





13. Show that log, c= 


5.8 LAWS OF LOGARITHMS 


Because logarithms are exponents, the laws of exponents give rise 
to corresponding laws of logarithms. These properties give the 
logarithmic functions a wide range of application. 
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1. The logarithm of a product is equal to the sum of the logarithms of 
the factors. 


Let log, M=b and log,N=c 
Then a°=M — and aci= N 
log, (MN) =log, (a” x a°) 
=log, (a°’*) 
=b+c 


=log, M+log, N 
log, (MN)=log, M+log, N 








For example, 


(a) 10g49 (65.2 x 35.7) = logy9 65.2+10g15 35.7 
(b) logs 12+ logs 7 =log, (12 <7) 
= log, 84 


2. The logarithm of a quotient is equal to the logarithm of the 
numerator minus the logarithm of the denominator. 


Let log, M=b and log,N=c 
Then a°=M_ and aN 
aE 
log. (x) = log. F< 
=log,a” © 
=b-c 
=log, M—log, N 








log, |— )=log, M—log, N 


(a) logs(gs) = logs 97 — log, 62 
(b) log, 15—log, 3=log.() 





For example, 


=log25 
(c) logos) =10G10 1—logi0 9 
=0-log1.9 
=—10g109 


3. The logarithm of a power of a number is equal to the exponent 
multiplied by the logarithm of the number. 





Let log, M=b 
Then a°=M 
log, M” = log, (a”)” 
2logga™” 
=nb 


=nlog,M 





log, M" =n log, M (The Power Law) 











For example, 
(a) 10g, 8° =9 logy, 8 
(b) 2logs;5=log; 5” 
= log; 25 

(c) logs V125 = logs (125): 
= log, 125 
= , x S) 
= 118 





Laws of Logarithms 
lf a>0, M>0, N>0O, neR, then 
1. log, (MN) =log, M+log, N 


Zan lOgs (x) =log, M—log, N 
N 
2’. lo (=) = —log, N 
. Ga N Ga 
3. log,M"°=ntog,M 
1 
3’. log, 1M =— log. M 











EXAMPLE 1. Solve the equation 


lOGio (X +2) +10gi9 (x —1) = 1 Find a number equal to the 
‘ cube of the sum of its 
Solution = digits. 


10G40 (KX + 2)+10g45 (x —1)=1 

lOGio (x + 2)(x — 1) = log, 10 
(x + 2)(x—1)= 10 
x*+x-2=10 
x*+x-12=0 
(x +4)(x —3)=0 

x=-4 or x=3 
If x=-—4, then log (x+2)=log (—4+2)=log (—2) is not defined. 


Hence the root x = —4 is inadmissible. 
The only root is x =3 
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EXERCISE 5-8 


1. Express as sums or differences 
(a) logy (8 x 13) (b) log» (9.1 


(d) logs (37) 


(g) logs 27 


97 


x 
(j) lOgio xy (k) Ogio 


104 
(e) logs (s55) 


(h) logs (19 x 97) 


of logarithms. 
x 6.3) (c) log, (148.1) 


2 
(f) logio (=) 


(i) logi2 (16+ 65) 
(1) log, (AB) 


az 


2. Express as logarithms of products or quotients. 


(a) 10g19 89+10g49 14 
(c) log. 75—log, 36 
(e) logs 2+log.e 9 
(g) lOgyo X +10Gi0 Y 
(i) 10440 36—10g10 4 


(b) logs 12.2+log, 2.79 
(d) logs 634—log, 149 
(f) log, 54—log,9 

(h) logs x —log, y 
(lOGgl2enlOGsio 


3. Apply the Power Law to the following. 


(a) logio 687 (b) logs 3.9° (c) logs 7° 
(d) l0gio 7% (e) logs 5? (f) logs V3 
(g) logio8 : (h) logio (3) (i) logio ee 
(i) eZOGia SZ, (k) 8log, 21 (l) 3logs2 
(m) 3 109s 97 (n) 2109109 (0) —logio 5 
(p) —2logio 16 (q) log x” (r) mlogeA 


4. Apply the Laws of Logarithms t 
(a) 10g,2 (82 x 28) (b) logs (9x 
(d) logs (79+53) 
(g) 2 !OGro 49 
(j) logs V83 
(m) logs 6+ log, 7 


(k) log, (5x 


5. Given the approximate values log,. 2= 0.3010, log;, 3=0.4771, and 
10g,) 5=0.6990, evaluate the following. 


(a) logi.6 (b) logy 15 (c) logio4 

(d) logo 18 (e) logy. 125 (f) logio (5) 
(g) l0gio 1.5 (h) logro (s) (i) 1l0g4o 7.5 
(j) logio V5 (k) logyo 73 (I) logio3 
(m) logy, 200 (n) log;5 50 000 (0) logi. 0.003 


6. Use the Laws of Logarithms to 
(a) log,2+log, 32 

(c) logs 108—log; 4 

(e) logy2 16+10g,29 

(g) logs #9 

(i) 1og10 V0.1 

7. Solve for x. 

(a) logs x =log,5+log,3 

(Cc) lOogio X-+- lOGion|2— lod. 

(e) logs x + logs (x — 1) = logs (2x) 
(g) logs (x +1)—logz(x—1)=1 
(i) l0gio X =310G40 7 


(e) 21ogi0 6 
(h) logs (core 


(n) l0gyo 28—logio 4 


o the following. 

13x14) | «(c) log.9 
(f) log, (LMN) 
(i) lOGio (e,) 

) (I) —log38 


evaluate the following. 
(b) logio 1.25+10g1o 80 
(d) logs 80—log,5 

(f) logs 6—logs 3+ log, 2 
(h) log, 87’ 

(j) logs 5V5 


(b) logs x =log, 18—log, 6 
(d) logy X =1+10g49 2 

(f) logs (x —5)+log, (x +3)=1 
(h) 3log, x =log.8 

(j) 4log,e x = log, 625 





8. Solve for x. 
(a) log, (3x +2)—log, (x —2)=3 (b) logs (3x +2)+log, (x —2)=3 


9. Express as a single logarithm. 

(a) log, a+log, b—log,c (b) logyg 2+310g,9 b—2logioc 
(c) 210g 10 X+10g19 y]—2 login c (d) 5[(logs a+ 2 logs b)—3 logs c] 
(e) log, (a+b)+log,(a—b)—2log,a (f) log,a+blog,c—d log.e 


10. Find the error. 


log; 0.1<2 log, 0.1 
= log; (0.1)* 
= log; 0.01 
log; 0.1<Ilog; 0.01 
0.1<0.01 


5.9 APPLICATIONS OF LOGARITHMS 


Logarithms were originally invented in about 1600 for the purpose 
of eliminating the tedious calculations involved in multiplying, divid- 
ing, and taking roots of the large numbers which occur in astronomy 
and other sciences. With the advent of computers and hand cal- 
culators which can quickly perform such calculations, logarithms are 
no longer important for such computations. However it has been 
discovered that logarithms are useful for other reasons. 

In this section we shall discuss three kinds of applications of 
logarithms. 

(i) Computation. We shall see why the laws of logarithms made 
them a useful tool in computation for three and a half centuries. 

(ii) Applications in biology, chemistry, and physics. The logarithmic 
functions occur in these sciences mainly because they are the inverse 
functions of the exponential functions. 

(iii) Logarithmic scales. Quantities which vary over immense 
ranges, e.g., intensity of light, sound, and earthquakes, are conve- 
niently represented by logarithmic scales. 


COMPUTATION 


In 1614 John Napier, a Scottish nobleman, published the first table 
of logarithms. He had been working on his invention for twenty years 
and his logarithms were slightly different from those we use today. 
Henry Briggs, a professor of mathematics at Oxford, visited Napier 
and suggested a change to the present system. Napier agreed and in 
1617 Briggs published a table of logarithms (with base 10) of numbers 
from 1 to 1000, each logarithm being given to 14 decimal places. At 
about the same time Jobst Burgi published a similar table in Switzer- 
land. 


WORD LADDER 


Start with the word 


“wood” and change one 
letter at a time to form a 
new word until you reach 
fire’. The best solution 


has the fewest steps. 


wood 
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AQ > 13.597 


Napier, Briggs, and Burgi observed that addition and subtraction are 
much easier than multiplication and division. They also observed that 
the first two laws of logarithms 


10g10 (MN) = logio M +1logio N 
logo(x) =10g10 M—log,. N 


could be used to convert multiplication into addition and division into 
subtraction. 
EXAMPLE 1. Evaluate 

(a) 5640 x 0.638 (b) 5640= 0.638 (c) 40.638 


using Table 5-1 of values of log;. x and Table 5-2 of values of 10” 
Solution 
(a) Let x =5640 x 0.638 
10g19 X =10G1, 5640 + log,, 0.638 
= 1010 (5.640 x 10°) +10g15 (6.38 x 10 *) 
=10g19 5.640 + logy 10° +10g45 6.38 +10g15 10 ' 
= 0.7513 + 3+ 0.8048 + (—1) 
= 3.5561 


X= 10-9" 
rs 1072") 


3+0.5561 
=10°* 


= 10° x 102350 
= 1000 x 3.598 
= 3598 

5640 x 0.638 = 3598 


(b) Let x =5640+0.638 
lOGi0 X =10Gig (5.64 x 10°) — logy, (6.38 x 10 ') 
= 10gi0 5.640 + 3— [log,. 6.38— 1] 
= 0.7513+ 3—0.8048+ 1 
= 3.9465 
ose Igoe 
= 493-9465 
= 102610 
= 1000 x 8.841 
= 8841 
5640 = 0.638 = 8841 


a 


Logarithms 

































































Differences 

0 1 2 3 4 5 6 7 8 9 123 45 6 78 9 
i + 1 
5.5 | 0.7404|0.7412| 0.7419 |0.7427 | 0.7435) 0.7443 /0.7451 |0.7459|0.7466|0.7474 | 1 2 2 Sa 5 6 7 
5.6 | 0.7482)|0.7490| 0.7497 |0.7505 | 0.7513) 0.7520 /0.7528 |0.7536/0.7543/0.7551 |1 2 2 ey ey By fe) 
5.7 | 0.7559 /0.7566] 0.7574] 0.7582] 0.7589] 0.7597 |0.7604/0.7612|0.7619/0.7627 |1 2 2 34D ly (s) 7/ 
5.8 | 0.7634 /|0.7642|0.7649| 0.7657 | 0.7664| 0.7672 |0.7679 |0.7686|0.7694/0.7701 | 1 1 2 2) al (3) 7 
5.9 | 0.7709 0.7716] 0.7723) 0.7731 | 0.7738] 0.7745 |0.7752|0.7760|0.7767|0.7774 |} 1 1 2 S44 a 3, 
6.0 | 0.7782|0.7789] 0.7796| 0.7803} 0.7810] 0.7818 |0.7825 |0.7832|0.7839|0.7846 | 1 1 2 3044 5 6 6 
6.1 | 0.7853/0.7860)| 0.7868) 0.7875 | 0.7882) 0.7889 |0.7896 |0.7903|0.7910/0.7917 |1 1 2 3) Gh al 566 
6.2 | 0.7924 )0.7931 | 0.7938] 0.7945 | 0.7952) 0.7959 |0.7966 |0.7973|0.7980|0.7987 | 1 1 2 3 8 4 Loan oo) 
6.3 |-0.7993)| 0.8000) 0.8007 | 0.8014) 0.8021 | 0.8028 |0.8035 |0.8041|0.8048/0.8055 | 1 1 2 ey si vl 5 5 6 
6.4 | 0.8062 /|0.8069/ 0.8075 | 0.8082 | 0.8089 | 0.8096 |0.8102|0.8109/0.8116]0.8122 |} 1 1 2 23 2) 7! 5 5 6 
.c Table 5-1 a 

VALUES OF THE EXPONENTIAL FUNCTION y= 10% 

Differences 
0 1 2 3 4 5 6 7 8 9 ih #2 3} 45 6 789 
O50 S31 62 mesa Om Salt A arool G4 Sal 92 3.1 99ie 3206" S:2 1 44gns 221eas228 1 2 3 Sera 5 6 7 
051s, 2561S. 2435,6 3.25 lS 250 8S. 200m S273 £3.28163,269. 3:296),.3.304 1 2 «2 SES i) () 7/ 
(eye SLSKl{] Seshley Siew? SuSeul “elevigy evelso) Sissy Shelele) suey) “stetshi| 4) ye Sa 5 6 7 
0.53 3.388 3.396 3.404 3.412 3.420 3.428 3.436 3.443 3.451 3.459 1 2 2 S45 6 6 7 
O54 3-407 S47 5 463) S49 lee 3 499 DOSE S.51 68S: 5240 9 S532)05.540) sl 22 Sie) 6r 67 
0:55" 3.548" 3'556: 3.565 3.573 3.581 3.589 3:597 3.606 3:'614 3.622 1 2 2 S45 67 7 7. 
0.56 3.631 3.639 3.648 3.656 3.664 3.673 3.681 3.690 3.698 3.707 1 2 3 3°45 67 8 
O57 NSA Sis. 7 2488S-7 3308574131750) 3597 582935767 3.77 6183.784 P3793 1 2 3 SA 67798 
0.58 3.802 3.811 3.819 3.828 3.837 3.846 3.855 3.864 3.873 3.882 1 2 3 445 Geen 
0.59 3.890 3.899 3.908 3.917 3.926 3.936 3.945 3.954 3.963 3.972 1 2 3 4505 6.57.98 
0.60 3.981 3.990 3.999 4.009 4.018 4.027 4.036 4.046 4.055 4.064 1 2 3 45 6 67ers 
, iS 
‘ } 
0.90 7.943 7.962 7.980 7.998 8.017 8.035 8.054 8.072 8.091 8.110 2 4 6 WF Sul etlS se 
0.91 8.128 8.147 8.166 8.185 8.204 8.222 8.241 8.260 8.279 8.299 2 4 6 ‘sy halal ek le ale 
0.92 8.318 8.337 8.356 8.375 8.395 8.414 8.433 8.453 8472 8492 2 4 6 S02 4S 
0.93 8.511 8.531 8.551 8.570 8.590 8.610 8.630 8.650 8.670 8690 2 4 6 810120 1416418 
0.94 8.710 8.730 8.750 8.770 8.790 8.810 8.831 8.851 8.872 8.892 2 4 6 81012 141618 
0.95 8.913 8.933 8.954 8.974 8.995 9.016 9.036 9.057 9.078 9.099 2 4 6 Su0M2F S15 17219, 
0.96 9.120 9.141 9.162 9.183 9.204 9.226 9.247 9.268 9.290 9.311 2 4 6 811 18 15S 
0.97 9.333 9.354 9.376 9.397 9.419 9.441 9.462 9.484 9.506 9.528 2 4 7 911 13 aS) 7-20 
0.98 9.550 9.572 9.594 9616 9.638 9.661 9.683 9.705 9.727 9.750 2 4 7 SAMS 16. 18;20 
0.99 9.772 9.795 9.817 9.840 9.863 9.886 9.908 9.931 9.954 9.977 2 5 7 O11 14 16 18:20 


Table 5-2 
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(c) Let x= %0.638 
x = (0.638) 

lOd10 X =g 10G19 0.638 
=3.109;9.(6.38%.10 *) 
= } (logy 6.38+10g1, 10 ') 
= 3(0.8048 — 1) 
= }(—0.1952) 
=—0.0244 
=-1+1-0.0244 


=—1+4+0.9756 [so that we can use tables of 10* 
where 0<x <1] 


X = 10'°S0* 


i 140.9756 
=H1077 


= 10 1 x Noe ees 

=0.1 9.454 

= 0.9454 
40.638 = 0.9454 


From Example 1 you can see how it is possible to perform multipli- 
cation and division and take powers and roots using addition and 
subtraction and tables of log,,. x and 10”. This is how scientists often 
made calculations from 1614 until recently. It is worthwhile for you to 
do a few exercises of this nature for two reasons. First, they give 
practice in the use of the laws of logarithms and exponents. Secondly, 
you will gain some historical insight into the way computations were 
made for centuries and you will thereby have a greater appreciation of 
the labour which is saved in using computers and hand calculators 
today. 


APPLICATIONS TO NATURAL SCIENCES 


Logarithmic functions occur in the description of many situations in 
science. For instance the equation 


b(a—x) 


t =c logs ——— 
: eee (bead 


occurs in the study of certain chemical reactions, where x is the 
concentration of a substance at time t and a, b, c are constants. 

Often the function y=log, x arises in science because it is the 
inverse of the exponential function y=a*. Thus logarithms occur 
frequently in solving the equations of exponential growth and decay 
that were given in §5.6. 


EXAMPLE 2. The half-life of radium-226, Ra**®, is 1620 years. Start- 
ing with a sample of 120 mg, after how many years is only 40 mg left? 


Solution 
Using the equation 


m(t)=cx2h 
with 
c= 120 
h = 1620 
we have that the mass remaining after t years is 
at) =a i2O 2 1620 
We are required to find the value of t such that m(t)=40. 
120 2 1620 = 40 
Pi 7620 = 3 
To solve this equation for t we take logarithms of both sides. 


logs (2 1) = log (3) 


Sse —| 
1620 093 


t= 1620 jog, 3 


-. the sample is reduced to 40 mg after 1620 log, 3 years. 
From tables, or a calculator, we find that 


10g103 
10Gio 2 


0.4771 
0.3010 


= 2568 


1620 log, 3= 1620 





(Exercise 5-7, #13) 





= 1620 


The answer can therefore be expressed as 2568 years. 


LOGARITHMIC SCALES 
When quantities can vary over very large ranges it is sometimes 
convenient to take their logarithms in order to get a more manageable 
set of numbers. For instance this is done in the Richter scale which 
measures the intensity of earthquakes. 
In 1935 C. F. Richter defined a logarithmic scale in which the 
magnitude of an earthquake is 


10Gio S 
where / is the intensity of a given earthquake (measured by the 
amplitude of a seismograph 100 km from the earthquake) and S is the 
intensity of a “‘standard’’ earthquake (where the amplitude is only 
1um=10 “cm.) Notice that the magnitude of the standard earth- 
quake is 
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10G10 Ss =l0g1.1=0 


Of all the earthquakes studied by Richter from 1900 to 1950 the largest 
had magnitude 8.9 on the Richter scale and the smallest had mag- 
nitude 0. This corresponds to a ratio of intensities of 800 000 000. Thus 
the Richter scale gives more manageable numbers to work with. For 
example an earthquake of magnitude 7 is 10 times as strong as an 
earthquake of magnitude 6. 

In general if two earthquakes have intensities /, and /,, then 


I, 


| 
l0Gi0 js =l0gi0 iB 


S 
=log ae = 
0S Gio 


difference in magnitudes on Richter scale 


EXAMPLE 3. The Alaska earthquake of 1964 had a magnitude of 8.5 
on the Richter scale. How many times more intense was the Alaska 
earthquake than a moderately destructive earthquake which has a 
magnitude of 6.0? 


Solution 
Let 


!, = intensity of the Alaska earthquake 


!, = intensity of a moderate earthquake 


Then 
log faa Basic = 
10 I, ws Gros 
=8.5—-6.0 
I, 
lOSrO eee 


2 


I, 
—= 107° 
I 


a ‘or 

= 10° x 10°° 
= 100/10 
= 100(3.16) 
= 316 


*. the Alaska earthquake was 316 times as strong as a moderate 
earthquake. 
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A similar scheme is used in the decibel scale which measures the 
loudness of sounds. A threshold value of 1 unit is used for a sound so 
faint that it can just be detected. The loudest sound has an intensity of 
about 10'* units. 








decibels 
type of noise units (dB) 
jet plane (20 m away) 100 000 000 000 000 140 
10 000 000 000 000 130 
rock music with amplifiers 1 000 000 000 000 120 
pneumatic drill 100 000 000 000 110 
10 000 000 000 100 
heavy traffic 1 000 000 000 90 
100 000 000 80 
ordinary traffic 10 000 000 70 
1 000 000 60 
ordinary conversation 100 000 50 
10 000 40 
quiet conversation 1 000 30 
whisper 100 20 
rustle of leaves 10 10 
barely audible 1 0 

















Table 5-3 Intensity of Sound 


Notice that the number of decibels of a sound is 
10 log,,L 


where L is the loudness of the sound (i.e., it is L times as intense as a 
barely audible sound.) Thus a sound measured at 30 dB is ten times as 
loud as a sound measured at 20 GB. 

Other quantities which are commonly measured on logarithmic 
scales are light intensity, information capacity, and radiation. 


EXERCISE 5-9 ~*~ 


1. Three earthquakes occurred in locations A, B, and C with mag- 
nitudes 3, 4, and 5 respectively on the Richter scale. How many times 
stronger was the earthquake 

(a) at B than the earthquake at A? 

(b) at C than the earthquake at B? 

(c) at C than the earthquake at A? 


2. According to Table 5-3, amplified rock music has a loudness of 
120 dB, ordinary conversation has a loudness of 50 dB, and whisper- 
ing has a loudness of 20 dB. How many times louder is 

(a) ordinary conversation than whispering? 

(b) rock music than ordinary conversation? 

(c) rock music than whispers? 


exponential and logarithmic functions 


1 | 


Write 


1 using all the 10 


digits exactly once. 


hy 2 
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B 3. Evaluate the following using Tables 5-1 and 5-2. 


(a) 555x621 (b) 555+621 
(c) 0.0607 x 0.648 (d) 0.0607 = 0.648 
(e) (5.55)* (f) 9596 
(g) 6351 x 5678 (h) (5.71)"° 
é 6014 x 5997 
i) (6.24) VOY kote 
(i) ( ) (j) 583 


In questions 4—10 leave your answer in terms of logarithms. 


4. Strontium-90 has a half-life of 25 years. How many years does it 
take for a 20 mg sample to decay to a mass of 2 mg? 


5. Radium-221 has a half-life of 30 s. How long will it take for 95% of it 
to decompose? 


6. If 25mg of a radioactive element decays to 20 mg in 48h, find the 
half-life of the element. 


7. A sample of Radon-211 decays to 30% of its original mass in 29h. 
What is the half-life of Rn7''? 


8. If, under certain conditions, the number of bacteria in a jug of milk 
doubles in one hour, in how many hours will it be 100 times the 
Original number? 


9. A bacteria culture starts with 100000 bacteria and the doubling 
period is 40min. After how many minutes will there be 600000 
bacteria? 


10. A bacteria culture starts with 50000 bacteria. After 60 min the 
count is 125000. What is the doubling period? 


11. The 1906 earthquake in San Francisco had a magnitude of 8.3 on 
the Richter scale. At the same time in Japan there was an earthquake 
of magnitude 4.8 which caused only minor damage. How many times 
more intense was the San Francisco earthquake than the Japan 
earthquake? 


12. The strongest earthquake ever recorded occurred on the 
Colombia-Ecuador border in the same year as the San Francisco 
earthquake (see question 11) but was four times as intense. What was 
the magnitude of the Colombia-Ecuador earthquake on the Richter 
scale? [Use log,, 2=0.3.] 


13. A power mower makes a noise which is measured at 106 dB. 
Ordinary traffic registers about 70 dB. How many times louder is the 
mower than the traffic? [Use Table 5-2.] 


14. In chemistry the equation 


b(a—x) 


t=c log, ———— 
e Bee 


is used where x is the concentration of a substance at time t and a, b, 
c are constants. Solve this equation to express x as a function of t. 


REVIEW EXERCISE 


1. State the following numbers as powers of 2. 


(d) logyo (43) 
(g) log, (377) 
7. Simplify the following. 
5° x5"! x 5 
“Cae 
aque sege 2 
tary" 2 
(xy7z°)? 
(x?y*z)* 


(d) 





(g) 


8. Evaluate. 

fa) (2x3°°)"' 
(d) 64° 

(g) 1000000'° 


(j) (4) ? 


enya ((1 2° tary 


(e) log, V37 
(h) > logs 25 


Gin eo, 
(bac eane 
x XxX 


(e) (—3x?)?(x¢y)? 
aD (2). 
ice 
aba aa 
(b) {3° x9) 
(e) 343 3 
(h) (256 *) 2 
te) 5 104 5 11 
5 tos 11 
(0.09)? 
Len 





(h) 


(n) 








(a) 32 (b) (2°)° FAV pee (d) > 
(e) V2 (f) 2/2 (g) 1 (h) 2°x 24 
- 2 a ak ne Ane 
(i) x” (j) 3 (k) 925 (I) (2° *) 
2. Evaluate. 
(a) 9° (bee (c) 6? (d) 9 
1 1 3 1 
(e) & (f) 54 (g) 9 (h) 16 ? 
(i) 4° (j) (—6.5)° (k) 83 (i) 2250 
3. Use the Laws of Exponents to express the following in another form. 
(a) (8x17)? (b) 5°x 9° (c) 4 (d) 7: 
1198 10 
ee) 1 (g) $x? (hy 
3 1 
. 9g 4 . 4 2\4 1 
(i) 5°x5 (j) 3*V3 (k) (2x?) 0 gep 
5\n 5 n 4 Sa 
(m) (x?) (n) x°xx (o) () (p) 3 
( ) Bex 5 1x5 (r) ae Diyg € ‘Gy (t) (x7)? x xP 
q i) RE RO Ss axe x 
4. Express in scientific notation. 
(a) 234 (b) 18 000 (c) 0.016 (d) 0.000 062 
(e) 1250 000 (f) 193.8 (g) 634 000 (h) 0.71 
5. Evaluate 
(a) logs 9 (b) log. 16 (c) log,,. 1000 (d) logs 125 
(e) loge 1 (f) logs (3) (g) logs V3 (h) log, a” 
6. Apply the Laws of Logarithms to the following. 
(a) logio (14 x 29) (b) logs (11 x 13 x 15) (c) logs 2° 


(f) 10Gio (6) 
(i) logs 24—log, 4 


216" 

62 

Af) « (acayiels Ove ir 
2 Osea 


(i) sa 


at+a 


(c) 


(c) 813 
(f) 3x 27% 
(i) 3xgx27 


(I) (Gay? 
Core ee) ee 
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9. Rewrite the following using only positive exponents. 
Simplify where possible. 








(a) 5x y > (b) (2x #)® 
a chem (d) ae a 
Cc ————— 
Ay 1 a*b © 
(e) (3a 'bScat}; (f) x°(x?+14+x 7) 
: (a+b) 
(g) (1+a7)(1—a %) (h) anobw 
10. Solve the following equations for x. 
(a) 2" =3 (b)a2* 5¢42 = 250 (c) 16x8' *=1 
11. Express the following numbers in scientific notation. 
(a) 0.000 000 000 186 (b) 26 850 000 000 000 000 
(c) (9x 10°)(3.4 x 10°) (d) 120(7 x10 **) 
420 000 5.610 ® 
(Ee) i) ——— 
0.000 06 TNE 
12. Find an approximate value for (0.000 000 001 528)(1135) 
(168 000 000)(0.000 046 8) 


13. (a) Draw the graph of y=4", —-2sx <2. 
(b) Draw the graph of y=(3)%, -2<x <2. 
(c) Use (a) to draw the graph of y =log, x, 0<x <16. 


14. Evaluate. 


(a) 1log;, 0.000 01 (b) log, 64 

(c) loge 38 (d) logs V2 

(e) log, 343 (f) logs 9V3 

(g) logy 10°” (h) 10'°% 9” 

(i) logg4+logs 16 (j) logs 250—log, 2 

15. Solve the following equations for x. 

(a) logg xX =5 (b) log, 216=3 

(c) logio 710 =x (d) log, x =—4 

(e) 410gio X =10g40 81 (f) log, x —logs4=log,8 
(g) logs (x +5)—log, (x —2)=1 (h) logs (x +5)+logg (x —2)=1 
16. Express as a single logarithm. 

(a) 10g1o X —2 10gi0 y (b) 3log, x +6 log, y 

(c) logs M+log3 N+3 logs P (d) 4log, A—3 log, B 

17. Evaluate the following using Tables 5-1 and 5-2. 

(a) 5.71 x 606 (b) 5.71+606 (c) 4589 


18. A bacteria culture doubles every 20 min. After an hour there are 32 000 bacteria. 
(a) What is the initial size of the culture? (c) after 3h? 
(b) What is the size after t minutes? (d) after 6h? 







19. A bacteria culture starts with 10000 bacteria. After 40 min the count is 30000. 
What is the doubling period? [Leave your answer in terms of logarithms.] 

20. The half-life of V* is 16d. 

(a) Find the amount remaining from a 120 mg sample after 

(i) t days (ii) 256d (iii) 40d 

(b) How many days will it take to decay to 1 mg? [Leave your answer to (b) in terms 
of logarithms.] 


21. How many times more intense is an earthquake with a magnitude of 8.1 on the 
Richter scale than an earthquake with magnitude 3.6? 














REVIEW AND PREVIEW TO CHAPTER 6 


EXERCISE 1. TRIGONOMETRIC RATIOS 
OF ANY ANGLE 


ae! 
r 
x 
cos 9 =— 
r 


tan 0d= 


x I< 


csc 6 = 


sec 8= 





cot 6= 


SSB Sc OS es [my 


#1. Find the six trigonometric ratios of the indicated angle in standard position if the 
given point lies on the terminal arm. 


(b) (c) 
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A 3. Find the other five trigonometric ratios, given 
(a) sin @=s and @ is a first quadrant angle. 
(b) cos 6=~—75 and @ is a second quadrant angle. 
Cc (c) tan @=—1 and @ is a fourth quadrant angle. 
(d) cot 6=1 and @ is a third quadrant angle. 


4. Use the given triangles to find the following. 





V2 1 
= 
7 
(a) sin 45° (b) cos 30° (c) tan 60° 
(d) cos 135° (e) tan 225° (f) sin 330° 
(g) sin? 45°+ cos? 45° (h) 2sin 135° cos 135° 
(i) cos 315°+tan 225° (j) sin 240°—cos 240° 
5. Find the six trigonometric ratios of 
(a) O° (b) 90° (c) 180° (d) 270° 
(e) 360° (f) —90° (g) —180° 


6. Use the definitions of the trigonometric ratios to show that: 


(a) sin* @+cos? @=1 (b) sin @xXcsc 0 =1 

(c) cos @xsec 6=1 (d) tan 6x cot @=1 
sin @ cos 6 

e) ——=tanée (f) —— =cot 6 
cos 0 sin @ 

(g) 1+tan? @=sec? 6 (h) 1+cot? 6=csc* 6 
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EXERCISE 2 SOLVING RIGHT 
TRIANGLES hyp 


opp 


adj 


1. Find the length of the side labelled x. 


(a) (b) x (c) 
i 
(d) (e) (f 


15cm 


61° 
68° x x 25 cm 


18 cm 


2. Find 6 to the nearest degree in each of the following. 


(a) (b) (c) Oye 


5cm 


3cm 11 cm 10 cm 


LZ, 


8 cm 
(d) (e) ( 
16 cm 


) 


12 cm 20 cm 15 cm 


< 
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3. Solve the following triangles: 


100cm 8B 


xk = Le 


4. A tree casts a shadow 12m long when the angle of elevation of the sun is 31°. 
Find the height of the tree. 


5. Find x in each of the following. 


(a) A (c) A 


A 
35 cm 
50 cm 
50 cm 
D 
De 40° 
G 


ADDITION 


ONE 
FOUR 
THREE 
THREE 


ELEVEN 
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Applied 
Trigonometry 






















The mathematician, carried along on his flood of symbols, dealing apparently 
with purely formal truths, may still reach results of endless importance for our 
description of the physical universe. 

Karl Pearson 








Heron of Alexandria 
Heron (Hero) of Alexandria, a Greek mathematician who flourished about 62 
AD, is best remembered for his formula of the area of a triangle 


S(Seta) (SONS TC) s 


Hero’s ingenuity was also displayed in such inventions as the aeolipile, the 
first steam powered engine. His device consisted of a spherical boiler with 
two canted nozzles mounted on an axle to produce a rotary motion from the 
escaping steam. One of his mechanical works, Pneumatica, describes many 
interesting machines such as siphons, the aeolipile, coin-operated machines, 
a fire engine, a water organ, ‘‘Hero’s fountain’’—a device similar to a lawn 
sprinkler, and various arrangements for employing the force of steam to do 
work. 

Hero also described a graphical method for finding the distance between 
Alexandria and Rome from the difference of local times at which a lunar 
eclipse would occur at each city. 





Trigonometry relates algebra and geometry in a way that makes it 
possible to solve practical problems. It relates the lengths of sides of 
triangles to the measures of the angles. 


16.1 THE TRIGONOMETRIC FUNCTIONS 


The measure of an angle is the amount of 
rotation of a ray about a fixed point called 
Hithe vertex Angles are measured in degrees 


1 complete rotation = 360° 
= 60% (minutes) 
i607 (seconds) 


CHAPTER 6 
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EXAMPLE 1. Express 


(a) 63°12'24" (b) 15°54’36” 


in degrees correct to five significant figures. 


Solution 
Ms 24" = (=) =0.4' 
60 
12.4\° 
12.4'=(—") =0.2067° 
(So) 
63°12'24" = 63.207° 
36) 
b 36” = (=) =0.6' 
(b) e 


54.6' = (=) =0.91° 
DUCA CEOS AG 


15°54’36” = 15.910° 


In Our previous work, we defined the trigonometric functions as 
follows: 


sine @=sin eae cosecant @ =csc 6 = 
r 


SS 


; x 
cosine @=cos @=-—- secant 6 =sec 6= 
r 


xIl73 


tangent 6 =tan 6 = 


x I< 


x 
cotangent 6 = cot 6 =— 
y 





These definitions are used to prove some identities which will be 
used in the following sections. 


EXAMPLE 2. Show that 
(i) sin (180°— @)=sin 6 
(ii) cos (180°— @) = —cos 6 
(iii) tan (180°— @) = —tan 6 
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Solution 






(180° — 6) 





If P(a, b) lies on the terminal arm of @ in standard position, then 
P'(—a, b) lies on the terminal arm of (180°— 6) following a reflection in 
the y-axis. If P(a,b) and P’(—a, b) lie on the terminal arms of 6 and 
(180°— @), then r=Va*+b* and 





b b 
(i) sin (180°— 6) = ‘ sin @ =————— 
2 Va7+b? 
sin (180°— 6)=sin @ 

—a a 
(ii) cos (180° — 6) = ————.,, cos 9 = 
a*+b? Va. ib 
cos (180°— @) = —cos 6 


b b 
(iii) tan (180° — @) =— tan 6 =— 
—a a 


tan (180°— 6) = -tan @ 


| The results of Example 2 are summarized in the following table. 


sin (180°— 6)=sin 0 


cos (180°— @) = —cos 6 
tan (180° — 6) = —tan 0 





Since 6’=0.1°, four place tables accurate to the nearest 6’ are 
) provided in the appendix. This enables us to make consistent calcula- 
tions with or without a scientific calculator. 

EXAMPLE 3. Find 

(a) sin 37°24’ (b) tan 83°12’ 

‘c) cos 124°36' (d) sin 110°12’ (e) tan 156°48’ 
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Write 25 using five 8’s. 
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Solution 

(a) sin 37°24’ = 0.6074 

(b) tan 83°12’ = 8.3863 

(c) cos 124°36’ = —cos (180° — 124°36’) 
= —cos 55°24’ = —0.5678 

(d) sin 110°12’ = sin (180°— 110°12’) 
= sin 69°48’ = 0.9385 

(e) tan 156°48’ = —tan (180°— 156°48’) 
=—tan 23°12’ = —0.4286 


EXAMPLE 4. Find @ in the following to the nearest 6’, 0°<@<180°. 


(a) cos @ = —0.2557 (b) tan @= 1.3512 (c) sin 6 =0.3791 


Solution 
(a) From tables, 
cos 75°12'=0.2554 and _ cos 75°18’ = 0.2538 
6 = 180°— 75°12’ 
= 104°48’ 
(b) From tables, 
tan 53°24’= 1.3465 and _ tan 53°30’= 1.3514 
6 = 53°30’ 
(c) From tables, 
sin 22°12'=0.3778 and_ sin 22°18’ =0.3795 
6 = 22°18’ 
or 
6 = 180°— 22°18’ 
= 157°42' 


EXERCISE 6-1 






1. Express the following angle measures in degrees correct to five 
significant figures. 

(a) 25°36’ (b) 54°54’ (c) 33°42’ (d) 40°18’ 
(e) 50°25'15" (f) 27°25'30" (g) 47°29'30” (h) 17°36'45” 


2. Express the following angle measures in degrees, minutes, and) 
seconds. 

(a) 35.3° (b) 47.6° (c) 53.8% 
(e) 53.143° (f) 25.3717 (g) 48.216° 


3. Perform the indicated operation. 

(a) 35°12'+ 18°24’ (b) 63°55’— 21°34’ 

(c) 22°48’+ 17°36’ (d) 49°18’ — 12°42’ 

(e) 25°18'22" + 34°12'48" (f) 7°38'24” — 2°45'30” 
(g) 3(25°12’8”) (h) 4(18°24’30”) 

(i) 2(35°18'35”) 


(Oe 2.a3 
(h) 83.914° 







4. Prove the following using the methods of Example 2. 
(a) sin (180°+ 6) =~—sin @ (b) sin (360°—@)=~—sin @ 


cos (180°+ 6) = —cos 6 cos (360°— 6)=cos @ 

tan (180° + @)=tan @ tan (360°— @) = —tan 6 
5. Use trigonometric tables to evaluate: s 
(a) sin 62° (b) tan 135° ‘Ss. 
(c) cos 100° (d) sin 138° 


(e) tan 104°30’ (f) sin 152°48' 


all ios 
p e 





(g) cos 137°54’ (h) tan 148°24’ 


















(i) sin heey (j) cos 161°18' en S 
(k) tan 124°42 pofitive 
6. Find the angle 6 to the nearest 6’, 0°<@<180°. 
f(a) cos 6=0.2157 (b) sin @=0.8140 (c) tan 6 =—0.7147 
H(d) sin @=0.7843 (e) tan 6=0.6141 (f) cos @=—0.7581 
H(g) sin 6 =0.2155 (h) cos 6 =—0.2175 
7. Prove the following. 
(a) csc (180°— 6) =csc 6 (b) csc (180°+ @) = —csc 0 
sec (180°— 6) = —sec 0 sec (180°+ @) = —sec 0 
cot (180°— 6) =—cot 6 cot (180°+ 6) = cot @ 


§8. Prove the following. 

i(a) sin (90°—@)=cos 6 (b) csc (90°— 6)=sec @ 
cos (90°— 6)=sin @ sec (90°— 6) =csc 6 
tan (90°— 6)=cot @ cot (90°— @)=tan @ 


9. Prove the following. 

a) sin (90°+@)=cos @ (b) sin (360°+ 6)=sin 6 
cos (90°+ 6) =—sin 0 cos (360°+ 6) =cos 0 
tan (90°+ 6) =—tan 6 tan (360°+ 6)=tan @ 


0. Use trigonometric tables to evaluate. 

a) sin 225°12' (b) cos 320°42’ (c) tan 250°18’ 
Wd) sin 118°30' (e) tan 212°18' (f) cos 202°42’ 
Ig) sin 320°36’ (h) cos 260°18' (i) sin 124°48' 
| j) sec 125°54’ (k) csc 170°6’ (1) cot 305°30’ 


~— 


.2 THE LAW OF COSINES 


Triangles that do not contain a right angle are called oblique 
iangles. In solving right triangles, if one side and two other parts 
sides and angles) are given, then the remaining three parts can be 
Wound using the trigonometric ratios. In this section we shall begin 
sOlving oblique triangles using a general formula—the law of cosines. 
fhe derivation of the law of cosines follows. 





c@sine is 
POSILIV e 
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In AABC, we draw AD perpendicular to BC, or BC extended, repres- 
enting an altitude of AABC. 


cos (180°— 6) =—cos 6 





Side a is opposite vertex A 


(i) AABC is acute ~ (ii) AABC is obtuse 
x x ‘a 
In AADC, 5 cose In AABC, me 
x= bi cos'G x = b cos (180°— C) _ 
and bee hra xo =—bcosCr 
In AABD, c? = h?+(a—x)? and Db? = ho x 
=h?+a?—2ax+ x? In AABD, c?=h?+(a+x?)* 
= a*+(h?+x?)—2ax = h?+a?+2ax+x? 
c?=a?+b* —2ab cos C = a?+(h?+x?)+2ax 


= a?+b*+2a(-b cos G) 


c*=.a*4+b*=—2ab cos Cr 


The three forms of the law of cosines are 


a?=b*+c*—2bccosA 


b?=a?+c?—2accosB 


c*=a?+b?—2ab cosC 





We shall now apply the law of cosines to the solution of triangles. 
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EXAMPLE 1. /In AABC, a=51cm, 2B =39° and c=42cm. 


Find b, assuming the data to be exact. 42cm b 
B 51cm C 
Solution 
(i) Using tables (ii) Using a calculator 
b*=a*+c*—2accos:B b*?=a7+c*-2ac cos B 
_ b*=(51)? + (42)° — 2(51)(42) cos 39° b? = (51) + (42)? — 2(51)(42) cos 39° 
= 2601 + 1764 — 4284(0.7771) = 26017-1764 — 3329.2933 
= 2601+ 1764 — 3329 = 1035.7067 
= 1036 b = 32.18 
b = 32.19 


the length of b is approximately 32.2 cm. 


Since most of the values in a trigonometric table are approxima- 
tions, lengths computed using these values should generally be given 
to at most four significant figures. In the work that follows, we shall 
assume the given data to be exact. 





EXAMPLE 2. SAS In AABC, a=32cm, ZC = 121°24', and b=27 cm. 
Find c. 


Solution A 27cm C 
cos 121°24’ = —cos (180° — 121°24’) 
= —cos 58°36 
(i) Using tables (ii) Using a calculator 
B-=a’+b*—2abcosC c* = a’+b*—2ab cos C 
€° = (32) + (27)° — 2(32)(27) cos 121°24' c* = (32)? + (27) — 2(32)(27) cos 121°24' 
= 1024+ 729— 1728(—0.5210) = 1024 + 729 + 2(32)(27) cos 121.4° 
= 1753+ 900.3 = 2653.3046 
= 2653 c=51.51 
c=51.51 


the length of c is approximately 51.5cm. 
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21cm 


41cm 32cm 


(i) Using tables 
a nCamtD 
2ac 


cos B= 


32 421 34 
C5). 
2(32)(21) 


_ 1024+441—1681 


1344 
= —0.1607 
cos 80°42’ = 0.1616 and 
cos 80°48’ = 0.1599 
ZB = 180°— 80°48’ 
+99°12' 
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The Law of Cosines can also be used to find the measure of an angle | 
of a triangle when the lengths of the three sides are known. To do this 
we solve the formula for the cosine value: 





a*=b’+c*—2bccosA 


2be cos A = b*+c?— a? 


bi cea 

cos A = ——__—_- 
2bc 

a+ be 

Similarly COS. Be 
2ac 

a?+b*—c? 

and cos Cea 
2ab 


We use this form of the formula to find angles as in the following 
example. 


EXAMPLE 3. SSS In AABC, a=32cm, b=41cm, and c=21cm. 
Find the measure of the largest angle. 


Solution 
The largest angle is opposite the longest side. 


(ii) Using a calculator 
a*+c?—b?” 
2ac 


cos B= 
327+217-417 
2(32)(21) 


_-216 
1344 


=—0.1607 
ZB=99.2484° 
= 99°12’ 


cos B= 


the largest angle is 2B =99°12’. 






EXERCISE 6-2 


1. Find the indicated side in the following. 


(a) (b) B (c) C 
S 37°18" 
27 cm \ 11cm 
b 14cm a 89 cm 
B A 
21cm A 
G b B 122 cm 
G 
2. Find the indicated angle in the following. 
(a) A (b) A (c) B 
S 38 cm 
Ww 
B 60cm c B 49cm Cc A 47cm G 


3. For each of the following, make a reasonably accurate diagram and 
use the law of cosines to find the required value. 

(a) In AABC, a=59cm, 2B = 48°, c=48cm. Find b. 

(b) In AABC, b=91cm, ZC = 52°24’, a=69cm. Find c. 

(c) In AABC, a=37cm, b=51cm, c=41cm. Find ZC. 

B(d) In AABC, a=82cm, b=50cm, c=61cm. Find ZA. 

B(e) In AABC, ZA = 132°54', b= 25cm, c=19cm. Find a. 

it WORD LADDER 


Start with the word 
“slow” and change one 
letter at a time to form a 
new word until you reach 
fast’. The best solution 
has the fewest steps. 


sl ow 


fast 
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6.3 THE LAW OF SINES 


When an oblique triangle has two angles and a side given (ASA), 
we can find the remaining sides using the law of sines. 

In AABC, we draw AD perpendicular to BC, or BC extended, repres- 
enting an altitude of AABC. 


A 





sin (180°— 6) =sin 6 


(i) Acute Triangle (ii) Obtuse Triangle 
h h : 
In HABE IME In BACD: -— sin (180s51G) 
h=b sinG =sinC 
fae h=bisintG 
In. AABD,—=sinB 
® 


h 
: In AABD, — = sin B 
h=csinB G 


h=csinB 
From both the acute and obtuse triangles 
bsinC=csinB 
Dividing both sides by bc, 


b sin C_ csinB 
be be 





sin B sin G 
b c 








By drawing the altitude from C, we have 


sin A_ sin B 


a b 





We combine these results to give two forms of the Law of Sines. 


sinA_sinB_ sinc a b c 


fe) = = 
a b ear icin A’ Gah asm c 
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EXAMPLE 1. AAS 


Find c. 


Solution 
4£G-=180° =(71°12' + 63°42’) 
= 55°6’ 
(i) Using tables 


Cc a 
sinC sinA 








asinC 
C= > 
sinA 
75 x0.8202 
0.9466 


= 65.00 





The length of c is approximately 65.0 cm. 


EXAMPLE 2. ASA 
Solve the triangle. 







Solution 


= 36°36’ 
(i) Using tables 


a c 
sinA sinC 








csinA 
a= 





sinc 
88 x0.5373 : 
0.5962 
=79.31 


Dm 2OCe 
sinB sinC 











a csinB 
sinc 
. 88 x 0.9342 
0.5962 
= 137.9 


sin 110°54' = sin 69°6’ 


In AABC, ZA =71°12', 2B = 63°42’, a=75cm. 


In KABC, ZA = 32°30’, 2B = 110°54’, c =88 cm. 


ZC = 180° — (32°30' + 110°54’) 





(ii) Using a calculator 


Cc a 
sinC sinA 








Mer asinC 
sinA 
~TS <Sinboal: 
~ sin 71.2° 
= 64.9780 









32°30’ 110°54' 
A 88cm B 


(ii) Using a calculator 














ay ¥  y3e 
sinA sinC 
_csinA 
sinc 
_ 88 CASING Oe 
sin36.6° 
= 79.3029 
b Cc A triangle is solved when 








you can state the three 
angles and the three sides. 


sin B sin G 


csinB 
b= 





sinc 
_ 88x sin 110.9° 
sin 36.6° 
= 137.8842 





in AABC, a=79.3cm, b=138cm, and ZC = 36°6’. 
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EXAMPLE 3. SSA 


In AABC, a=63cm, c=47 cm, ZC = 38°24. 


Find ZA given that AABC is acute. 


Solution 


(i) Using tables 











(ii) Using a calculator 











sinA_ sinc sinA_ sinC 
ans 4 Ge a G 
B C i asinC 
BM Nes seals sin A = ——— 
from tables: e 
: 63x sin 38.4° 
sin 56°18’ = 0.8320 din Ate ee! STW ye a 
; 47 47 
sin 56°24’ = 0.8329 Latter Bon 
ZA = 56.367 
ZA =56°24 or ZA=180°—56°24’ 


= 56°24’ 
= 123°36’ 


The value ZA = 123°36’ comes from the relationship sin (180°— @) = 


sin 6. Since it was stated that AABC is acute, 
inadmissible so the solution is ZA = 56°24’. 


EXERCISES 6-3 


the value ZA = 123°26' is 


B_ 1. Find the indicated side in each of the following. 
(a) A (b) (c) 
A B 
38 cm b 55 cm 
G °36' on,’ 
27°36 85°18" 40°24 
Saas 520m © 
A b ( 
B 
B a G c ; 
120°18' B 
b 19cm 
; 91cm 
78°54 
52°30’ > 
30 
B 26 cm C 2 38°30’ 
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2. Find the indicated quantity. 

(a) In AABC, ZA = 30°, ZC =75°, a=26cm. Find b. 

(b) In AABC, 2B = 28°18', ZC =72°36', b=83.cm. Find a. 

(c) In AABC, ZA = 118°24’, 2B =31°, a=71cm. Find b. 

(d) In AABC, ZA = 43°24’, 2B = 27°12’, c=9.5cm. Find a and b. 


3. Solve the following triangles. 


(a) A 


(b) A (c) 
32°18’ A 
= 91cm 
(Ss) 
i) C 
C 218 A7°24. 73°42" 
57 cm Cc B 


B B 


(d) AABC, a=13cm, 2B = 49°54’, ZC = 67°18’. 
(e) AABC, ZA = 112°42', b=12cm, ZC = 26°30’. 


4. Solve the following triangles. 


(c) A 
GE 
11 cm 
11cm 13cm 
110°18' 
27°48" 
‘ ana 12cm B 8 


35.6 


(d) AABC, a= 26cm, ZB = 53°30’, c=19 cm. 
(e) AABC, ZA =124°12’, b=83cm, c=61cm. 


¥ 
i 


6.4 SSA THE AMBIGUOUS CASE 


When two sides and a non-included angle are given the triangle may 
- not be uniquely determined. The four possibilities when given SSA are 
illustrated in the following examples. 
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We shall consider AABC, where b = 2.0, ZA = 30°, and we shall let a 
take the values 2.3, 1.5, 1.0, and 0.8, then proceed to construct the 


triangle. 
Case 1 Case 2 Case 3 Case 4 
a=2.5 a=1.5 a=1.0 a=0.8 
bi 220 Die 0 bie 220 b=2:0 
AA 30° ZA = 30° ZA = 30° ap 30 
GE G C 
2.0 2.5 2.0 2.0 0.8 
/ 1 Oe. fo) ee 
\A i) Al PS A a wis A 
\ ye 30 
Ae Le 
a eae 
Point B has Point B has Point B has Point B has 
one position two positions One position no position 


and 2B = 90° 


The results of these four cases suggest the following genera! con- 
clusions: 


Cc 


CD=bsinA 







a<bsinA 


_a=bsinA 


=== pisinjAma—o 


——- a>b 
If a> b, it is clear that there is only one solution. 
lf a<b then there are three possibilities: 


"ar bisin Ay noysolution 
ll a=bsinA _______: one solution 
lll a>bsinA ______—_—r two solutions 


where b sinA is the altitude to AB from C 
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When ZA is obtuse, we have the following additional cases. 


C 


Point B has one position: 
one solution 





Point B has no position: 
no solution 


Since when given SSA there may be no solution, one solution or 
two solutions, the SSA case is called the ambiguous case. 


EXAMPLE 1. /n AABC, ZA = 42°, a=10.2cm, and b=8.5cm. : 


Find ZB and ZC. 


Solution 
Since ZA is given and a> b there is only one 
solution. 


{i) Using tables 
sinB sinA 
ie a 


: bsinA 
sin Bb = 











sin B 82x 0-569" 
caei0.0 
= 0.5576 
LB =33°64' and ZC =+180°-(42°+33°54’) 


= 104°6' 


dip cm 10.2 cm 


A B 


(ii) Using a calculator 


sin B sin A 











b a 
cB bsinA 
8.5 x sjn 42° 
sin B= — “aia 
= 0.5576 
ZB =33.8906° 
= 33°54’ 
ZC = 180° — (42° + 33°54’) 
= 104°6' 


ZB =33°54" and Z2C=104°6' 
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ZB = 180° — (37°42’ + 58°54’) 


==(3fer nn 
b _ a 
sinB sinA 








_asinB 
sinA A 
__ 30 sin 83°24’ 
sin 37°42’ 
_ 30 x 0.9934 
0.6115 
= 48.73 
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EXAMPLE 2. Solve AABC if ZA=37°42’, 
a=30cm, c=42cm. 


Solution 
From the diagram, 
BD=csinA 
= 42 sin 37°42’ 
= 42(0.6115) 
= 25.68 


Since c sin A<a<c, there are two solutions. 
(25.68 <30< 42) 


sinC sinA 








Cc a 


inA 
Bn Cee 


od 42 sin 37°42’ 
7 30 
_42(0.6115) 
peweein 
= 0.8561 


sin 


ZC =58°54’ or Z2C=180°—58°54'= 121°6’ 


ZB = 180° — (37°42' + 121°6') 
=21°12' e 


b ae 
sinB sinA 








is 42 cm 30cm 
37°42’ 
s asinB 121°6’ 
Cc sinA A C 
__ 30 sin 21°12’ 

sin 37°42’ 


30 x 0.3616 
0.6115 


=17.74 








The two solutions are 

1. 2B =83°24', 2C = 58°54’ and b=48.8cm. 

2. 2B =21°12', ZC =121°6’ and b=17.7 cm. 

In this example the results using a calculator are identical. 








EXERCISE 6-4 


1. Determine the number of solutions (0, 1, 2) 

(a) AABC where ZA = 42°, a=30cm and b=25cm 

(b) AABC where 2B = 27°, b=25cm and c=30cm 

(c) AABC where ZC = 37°18’, c=85cm and b=90cm 

(d) AABC where ZA = 30°, a=50cm and b=25cm 

(e) AABC where ZC = 38°42', c=10cm and b=25cm. 

2. In AABC, ZA = 30° and b= 100 cm. Find the range of values of a for 
which there are two solutions. 


3. In AABC, 2B = 41°24’ and c=18cm. Find the set of values of b for 
which there is no solution. 


4. In AABC, ZC = 28°54’ and a=125 cm. Find the set of values of c for 
which there is exactly one solution. 


Solve the following triangles. 
5. AABC, where ZA = 45°, a=30cm, b=24cm. 


6. AABC, where 2B =32°42', b=54cm, a=25cm. 
7. AABC, where ZC = 40°18’, c=35cm, b=40cm. 


Determine the pattern. 
Find the missing number. 


fa fe [ [= 
sf [a 
23 Fle emloD 


CIEE? 
po [> 









applied trigonometry 


195 


6.5 PROBLEMS INVOLVING OBLIQUE 
TRIANGLES 


Since there is no right angle in an oblique triangle, the six 
trigonometric ratios cannot be applied directly. The uses of the law of 
sines and law of cosines are summarized in the following table. 


You can 


Formula 
calculate 


a b 


a’=b?+c?—2bccosA 
b?=a*+c?—2accosB 
c*=a*+b*—2abcosC 

















a b c 








* In the SSA case, the number of solutions must be determined first as 
in section 6.4 Example 2. 


EXAMPLE 1. /n order to find the distance, 


840 m 
AB, across a small inlet, point C is located 
and the following measurements were re- 
C corded: ZC =102°24', a=920m, and b= 
840 m. Find c. 
B Solution 
(i) Using tables (ii) Using a calculator 
c*=a*+b*—2abcosC c*=a74+b?—2ab cosC 
c* = 920° + 840° — 2(920)(840) cos 102°24’ = 920° + 840° — 2(920)(840) cos 102.4° 
= 846 400+ 705 600 — 1 546 000(—0.2147) = 1883 894.9 
phen ti c= 1372.5505 
Ss73 


the distance across is approximately 1373 m. 
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EXERCISE 6-5 


1. The angle of a cone is 35°24’. Find the 
diameter of the cone at a point on the face 
22cm from the vertex. 


2. A light pole on a hillside casts a shadow 
of 55m down the hill. If the angle of eleva- 
tion of the sun is 48°18’ and the angle of 
inclination of the hill is 21°24’, find the height 
of the pole. 


3. A grandfather clock has a pendulum 
94.5cm long. From one end of the swing to 
the other, the straight line separation is 
15.3cm. Find the angle through which the 
pendulum swings. 


4. Two ships leave a position at the same 
time. One ship sails 300 km in a north west 
direction, the other 250km east. How far 
apart are the ships? 


5. Two aircraft have radio equipment with a 
range of 350 km. The distances and bearings 
from a radio beacon are 245 km on a bearing 
228° for one aircraft, and 200 km on a bear- 
ing 140° for the other. Can the two aircraft 
make radio contact? 





22 cm 
22cm 

: | 
48°18’ 


94.5 cm 
15.3 cm 


NOOO0° 


Silds 045° 


270° 090° 





225° 35: 


180° 
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6. Three circles with radii 35 cm, 50cm, and 
65 cm respectively are tangent to each other 
externally. Find the angles of the triangle 
formed by joining the centres of the circles. 


7. Two aircraft leave Mirabel airport at approximately the same time 
flying at 750 km/h and 850 km/h. After 2.5h, they are 1900 km apart. 
Find the angle between their flight paths. 


8. Find the perimeter of an isosceles triangle with base 85cm and 
vertical angle 30°. 


9. A transmission tower 200 m tall stands on the top of a hill. From a 
point 175 m down the hill, the tower subtends an angle of 48°36’. Find 
the length of the wire from this point to the top of the tower. 


10. Two streets intersect making an angle of 63°18’. A triangular 
corner lot has lot lines 53m along one street and 48m along the 
other. What is the length of the third side? 


—_———_—_ 


i — 
~ chordal ™ 


11. (a) Find the chordal distance between 
equally spaced points on a circle with radius 
x 1m if there are to be (i) 4 points (ii) 5 points 
\ (iii) 6 points 
(b) Develop a formula for chordal distance 
| having n points equally spaced on a circle 
with radius r. 





| 
7 
| 


12. Two tracking stations 20 km apart meas- 
ure the angles of elevation of a rocket to be 
42°24’ and 78°6’. Find the height of the roc- 
ket, ignoring the curvature of the earth. 


78°6' 
42°24" e 


D 20 km G B 
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13. In order to measure the height of an 
inaccessible cliff, AB, a surveyor lays off a 
baseline CD and records the following data: 
ZBCD =68°12,, ZBDC=52°48', CD=210m, 
and ZACB = 32°. Find the height of the cliff 
AB. 


14. A set up for tracking model rockets is 
shown in the accompanying diagram. The 
rocket is launched from position C and 
reaches an altitude CD. Observers at A and B 
measure the angles of elevation, Z2DAC and 
ZDBC. 

(a) Find the height of the rocket if AB = 
300 m, ZCAB = 42°36’, ZCBA = 25°12’, 
ZDAC = 41° and ZDBC = 18°. 

(b) The height of the rocket in (a) can be 
calculated using either angle of elevation, 
ZDAC or ZDBC. Find the height using the 
other angle of elevation and determine if the 
two results are within 10%. 


¥ 
* 


15. A satellite travels in a circular orbit 
1600 km above Earth and it will pass over a 
tracking station at noon. If it takes 2h to 
complete an orbit, and the radius of the 
earth is 6400 km, find the time that the satel- 
lite will be picked up by an antenna aimed 
30° above the horizon. 
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6.6 AREA OF A TRIANGLE 


The area of a triangle has been calculated 
using the base and altitude (height) of the 
figure as 


A=3bh 


b We cannot find the area of AABC in Figure 
6-1 since the altitude is not known. The al- 
titude, h, can be found using trigonometry. 


= = sin 48°42’ 
h = 25 sin 48°42’ 
= 25 07515 
= 18.78 


Using the formula A =3bh, the area is 





Cc 30 cm B A =3(30)(18.78) 
Figure 6-1 = 281.7 


Hence the area of AABC is approximately 
281.7 cm’. 


Using trigonometry, we can develop formulas to find the area of a 
triangle where the altitude is not known. 


SAS _ (two sides and the included angle are known). 


In AABC, BC, AC and ZACB are given. We draw AD perpendicular 
to BC, or BC extended, representing an altitude of AABC | 
i 


=n 
ion 


= 








In AACD, 






=sinC 


op |p 


= sin (180°— C) 


Sr tapi) me 


Il 


bsin C h=b sin (180°— C) 
=bsinC 
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In AABC, 
A = 3(base)(height) 
A=sah 


=tab sinC 
We generalize this result as follows. 


A=3sbe sinA A=sac sinB A=3ab sinC 


EXAMPLE 1. Find the area of AABC, given ZA =37°, b=2.5cm and 
c=4.3 cm. 

B 
Solution 


AABC =3bc sin A 
AABC = 3(2.5)(4.3) sin 37° 4.3cm 
= 3(2.5)(4.3)(0.6018) 
= 3.2348 
the area of the triangle is approximately 


3.23 cm’. G 2.5cm A 


AAS (one side and any two angles are known). 


A A 
—_ ee 
B D G B a Ga 


= fe) ee 
* 





From the Law of Sines 
b (e 


sinB - sinc 





bsinC=csinB 
csinB 
la.= 
sinc 
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Using one of the SAS formulas, 
AABC =3bc sinA 
ed, (< sinB 


~~ 2\ sinc 





) csinA 
_c*sinAsinB 
a 2sinC 

The three forms of this formula are: 


b*sinAsinC 
2sinB 


c*sinA sinB 


a*sinBsinC 


2sinC 2sinA 


















O78 A EXAMPLE 2. Find the area of AABC, given 
that ZA=27°, 2B =51°12’, and c=43 cm. 
Solution 
43 cm 
ZC = 180°—(ZA+ZB) 
= 180° — (27° + 51°12’) 
= 101°48’ 
B G 
(i) Using tables (ii) Using a calculator 
ee gee Elna 
2sinC 2sinC 
43° sin 27° sin 51°12’ _ 4% sin 27°sin 51.2° 
sin 101°48’ ~- 2 sin 101°48' 2 sin 101.8° 
= sin (180° — 101°48’ = 1 
3 } 437 x 0.4540 x 0.7793 ores 
= sin 78°12’ = 2x 0.9789 
= 0.9789 : 
S34 
the area of AABC is approximately 334 cm’. 
SSS_ (three sides are known) 
The area of a triangle whose three sides are known can be found 
using Heron’s Formula. 
A 
A=Vs(s—a)(s—b)(s—c) 
a+b+c 
c a where s = ——_—— 
f) 
B a G 
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Proof: 
From the law of cosines, 





b?+c?—a? 
cos A = ———_ 
2bc 
nin A = ig = \ aa Deere 2 b76s- 2 Clas abs 
2bc 
A=3be sinA 





=a —b —c “2bc- 2c a1+ZaD- 


—iJ/(a+b+c)(-a+b+c)(a—b+c)(at+b—c) 








=/s(s—a)(s—b)(s—c) where s=atb+t+e The intermediate steps are 
2 left to the student. 


EXAMPLE 3. Find the area of a triangle with sides 9, 10, and 11cm. 











Solution 
a=9 A=Vs(s—a\(s b)(s—c) 
D=10 A = V15(15—9)(15— 10)(15— 11) 
c=11 =J15xX6x5x4 
Lap tc = /1800 
singel + 42.43 
== = 15 


the area of the triangle is approximately 42.43 cm’. 


EXERCISE 6-6 


B Find the area of each of the following. 


Ba, 


(c) 





B 25cm 
22.8cm 
225 cm 32.6cm 
18.7 cm 
B126cm C B 52.6cm 


(d) AABC, ZA = 84°18’, b=18.2 cm, c= 14.8 cm 
(e) AABC, 7B = 108°24', a=21.5cm, c=47.2cm 
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Find a four digit perfect 
square whose first two 
digits and last two digits 
each represent perfect 
squares. 
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3. (a) (b) (c) 








120°24' 





B 58.5cm C A 127 cm B 


(d) AABC, ZA =35°, 2B = 75°18’, a=41.2cm 
(e) AABC, a= 257 cm, 2B =48°, 2C = 78°30’ 


4. (a) c) 


(b) cs 
A 
to vo v wa) Ne 
4cm 
39cm B Cc B 34cm Cc 
2cm 


(d) AABC, a=15cm, b=17cm, c=19cm 
(e) AABC, a=41cm, b=38cm, c=52cm 


5. Find the area of a parallelogram with sides 9.5cm and 8.2cm. 
The angle between these sides is 81°24’. 

6. Given AABC, a=4.5cm, b=3cm, and c=4cm, 

(a) find the area of AABC 

(b) find the length of CD so that ABCD = AABC when CD . BC. 


3cm 





REVIEW EXERCISE 


1. Find the indicated quantity in each of the following. 

(a) In AABC, a=43cm, b=68cm, c=35cm. Find the largest angle. 
(b) In AABC, a=25cm, ZB =35°30’, c=18 cm, Find b. 

(c) In AABC, ZA =33°12', b=82cm, ZC =81°42’. Find a. 

(d) In AABC, a=58em, ZB=12°, ZC =109°24’. Find c. 


2. Solve the following triangles. 





(a) (b) (c) A 
A A /) 
94 cm 25c¢ _ ne 
30° cm 
38°12’ 72°42 B G et Se | 
B 120 cm C B Cc 
ice SABC ZA —47°48', b=—76 cm, ZC = 21°30". 
(e) AABC, a=48cm, b=63cm, c=95cm. 
3. Solve the following triangles. 
fayPNABGC a=32cm, b=44cm, ZB =32°48.. 
iD NABG)ZA— 112 18 24a—5s.cm, e¢—41 cm: 
is eAXABG b—S80'cm, ¢€—65cm, ZC—= 52-24: 
MIP NABG ZA —32°18' 2B —74"12, €=21.5cm: 
feeNABG, a—3s54cm, ZB —121-48, ¢—41.8icm 
4. Find the area of each of the following 
a (c) 
(a) a A 
\ 
18¢ Alc Naa te 
B 15cm Cc A 21cm B 35cm C 


mMIPNABG ZA =—39°30,, b=46 em, ZE —53°48'. 
(e) AABC, a=39cm, b=46cm, c=53cm. 
(f) AABC, a=85cm, b=63cm, c=34cm. 


5. A hockey net is 1.83 m wide. A player shoots from a point where the puck is 12m 
from one goal post and 10.8m from the other. Within what angle must he shoot? 


A ck =” 
6. Parallelogram ABCD has ZC =115°30’, i aE / 
AD = 35cm, CD =27 cm, as shown. Find the z 
lengths of the diagonals AC and BD. / 27cm 
_1180/ 


7. Two highways diverge at 53°12’. If two bike riders take separate routes at 17 km/h 
and 24km/h, find how far apart they are after 2h. 
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8. A golf green is 18m wide. Within what — 
angle must a player hit the ball in order to 
land on the green from a position 215m 
from the green? 





9. Find the dimensions indicated. 


(c) 


5.0 cm 





10. A rocket launched vertically from B is 
tracked by stations at C and D and data were 
recorded as in the diagram. 

(a) What was the height of the rocket? 

(b) Determine whether it was a good track 
within 10% by finding the height using the 
other station’s angle of elevation. 
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REVIEW AND PREVIEW TO CHAPTER 7 


EXERCISE 1. TRIGONOMETRIC FUNCTIONS 


x 
Gees cos 6 =— ener 
r r x 


r r x 
csc §@ =— sec 9 =— cot 0 =— 
y x y 








1. Find the six trigonometric ratios of the angles in standard position if a point on 
the terminal arm is: 
(a) (3, 4) (b) (—6, 8) ic) (=5,—13) (d) (5, —2) 


(e) (—5, 0) (f) (0, —3) (Gi 2, 25) (h) (3, —3) 
2. Find the other five trigonometric ratios if 

(a) sin@=2 (b) cos 6=0.5 (c) tan@=1 

(d) sec @=8 (e) csca=¥2 (f) cot @=V2 

(g) sind=—% (h) tan @=-2 (i) sin @=0 

; —3 =5 e 

(j) cos @= 5 (k) tan @= 7 (1) sin @=—0.75 


EXERCISE 2. EQUATIONS AND GRAPHS 


1. Sketch the graph of each of the following for x eR. 











(a) y=3x-2 (b) y=3x+3 (c) 2x-3y=2 
(d) y=x?- (e) VW =2(x—-3)*-1 (f) y=—(x4+2)?+3 
mn) y-— (h) y= (i) y= 
| g at sc2 be BARRE Ue SC = 4 
2. Solve the following equations. 
x'-1 x-3 x-5 
<= + = = 
(a) 3(x—2)+5=x (b) Se z 
B(c) x?7-x-6=0 (d) 5x?—6x+1=0 
H(e) 3x?+7x+2=0 (f) x?+x+1=0 
2 9 
(g) Raetsa = 16 (h) |x—1| 
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CHAPTER 7 


Trigonometric 
Functions 


and Their Graphs 


Mathematics compares the most diverse phenomena and discovers the secret 
analogies which unite them. 
Joseph Fourier 


Trigonometry began with the measure of triangles. Today, this 
branch of mathematics continues to grow in importance not only in 
the space program but also in the routine work of engineers and 
technologists. Trigonometry is now finding new applications in the 
study of cycles such as tides, harmonic motion, and some economic 
data. 


7.1 RADIAN MEASURE 


We can measure angles in degrees, minutes and seconds, where 


1 revolution = 360° 


4 =260" 
1’ = 60" 








as in Figure 7-1. In this manner the measure 





pacino are An angle subtended at the centre of a 
circle by an arc equal in length to the 


Figure 7-1 radius has a measure of one radian. 
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bi The measure of an angle can also be} 
stated in terms of the length of arc that} 
subtends the angle at the centre of a circle, | 


of an angle is associated with a real number. | 





These diagrams suggest that the arc lengths are r, 2r, and 3r. 


isQe’. peers Sris ‘epee 
le r r 


This leads to the generalization 


arc length 


Number of radians = 3 
radius 





- am 
Since @ <P , it follows that 


a=ré, é>0 


where a is the arc length, r the radius and @, the radian measure of the 
angle. 


EXAMPLE 1. Find the indicated quantity in each of the following 
(a) (b) (c} 








a 
Solution 
2 
Cia =e See (c} r=— 
r 6 
a=5X2 ei r= 2 
In = 
: 
; 150 
— 10 = 33 epee 
eA 71 
= 6.820 93 


In order to convert from degree measure to radian measure. we 
now establish the relationship between degrees and radians. In de 
gree measure, one revolution is 360°. In radian measure, one revoiu- 


a, 2ur ‘ : : ; 

tion is ae rad. The relationship between degrees and radians is 
r 

given by: 


27 rad = 360° 


ar rad = 180° 


which simplifies to 
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EXAMPLE 2. Calculate the degree measure of the angles whose 
radian measures are 


7 7 57 
(a) S (b) 2 (c) Se (d) —3a (e) 1 





Solution 
(a) 3 rad = (")° = 60" (b) 5 rad = ("5 °— 90° 
5 5 x 180\° 
(c) r¢ rad = ( A ) = 225° (d) —37 rad = (—3 x 180)° = —540° 


(e) 1rad= (=) 
Tt 


ee = (sas san7) 
= ~ \3.141 5927 
= 57.295 780° 

= 57°17'45" 





EXAMPLE 3. Calculate the radian measure of the angles whose 
measures are | 


(a) 30° (b)/ 225; fe)" (d) —135°24' 





Solution 
180° = 7 rad and 1°=—— rad. 
180 
7 7 7 57 
(a) 30°=30(-7-) "rad (b) 225° = 225 )- rad 
180 6 180 4 
el 1 
(c) ase ke 453 293 rad (d) —135°24' = —135.4° 
7 
= -135.4(=) 
180 


= —2.363 175 8 rad 


EXAMPLE 4. A small electrical motor turns at 2200 r/min. 
(a) Express this angular velocity in radians per second. 





in 0.008 s. 
Solution 
(a) 2200 r/min = 2200 x 2a rad/min 
2200 x 2 
peated et rad/s 
60 
_ 2207 
3 
= 230.383 46 rad/s 


.. 2200 r/min is approximately 230 rad/s. 
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(b) In 0.008 s, the point travels along an arc with central angle 


0.008 x 230.383 46 = 1.843 067 7 rad 


a=rée 
a=0.8 x 1.843 067 7 
= 1.474 4542 


*. in 0.008s the point travels approximately 1.474 cm. 


EXERCISE 7-1 


1. Find the exact number of degrees in the angles whose radian 
measures are: 


7 3a 3a 7 
= b) 2 — d) — — 
fa) 5 (b) 27 (cle SHE Mats 
51 + —37 Tr Qa Write 5 using four 4’s. 
f) — = h) —— i) —-— j) — 
(f) 6 (g) 3 (h) 7 (i) 6 (j) : 
2. Find the exact radian measure in terms of a for each of the 
following. 
(a) 120° (b) 225° (c) 315° (d) —270° (e) 330° 
(f) 240° (G2 10: (h) 540° (i) —180° ()esoe 


3. Find the measure to the nearest 6’ of the angles whose radian 
measures are 

(a) 0.35 (b) 1.25 (c) 0.63 (d) 0.5 (e) 2.5 

(f) 6.25 (g) 1.75 (h) —0.75 (i) 3.14 ded 

4. Find the approximate number of radians to two decimal places in 
the angles whose degree measures are 

(a) 40° (b) 83° (c) 145° (d) 230° (e) 325° 

(f) 35°18’ (g) 52°48’ (h) 128°30’ (i) 255°24’ (j) 310°54’ 


5. Find the indicated quantity in each of the following. 


(a (b) (c) 


(d) (e) (f) 
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6. A wheel turns at 150 r/min. 
(a) Find the angular velocity in radians per second. 
(b) How far does a point 45 cm from the point of rotation travel in 5s? 


7. A ferris wheel with radius 31 m makes 2 rotations in one minute. 
(a) Find the angular velocity in radians per second. 
(b) How far has a rider travelled if the ride is 10 min long? 


8. A wheel turns with an angular velocity of 10 rad/s. 
(a) What is the rotational frequency in revolutions per minute of this 
wheel? 
(b) How far will the wheel roll in 8s if the radius of the wheel is 
12 cm? 


9. A satellite with a circular orbit has an angular velocity of 
0.002 rad/s. 

(a) How long will it take for the satellite to make one orbit? 

(b) What is the speed of the satellite if it is orbiting 800 km above the 
surface of the earth? (The radius of the earth is 6400 km.) 

10. An automobile'travels at 100 km/h. 

{a) Find the angular velocity of a tire with radius 36cm. 

(b) Through what angle will the tire turn in 30s at this speed? 


7.2 GRAPHS OF TRIGONOMETRIC 
FUNCTIONS 


In this section we shall use the ratios of special angles to draw the | 
graphs of the six trigonometric functions. 


EXAMPLE 1. Find 
7 
(a) sin 0° (b) 5 (c) cos 7 
(d) tan 270° (e) sin 27 
Solution 
When we write sin 10° we mean the measure of the angle is 10°, 


while when we write sin 10 we mean the measure of the angle is | 
10 rad. 


(a) (b) (c) 














tan 270° = — 
0 


which is undefined. 


EXAMPLE 2. Find 


Zz 11 
(a) sin? (b) cos = (c) tan 


Solution 


We use the special triangles to find the 
values of these trigonometric ratios. 





(a) (b) (c) 



































eee ta Ls 4 1 
4/2 6 V3 3 
The graph of the sine and cosine functions can be plotted by 
preparing a table of values using the methods of Example 2. 
| 3 We 
UBER ELE] 
\ 2 
|} Y=cos @ 
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0>27, we see that the sine and cosine functions are continuous. 


—— ¥= Cos 0 —— _y=sine 


“fa 
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ASS 


Using function notation, f(x) =sin x, x ER, is a function whose value at) 
x is the sine of the angle whose radian measure is x. These graphs 
demonstrate a periodic nature where the function takes on all possible 
values from —1 to +1 in the interval O<@<27 and then the patter 
repeats. Hence the functions y=sin @ and y =cos @ are periodic, with 
period 27, that is d 


sin (8+ 27) =sin 6 


cos (@+27)=cos 0 










urther examination of these graphs, shows that for all real numbers, 


sin (—@)=~—sin @, 


And 
cos (—8)=cos 8@. 
ODD 
ence according to our definition in Chapter 1, the sine function is an f(—x) = —f(x) 
Ddd function and the cosine function is an even function. 
y x EVEN 
Since sin @=—, and cos 6=—, we have f(—x) = f(x) 
(F IP 


sin 6 - 
cos 0 





=tan 0 


Y 
x 


a|[xlraix< 





sin @ : : 
e can now use tan an F and the preceding tables to find the 
Ss 
Walues to graph the tangent function. Since 3 is not defined and 
Th 7 
oO we conclude that wel does not exist. Following is the 


raph of the tangent function—the table of values is left to the 
fstudent. 











—27 





tan @ 


~< 
ee 








The tangent function takes on all possible values as @ increases 


| rom a to a The tangent function is periodic and the period is 7. The 


i. 7 ; 
ines ae 5” , and so on are vertical asymptotes. 


De) 
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The tables and graphs of the sine, cosine, and tangent functions can 
be used to produce the graphs of the reciprocal functions—cosecant, 
secant, cotangent. 


and 





1 
In order to graph y =csc 6, we use the relationship csc 6 =— 
sin 


show the analysis in the following table. 


csc @ 


increasing decreasing 
decreasing increasing 


pat a 


decreasing 


Nee 





The graphs of both y=sin 98, and y=csc @ are shown below. Note 
that for 9€R, the range of y=sin@ is {y|—1<y <1} and the range of 
y=csc@ is {y|y<-—1 or y=1}. 

















EXERCISE 7-2 


1. Find the six trigonometric ratios of each of the following. 
4a 5% 70 
(a) A (b) a (c) : 
2. For the function y =sec @, 
(a) draw the graph. 
(b) state the range. 
(c) For what values of @ is sec ai not defined? 
(d) What is the period of the function y = sec @ 
(e) For what values of 6 is y=sec 0 
(i) increasing? (ii) decreasing? 
(f) Is y=sec 6 an odd or even function? 


3. For the function y =cot @, 
(a) draw the graph. 
(b) state the range. 
|(c) For what values of @ is cot @ not defined? 
(d) What is the period of the function y = cot 6? 
(e) For what values of @ is y= cot 6? 
(i) increasing? (ii) decreasing? 
(f) Is y=cot 6 an odd or even function? 
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2 ly 
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7.3 TRANSFORMATIONS OF SINE AND 
COSINE GRAPHS 


From the work in section 1.5 we know that the graph of y = af(x) is 
the image of y=f(x) under a transformation that causes a vertical 


stretch. 


EXAMPLE 1. Sketch the graph of y=2sin 6, -7<0@S3r. 


Solution 
We begin with the graph of y=sin 0, —-7<0@<3z7, then apply the 


required transformation. 


y=2sine 
y=sin@e 


Note that the zeros of y=2sin@ are the same as the zeros oO 
y =sin 6. The maximum and minimum values of y=2sin 6 occur fo 
the same values of 6 and have a magnification of 2. This magnifica) 


that the amplitude is 2. 


AMPLITUDE 


The amplitude of the functions y= a sin @ 
and y=4 Cos @ is |al. 


pees 





amplitude | 
S| 
. 


M-m , , : 
Note that |a| Uae, where M is the maximum value and m is the 


inimum value of the function. 


The graph of y=f(kx) is the image of y = f(x) under a transforma- 
tion that causes a horizontal stretch. 


EXAMPLE 2. Sketch the graph of y=sin20, -7<0@<2rz. 


olution 
As @ varies from 0 to m, 26 varies from 0 to 27. Hence the function 
y =sin 26 completes one period from 0 to 7 so that its period is 7 


wae 
GV AGU 


PERIOD 
The period of the functions y =sin ké@ 


2a 
and y=cos ké is — k’ ,k>O0. 





We can obtain the graph of y=cos@ by shifting the graph of 


3n 
=sin @ either to the left - units or to the right m, units. 
, 7 
sin (0 +5) = cos 0 


: 31 
sin (0-=) =cos 0 
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Recall from Chapter 1 that the graph of y=f(x+c) is the image of 
y = f(x) under a translation that shifts the function to the right if c is 
negative and to the left if c is positive. 


EXAMPLE 3. Sketch the graph of y=sin (6 +3] , —27 S027. 


Solution 
We first sketch the graph of y=sin 9, then apply the appropriate 


eee ; 
transformation—a_ horizontal shift 3 units to the left. In trigonometry 


this shifting is called the phase shift of the function. 





PHASE ANGLE 


The phase angle for y=sin(@+c) and 

y =cos (8+c) is the constant angle c. 

The phase shift is c units to the right if c is 
negative and c units to the left if c is positive. 





The graph of y=f(x)+d is the image of the graph of y = f(x) under a 
vertical translation, d units upwards if d is positive and downwards if 
d is negative. 


EXAMPLE 4. Sketch the graph of y=sin@+1.5, -27 <6 <2r7. 
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Solution 


We first sketch the graph of y=sin 6, then we apply the required 
translation causing a vertical shift up 1.5 units. 


a eo ae a, 


ee 





| 
UL) 
a 

| 
a 


VERTICAL TRANSLATION 


The vertical translation for y=sin @+d, and y=cos 6+d is d 
units upwards if d is positive and downwards if d is negative. 





The general equations of the sine function and cosine function are 
y=asink(@+c)+d 
y=acosk(@+c)+d 


We can summarize the results of the examples of this section in the 


following chart. 
y=sin6 y=asink(@+c)+d 
ag cos 0 y= wish 
















Amplitude 


Phase Shift 


y=sing+1.5 


y=sin@g 
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22H 


amplitude: 3 


2 
period: oe 7 


phase shift: 7 right 


amplitude: 1 
2a 
eriod: — 
2 3 
Z 7 
phase shift: 6 left 
vertical 
translation: 1 up 
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EXAMPLE 5. Sketch the graph of 


(a) y=3sin2(0-7), ety 22 
(b) y=cos3(0+7) +1, —7<057 


Solution 
(a) We compare y=3sin 2(0-=) to the general equation 


y=asink(@+c)+d so that we have 


y=3sin260 





3 si 2(0 "| 
y=3sin A 


(b) We compare y=cos 3(a+7) +1 to the general equation 


Y= acosk(@+c)+d so that we have 


y 








EXAMPLE 6. Sketch the graph of 
f(x)=sin (2x+7), —7T=<=x<2n 
Solution 


We first factor the 2 in the equation to get the equation in the 
general form: 


f(x)=sin a(x+5), —7<=x<27 


amplitude: 1 


2. 
period: ee 7 


phase shift: a left 








EXERCISE 7-3 


1. State the amplitude of the following functions. 


(a) y=cos 6 (b) y=3sin@ (c) y=3cos 0 
(d) y=—sin@ (e) y=—2cos 0 (f) f(x)=2sin x 
(g) y=0.5sin 06 (h) y=1.5sin @ (i) f(x)=—3 sin x 
2. State the period of the following functions. 
(a) y=sin 30 (b) y=cos 2x (c) y=sin3t 
6 
(d) Yee sin (e) y=sin (—@) (f) y=cos ké 
(g) f(6)=sin (—3@) (h) y=cos 6 (i) f(x)=2 sin 4x 


(j) rs 2t 
= cos — 
ey 3 
3. State the phase shift of the following functions. 


(a) y=cos (6-7) (b) y=sin (042) (c) f(x)=sin (x-2} 


(d) y=—cos (x+2) (e) f(@)=sin (0-7) (f) y=cos (20 a 


(g) y=sin 2(6—7) (h) y=sin (34+ 277) (i) y=-—cos (30+ 7) 
(j) y=—sin(20—7) (k) f(t)=sin(2t—a) (I) y=—sin(3x—7) 


4. State the amplitude, period, phase shift, and vertical translation for the 
following functions. 


(a) y=2sin0@ (b) y=sin20+3 (c) y=sin (042) 
(d) y=sin5 (e) y=3sin2x+2 (f) y=2sin (+2) 
(g) f(¢)=2cos 30 (h) y=sin (0-2) (i) y=cos (20-7) 
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(j) y=2sin@—5 (k) y=\sin x| (1) £(@)=2.cos (6+ 7) 


5. Sketch the graphs of the following functions. 
(a) y=2sin30—2, -7w<0<27 


(b) y=3cos (043), 0<0<27 


(c) f(x)=3 sin (x-2), o<x<am 
(d) y=—sin20+1, OER 
(e) y=2sin (o+7), In <O<T 


(f) y=cos2(x-F), —7T=x<T 


(g) y=|sin 6|, -27<0<27 
(h) y=|cos 6|, -27 <0 S27 





6. Write an equation and sketch the graphs of the sine functions 
having the following properties. 
(a) amplitude 2, period 7, no phase shift 


(b) amplitude 1, period 7, phase shift a left 
(c) amplitude 3, period 27 


: 5 27 ai ROA Tes 
(d) amplitude 2, period ge phase shift 3 right 


7. Sketch the graphs of the following functions. 


: 7 37 
(a) y=sin (20+ 7), —5 << 


(b) y=2cos5, O<x<4r 

(c) f(@)=sin (260-7), -27<0<0 

(d) y=sin3(t+7) wtaR 

8. Sketch the graphs of the following functions. 
(a) y=2sin9+2, 0O<X0<37 


(b) y=sin30+2, -27<0<7 
(c) y=cosx-—1, O<x<4r 


(d) f(t)=sin (2) +1, 0<t<3a 


9. Sketch the graphs of the following functions, 


( ) =cj (5+5) 
a) y=sIin 22 


(b) y=|2sin6+1| 
({c)’ Y= a cos (2xX— 7) 


(d) y=sin (F- 0) 


10. Sketch the graph of each function for 8, xEAR 
(a) y=2sin 2(6+ 1) (b) y=—2 cos (26 +4) 
(c) y=—2sin (x—1) (d) f(@)=3 cos (20 +3) 





7.4 APPLICATIONS OF TRIGONOMETRIC 
GRAPHS 


With the linear function f(x)=mx+b we can model various simple 
situations. With the quadratic function f(x) = ax*+ bx +c we were able 
to model trajectories. Growth in nature and decay of radioactive 
materials were described using the exponential function f(x)=a”*. In 
this section we shall use the sine and cosine functions as models for 
various physical situations that fluctuate and display cyclical patterns. 


EXAMPLE 1. A carnival ferris wheel with a 
radius of 7m makes one complete revolu- 
tion every 16s. The bottom of the wheel is 
1.5m above the ground. 

(a) Draw a graph to show how a person's 
height above the ground varies with time. 
(b) Find an equation of the graph in (a). 





Solution 


(a) 














4 8 2 16 20 et 
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(b) We relate our graph to the generai sine function 
y=asink(t+c)+d 
where 


amplitude: a=7 


27 7 

eriod: 164=—, k=— 

peri 7 ; 
phase shift: 4 right, “. C=—4 


vertical translation: d=1.5+7=8.5 


.. an equation of the graph is 
5. UE 
Y—7 sine (4) 8.5 


Assuming that the wheel keeps turning, the height function would 
be repeated with the same pattern every 16s. 
Example 1 suggests the following approach: 
1. Sketch a graph using the available information. 
2. Relate the graph to the general sine function 


y=asink(@+c)+d 
3. Write an equation. 
EXAMPLE 2. The alternating half-daily cy- 
Moon cles of the rise and fall of oceans are called 


tides. Tides in one section of the Bay of 
Fundy caused the water level to rise 6.5m 


Opposite above mean sea-level and to drop 6.5m 
pea below. The tide completes one cycle every 
ide 


12h. Assuming the height of water with 
respect to mean sea-level to be modelled a 
by a sine function, 

(a) draw a graph for a 24h period. 

(b) find an equation of the graph in (a). 





Solution 
We take mean sea-level as our reference point. 
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aa = = r. = 





(b) Relating the graph to the general sine function 


y=asink(t+c)+d 


we have 
amplitude: 6.5 
period: 12= =, ka 
phase shift: none 
vertical translation: none 
.. the equation is 
y =6.5sin x t 
6 


EXAMPLE 3. Normal 110V household alternating current 
from —155V to +155V with a frequency of 60 Hz. 

(a) Draw a graph showing at least 2 cycles. 

(b) Find an equation that describes alternating current. 


Solution 


+155 


varies 


One hertz (Hz) is one cycle 


1 
per second (=) : 
s 





110 








«| 


(b) Relating the graph to the general sine function 
y=asink(@+c)+d, 
we have 


amplitude: 


period: —=— k=120 7 


phase shift: 


vertical translation: 
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22] 


.. the equation is 
y = 155sin 120 at 


Why do we say household current is 110 V if the amplitude is 155 V? 

The instantaneous value of electrical voltage varies continuously 
from a maximum of 155 V in one direction through 0 to 155 V in the 
Opposite direction and so on. Due to the symmetry of the sine 
function, the value of y=155sin 120mt averages 0 over each cycle. In 
order to avoid the zero value, electrical engineers have found it more 
convenient to describe alternating voltages in terms of an effective 
value called the root-mean-square (RMS) rather than in terms of the 


ee, ae 
maximum values. It can be shown that the RMS value is — times the 


maximum value. V2 
d- TES 
155 110 
Deel? 
In general, for y=a sin ké, | 
a 
the root-mean-square (RMS) value is 1h | 
V2 


EXERCISE 7-4 


B 1. State a defining equation for each of the following graphs. 


(a) (b) 
y y 








=i, 
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(c) (d) 

















2. Temperature readings were recorded every 2h over a 24h period 
On an early summer day as in the following table. 


(a) Plot the data on a graph and draw a 
smooth curve through the points. 

(b) Relate the graph to the general sine func- 
tion 


y=asink(@+c)+d. 


(c) Write the equation of the graph. 
(d) Use the equation to find the temperature 
at (i) 04:00 (ii) 16:00 (iii) 20:30. 





3. A ferris wheel has a diameter of 40 m and rotates once every 24s. 
(a) Draw a graph to show a person’s height above or below the centre 
of rotation starting at the lowest position. 

(b) Find an equation of the graph in (a). 
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4. During a spring tide on the Petitcodiac River, readings were taken 
and a range of 15m was reported. Assuming the height of water with 
respect to mean sea-level is a sine function, 

(a) draw a graph of the height of water over a 24h period. 

(b) find an equation of the graph in (a). 


5. A small generator produces 17 V peak power at 25 Hz. 

(a) Find the root-mean-square (RMS) voltage. 

(b) Draw a graph showing 1 cycle, and also a horizontal line at the 
RMS reading. 

(c) Find an equation of the graph. 


6. A mass is suspended from a spring and allowed to bounce up and 
down. The distance from the high point to the low point is 20 cm and 
it takes 4s to complete 5 cycles. The distance from the position of rest 
with respect to time is modelled by a sine function for the first few 
cycles. 

(a) Draw a graph of this sine function. 

(b) Write the equation that describes distance from the position of 
rest with respect to time. 


7. A water wheel with radius 2m has 0.2 m submerged and rotates at 
5 r/min. 

(a) Draw a graph showing two complete rotations taking the surface of 
the water at the horizontal axis. 

(b) Write the equation of the sine function describing the height 
above the water taking the point at which the wheel touches the water 
at t=0. 


8. A grandfather clock pendulum swings 
making one period every 2s, and an angle of 
12° from the position of rest. 

(a) Express the angle between the arm and 
the position of rest as a function of time, 
assuming the relationship is a sine function. 
(b) Draw the graph of the above function for 
0<t <6, starting from the middle position. 


9. A dual-voltage generator can generate electrical power at 220 V 
(RMS) and 60 Hz. 

(a) Find the amplitude of the sine function that describes the voltage. 
(b) Draw a graph showing 3 cycles. 

(c) Find an equation of the graph. 


10. During high tide, the water depth in a harbour is 22 m, and during 
low tide it is 10m. (Assume a 12 h cycle.) 

(a) Find an expression for water depth t hours after low tide. 

(b) Draw a graph of the function for a 48h period. 

(c) State the times at which water level is at (i) maximum (ii) 
minimum (iii) mean sea-level. 


11. A ferris wheel has a radius of 8 m and rotates once every 12s. The 
bottom of the wheel is 1m above the ground. 

(a) Draw a graph to show a person’s height above the ground starting 
at a position level with the centre. 

(b) Find an equation of the graph in (a). 





12. A small generator produces electricity at 110 V (RMS) and 60 Hz. 
(a) Find the peak power generated. 

(b) Draw a graph showing 4 cycles. 

(c) Find an equation of the graph. 


13. On a certain day, the depth of water off a pier at high-tide was 
6m. After 12h the depth of the water was found to be 3m. 

(a) Find an equation expressing depth of water with respect to mean 
sea-level in terms of t hours since high-tide. 

(b) Draw a graph for a 48h period. 

(c) Predict the depth of water at t=6, 15, 20, 30. 


C 


14. A ferris wheel has a radius of 10m and 
makes one revolution every 12s. Draw a 
graph and find an equation to show a per- 
son’s height above or below the centre of 


B 
AN Dee 
rotation starting at (a) A (b) B (c) C. e) 





7.5 TRIGONOMETRIC IDENTITIES 


An algebraic statement such as 3x + 2x = 5x is true for all values of x 
and is called an jdentity. It is not always obvious that both sides of an 
equation are identical and so a proof is required. 


Reciprocal Formulas 




















1 1 th fg 
1. csc 6 =—— = =—-=—=csc 0 
sin @ sin @ y y 
r 
1 ue Ve 
2. sec d= =—-=—=sec 0 
cos 8 cos@ x xX 
s r 
1 1 1 t&x 
3 COUg =—=—=cot dé 
tan 6 tand y y 
x 
Quotient Formulas 
vy 
sin @ sin@ r y 
4. tan d= =-=—=tan@ 
cos 6 cos 0 x x 
r 
x 
cos 0 cos@é r xX 
5. cotd=— = =-=-—=cotdé 
sin 6 sin 0 yy 
r 
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. Pythagorean Formulas 


2 2 

. y xX 

6. sin? @+cos* 6=1 sin? 6+cos* @=-5+-35 
r? r? 


2 


~~ 





+ x? 
r? 

2 
r 


al 


2 


y 


x 


7. 1+tan? 6=sec? 6 1+tan?@=1+ 





=sec’ 6 


2 

x 

8. 1+cot* 6 =csc’é 1+cot? @=14=5 
y 





1+ cot 6 : 
EXAMPLE 1. Prove: —————=sin 6+Ccos @ 
csc 0 











Solution 
1+cot 6 
— R.S.=sin 6+cos 6 
csc 6 
cos 6 
es 
1A sin 6 
1 
sin @ 
_ sin ay (= @+cos °) 
1 sin 6 
=sin 0+ cos 6, sinéd#0 
1+ coté 
[XSe= RESw andes Sin GE =cosic 
csc 8 


cos@—1 cos@+1 


EXAMPLE 2. Prove that = ————_— 
1—sec@ 1+sec@ 


Solution 








LS.= eee R.S.= cae 
mcOS 0 a1y cose MICOS Pit 1 COS G 
1—secé@ cosé@ 1+sec6@ cosé 
__ (cos @—1) cos 6 _ (cos +1) cos 6 
cos 6—sec 6 cos 0 cos 6+sec 6 cos 6 
_ (cos @—1) cos @ _ (cos 6+ 1) cos 6 
cos 6-1 cos 6+1 
=cos 6, cos 06 1 =cos 6, cos 64-1 


cos@—1 cosé+1 


L.S.=R.S. and = 
1—sec@ 1+secé@ 


EXAMPLE 3. Express each of the trigonometric ratios in terms of 

















cos 86. 
Solution 
(i) sin @: 
sin? 6+cos? 6=1 
sin* @=1-—cos’ 6 
sin @=+V1—-—cos? 6 
(ii) tan 6: 
tan @= sini? Determine the pattern. 
cos 0 Find the missing number. 
_ atv-1-c0850 
cos 0 
(iii) csc 0: 
is 1 
=i gt GEIcs 
sin - 
80] 86 | 25 | 
eae ea Va 
V1—cos? 6 
(iv) sec @: 
sec 0= 
cos 6 
(v) cot 6: 
cos 6 
cot 6 =——_ 
sin #é 
on cos 0 
V1-—cos’* 6 
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EXERCISE 7-5 


A 1. State an equivalent expression for 











(a) sin? 6 (b) cos* 6 (c) tan? 6 
(d) csc?@ (e) sec” @ (f) cot? 6 
(g) 1—sin? 6 (h) sec? @—1 (i) 1—csc? @ 
: 1 
(j) sec? @—tan? @ (k) cot? @—csc? 6 (1) 25 
sec 
—1 cos’ 6 : 
co csc? 6 my sin? 6 (OOS taal 


B Prove the following identities by the method of Examples 1 and 2. 


2. cos @Xtan 6=sin 0 
cot@ 1 sin* 6 











3. = ; 
tan@ 1—cos* 6 
WORD LADDER : wecene 
Start with the word Beene 
“‘river’’ and change one sect 
letter at a time to form a 6. (sin 6+ cos 6)? = 1+2sin 6 cos @ 
new word until you reach 7. 2sin? @—1=sin2 6 —cos2 @ 
“lakes”. The best solution 1 1 1 
has the fewest steps. 2 Ss = 
sin’ @ cos’ @ sin’ 6cos° 0 
river 9. cos’ t=sin* t+2cos*t—1 


Se ee a 10. tan 6 =tan’ 6 xcot 


11. sec”? 6+csc? 6 =sec? 6 x csc? 6 


1 1 
re Sra 12. —— + — =2sec’ 0 
Ss sl ct 1+sin@ 1-—sin@ 





lakes 13. tan? x—sin? x =sin’ x tan’ x 
14. cot? 6+sec? 6=tan” 6@+csc? 6 
1+2sin@cosé@ . 
16. Sino Cosig 
sin @+cos @ 
sec@+1 cos 6+1 _ 


sec@—1 cos@—1_ 





16. 


tané@sin@  tan@—sin@ 
tan@+sin@ tanésine 

csc @+cot@ 1+2cos @+cos* @ 
csc @—coté | sin? 6 


17. 





18. 


19. sin @xcos 6 xtan @ = 1—cos? 6 
20. sin @+tan 6 =tan 6(1+ cos @) 
21. tan x +Cot x =sec x csc x 
csc 0 csc 0 Z 
22. + =2sec 0 
csc @—1 csc@+1 
23. (1—cos? t)(1+cot? t)=1 


24. sec* @—tan* @=1+2tan’ 0 
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cos@ sin@ cos @cot@-—tan@ 
sec@ coté a csc 0 

26. sin* 6—cos* @=1—2cos’ 6 

27. sec’ @—sin? @=cos’ 6+ tan? 6 








25. 


Determine which of the following are identities: 
cos 6(1+sin 6) 
sin @ 


28. cot @+cos 0= 
2 cos @ 
sing 
30. cot @+cos @=tan 6+sin @ 


29. cot 6+cos @= 


7.6 TRIGONOMETRIC EQUATIONS 


Equations such as sin @=0.5, —27 <0 S27, are called trigonometric 
equations. To solve these equations, we must find all values of 6 
within the stated domain for which sin 6 =0.5. 


EXAMPLE 1. Solve sin@=0.5, -27<@<2n. 


Solution 
We take the graph of y =sin 0, -27 <@ <27, and a draw a horizontal 
line at y=0.5 as in the diagram. 











From the graph, we see that the horizontal line cuts the graph of 
117 Ta aw Ot 








=sin@ at d= i — 
y=sin@a é acute ; 
.. the solution set of sin 0=0.5, -27<@<2z, 2nm rad = (360n) 
i =i 7 =7| 
6 ' 6 ‘'6’'6 


If we remove the restriction —27<0<27, the solution set is 


{+ nm, + 2nn| where nel. 
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EXAMPLE 2. Solve cos? 6—1=0, 0ER. 


Solution 
Since @€R, we are looking for a general solution. 


cos? @—1=0 


(cos 86+ 1)(cos @—1)=0 


cos 8+1=0 or cosé—1=0 
cos @=~—1 cos 6=1 
6=7+2nT 6=0+2n7 
=(2n+1)7 


where nel 








We add 2nz, nel to any solution to account for the periodic nature 
of the trigonometric functions, since it was given that @¢R. Hence the 
solution set is {ka | kel}. 


EXAMPLE 3. Solve V2sin20=1, 0<0@<3r. 
Solution 


Since 0<@ <3r7, then 0X26 <6zn. 
Considering the general solution: 
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J2sin 201 


1 
sin 20 =— 
J2 
7 3a 
20 =—+2n7 or 20=—+2n7 
4 4 
7 37 
6=—+ntT () =a ar 
8 8 
For n=0, yee or ih 
8 8 
9 11 
For n=1, oe or ae, 
8 8 
s7/ 1 
Forn=2, @=—— or ee 
8 8 


For n>2, @>37, so that 





: Eo (ane sam Sa lian 17a, 1947 
the solution set is ;}—,—,—, ; _— 
sy th eh OS: 8 8 
As in Example 2, some trigonometric equations require an algebraic 
solution before the graphical method can be used. In some 
trigonometric equations it will be necessary to use the quadratic 
formula or tables. 


EXERCISE 7-6 


1. Solve for OX@S<27. 





sin @ 


———cos 0 








(a) sind=0 (b) sin@d=—1 (c) cos @=0.5 


(d) sin @ ne (e) cos @=—0.5 (f) cos? 6=1 
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i.) 


2. Solve for OER. 








(a) tan@=0 
(b) tan@=1 
(c) tan 26=1 
O | (d) tang =—1 
| (e) tan 9 =—V3 
4 | 
| 
| 
| 


B Solve for 0<@<27 and then give the general solution. 
3. cos 86=0.5 4. sin@=—0.5 5. tan@=1 
6. cos 20=0 7. sin 20 =0.5 8. tan 26=—1 
9. (cos @+0.5)(cos 6—0.5)=0 
10. (sin 6—0.5)(sin @+0.5)=0 
11. (sin 8é—1)(tan @—1)=0 
12. sin 0(siné+1)=0 
13. sin? @—-1=0 
14. 2cos* 6+cos @—1=0 
15. 2sin? @+sin@=1 


16. sin 20 =-—1 
17. cos 20=1 
18. 2sin20=1 


19. cos* 20 +cos 20 =0 
20. sin3@=0.5 
C Solve the following. 
21. sin 26 =0.8910 
22. 4sin* 6—3sin @—-1=0 
23. sin? @—cos? @=0.25 
24. sin? @—0.25 sin 6 —0.375=0 
25. sin 20(sin @—1)=0 
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7.7 INVERSE TRIGONOMETRIC 
FUNCTIONS 


The function f(x)=sin x, x€R is not one- 
to-one and hence has no inverse, as shown 
using the horizontal line test. If we restrict 





the domain of f to Sexes. we define a 





: , “ne 7 ; 
new function f(x)=sin x, airy This 


new function is One-to-one and takes on all 
values that the function f(x) =sin x takes on. 
Because of the smaller domain, f(x)=sin x, 





7 T 
rs takes on all values once and only 
once. 


In Chapter 1, we denoted the inverse of f(x) by the symbol f '(x), 
and 


vet Ux) & flyj=x 


Here we shall write the inverse of sin x, PS =*=; as sin |x or 
arcsin x 
y=sin 'x 
or © siny=x 
y =arcsin x 
In this text we use both sin 'x and arcsin x and we read _ the inverse 


+ “4 um 7 cu e 4 uu 
Sine of x’ or "the number between — 3 and 3 whose sine is x. 


* 


EXAMPLE 1. Evaluate y=sin '0.5. 


Solution 
We are looking for a number whose sine is 
0.5. From previous work, we have 


0.5=sin y 
sin y =0.5=3 2 V3 
7 
¥~6 
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240 


The graph of y=sin ''x is obtained by 
reflecting the graph of y =sin x, =k in 


the line y=x. The domain of y=sin x be- 
comes the range of y=sin 'x, and likewise 
the range of y=sin x becomes the domain 
of y=sin 'x. 








vA In defining the inverse functions for cosine and tangent we proceed 
as above, but restrict the functions to different intervals to obtain new 
One-to-one functions. 
We restrict the cosine function to the interval We restrict the tangent function to the 
interval 
Oxx<7 
. . T 7 
to obtain the new function a5 ee 
= COS X, Osxs ; : 
y th to obtain the new function 
T T 
y =tanx, SS eS 
2 2 
We reflect this graph in the line y=x to We reflect this graph in the line y=x to 
obtain the graph of obtain the graph of 
y=cos 'x (also written y =arcos x) y=tan 'x (also written y = arctan x) 
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EXAMPLE 2. Evaluate 


3 
(a) sin’ > (b) sin (arccos 


Solution 


V3 


mw 2) on 
(a) sin. ——=— because sin —=— 
2 Sp 


(b) arccos O5=— because cos =0.5 


sin (arccos 0.5)=sin = 


EXAMPLE 3. Evaluate cos (tan '5) 


Solution 
Let @=tan '5 
Then tan @=% 


If 6 is the acute angle of a right triangle, then 
the side opposite is 5 units and the adjacent 
side is 1 unit so that the length of the 
hypotenuse is /26. 


cos (tan '5)=cos @ 


1 


J26 

EXERCISE 7-7 
1. Evaluate. ‘ 
fa) sin ' (=) : (b) arccos (3) 

J2 2 
(c) arctan —- (d) cos ' (8) 
(e) arcsin nae (f) arctan 1 
(g) arccos (—0.5) (h) tan * (—v3) 
2. Evaluate: 
(a) sin '0 (b) cos '1 
(c) sin™* (=) (d)tan '1 
(e) tan '0O (f) sin’ tea 


0.5) 


2 V3 
ia 
; 
V26/ |5 
a 
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(g) tan '—1 (h) cos *0 
3. Evaluate the following. 


(a) sin (arccos~) (b) tan (cos ' 0.5) 
(c) cos (arctan 1) (d) sin(cos ' 0) 

(e) tan (arcsin —3 (f) cos (tan ' 2) 

(g) tan (arctan 2) (h) cos (sin G3) 
(i) sin (arctan 4) (j) cos (sin ‘ 0.6) 


4. State appropriate domains for x and sketch the graphs for 
(a) y=cse 'x (b) y=sec 'x (c) y=cot 'x 


5. Show the following. 


Lage 

(a) arccsc u=arcsin—, where u=>1 or uS—1 
u 
1 

(b) arcsec u=arccos—, where u=>1 or u<~—1 
u 


1 


1 
(c) cot 'u=tan- AK where uceR 


7.8 ADDITION AND SUBTRACTION 





FORMULAS 
We know 
aie all 7 /3 
Find a four digit number in SIn-- =, and asine = | 
Pea Qj z 2 | 
the form xxyy which is a | 
perfect square. = 
ah ES : 7 ages 
Sin. sina > > > 
But 
Te th 7 
sin (E+2)=sing=1 
6 3 2 


*. sin (E+2)+ sin—+ in 
Dea SR eae 






In this section, we shall derive formulas for the sine and cosine of 
the sum and difference of two angles. 
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To derive formulas for functions of a+, 
we place the angles a and B with reference 
to coordinate axes as shown. Taking A on the 
terminal arm of (a+ 8) we draw the follow- 
ing perpendiculars—AD perpendicular to the 
terminal arm of a, AB 1 OX, DC 1 OX, DEL 
AB. 








OB =OC-BC 

But 
OB 
—=cos(a+B)=> OB=OA cos (a+) ® 
OA 
hee gan OC =OD @ 
OD sa = = COS @ 


In AAED, ZEAD =a, 


ED 
Fe SUE ae ED=AD sina 


Since BC=ED, BC=ADsine @ 
Substituting @® @ and® into OB = OC- Be 
OA cos (a+ 8)= OD cos a—AD sina 
Dividing by OA 
cos yee ae a 
OA OA 
But 


B and Ag sin B 
—— =cos nd —= 
OA OA 
Consequently 


| cos (a+ B)=cos a cos B—sina sin B | sin (—@) =—sin @ 


Replacing B by —B, we have 


cos (a +(—B8)) =cos a cos (—B)—sina sin (—B) cos (—0@)=cos @ 


cos (a—B)=cosacosB+sinasinB 
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To develop formulas for sin(a—B) and sin(a+B) we replace a by 
90°—a and B by —B. Then 


cos ((90°— a) — B) = cos (90°— a) cos B + sin (90°— a) sin B 
cos (90°—(a+B))=cos (90°— a) cos B + sin (90°— a) sin B 


Using cos (90°— 6)=sin @ and sin (90°— 6)=cos 6 above, we get 


sin (a+ B)=sinacosB+cosa sinB 


Replacing B by —B, we get 


sin (a— B)=sin a cos (—B)+ cos a sin (—B) 


or sin (a—B)=sin a cos B—cosa sin B 


These formulas are called the addition and subtraction formulas. 


EXAMPLE 1. Find sin 75° without using tables. 


Solution 
Let a =45° and B = 30°, and a+B =75°. 


sin (a+B)=sina cos B+cosa sin B 
sin 75°= sin (45°4 304 


=sin 45°cos 30°+ cos 45°sin 30° 


-(AW(aQ 
oie 


=1(/6+ 2) 





EXAMPLE 2. Find a formula for tan (a+ B) 


Solution 


sin(a+B) sinacosB+cosasinB 


tan Se ee (a+B) cosacosB-sinasinB 


Dividing numerator and denominator by cos a cos B 


sina cos B cos a sin B 
cosacosB cosacosBp 
cosacosB sinasinB 
cos a cos B ~ COS @ COS B 


tan (a+B)= 
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which reduces to 


tan a+tan B 


tan (a + B) =—_—_—_____ 
cg 1—tan a tan B 





| Replacing B by (—B), we get 


tan a—tan 
tan (a—B)= EB tan (—@) =—tan @ 
1+tan a tan B 








We can also use the addition formulas to find the functions of twice 
an angle as in the following example. 


EXAMPLE 3. Develop a formula for cos 2a. 


Solution 
cos (a+ B)=cos a cos B—sina sin B 
Replacing B by a, we have 


cos (a+q@)=cos a COSqg —Ssina sing 


cos 2a =cos* a—sin?a 


EXERCISE 7-8 


1. Find (a) cos 75° (b) tan 75° without using tables. 

2. Find (a) sin 15° (b) cos 15° (c) tan 15° without using tables. 

3. Prove the formulas for (a) sin(90°+@), (b) cos (90°+ 6) 
(c) tan (90°+ 6) by means of addition formulas. 

4. Prove the formulas for (a) sin(180°—@) (b) cos (180°-—@) 
(c) tan (180°— 6) by means of subtraction formulas. 

5. Simplify. 

(a) sin (9 +30°)+ cos (6 + 60°) 

(b) sin (@+60°)—cos (6+ 30°) 

(c) cos (30°— @)—cos (30°+ 6) 

6. Prove the identities: 

(a) sin (a+ B) sin (a—B)=sin? a—sin’ B 

|(b) cos (#2 + B) x cos (a — B) = cos’ asin’ B 

7. Given sina = 7% and sin B =4, and both a and B are acute, find 


(a) sin (a+) (b) cos (a+) (c) tan (a + B) 
(d) sin (a—B) (e) cos (a—B) (f) tan (a—B) 
(g) sin (B— a) (h) cos (90°— a) (i) sin (90°—a) 


8. (a) Develop formulas for cot (a+ 8) and cot (a— 8). 
(b) Find cot 75°+ cot 15° without using tables. 
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9. (a) Develop a formula for sin 2a 
(b) Without using tables, find sin 120°+ sin 45° 
(c) Find sin 2a if sina=% 


10. (a) Develop formulas for (i) tan 2a (ii) cot 2a 


(b) Find tan 2a if tana = 


3 
4 
12 


(c) Find cot 2a if cota =¢ 


0.8m 


1.0m 


7.9 POLAR COORDINATES 


P(x, y) 





p(r, 8) 


The ordered pair (r, 8) is associated with one and only one point oF 
the plane, but due to the cyclical nature of a polar coordinate syste 
each point of the plane determines any number of ordered pairs (r, 6). 
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11. The top of a picture 1m high is 0.8m 
down from the ceiling. At a certain point on 
the ceiling directly in front of the picture, we 
wish to install a light so that the angle sub- 
tended by the picture equals the angle of 
depression of the top of the picture. How far 
out from the wall should the light be} 
installed? 


In a Cartesian coordinate system we iden; 
tify each point in the plane according to 
unique ordered pair of real numbers (x, y) 
We can also locate a point according to it 
distance from the origin and direction from 
the positive x-axis. If P(x, y) is a point in the 
plane, r units from the origin, with 2 POX = 6 | 
then the ordered pair (r,@) identifies the : 
point in the plane. The components (r, @) ar 
called a pair of polar coordinates of P. The 
positive x-axis is the polar axis and the 
origin is called the pole. 

In such a coordinate system, the angle @ is 
coterminal with infinitely many angles s¢ 
that the location of P can be given by any 0 
the ordered pairs 


(r,9@+2an) or (r,80+360°n), nel. 


In polar coordinates the coordinates of tht 
pole are (0, @) for all values of 6. 









We can relate the polar coordinate system 
to the Cartesian system by letting the polar 
axis coincide with the positive x-axis so that 
the pole is at the origin. The polar and Car- 
tesian coordinates of any point, P, are re- 
lated by 


x=rcosé 





y=rsiné 


B x p y 
since cos 6 =— and sin @=— 
r r 





EXAMPLE 1. Find the Cartesian coordinates of the point P with polar 


(a) (5, 120°) (b) (7, —150°) 


§Solution 

i(a) x =rcos @ y=rsin@ 
=5 cos 120° =5 sin 120° 

V3 
oa sae) 
bhp _5N3 
=-2. =7, 
= 4.33 


| “. the Cartesian coordinates are (—2.5, 4.33) 


b) x=rcos@ 4 y=rsineg 
=7 cos (— 150°) =7 sin (—150°) 
= 7(—cos 30°) = 7(—sin 30°) 
=—6.06 =—3.5 


*. the Cartesian coordinates are (—6.06, —3.5) 


We can find the polar coordinates of any point with Cartesian 
oOrdinates (x, y). 


fe= x+y" 
2 2 x y 
fFHeatvx+y*, cos 6 =—_———_., = 
+Vx?+y? +Vx?+y? 
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EXAMPLE 2. Find a pair of polar coordinates of the point whose 


‘pe 
Cartesian coordinates are (-— =} , 


V2‘ V2 


Solution 
(a) Using the above equations, 


( A we 1 2 
fpHae he (| =sz 3+} 
V2 2 
1 1 
p= a t OR eS Ne L ) 
cos @ =—=——_=— — cos §@ =—-=——_=—— 
petal a) oh Al EY | 
6 = 135° a WH=Schise 
One set of coordinates is Another set of coordinates is 
(1,435)) (—1, 315°) 
The polar coordinates P(1,135°) and_ 
P(—1,315°) are associated with the same 
point as shown in the accompanying dia- | 
gram. Note that P(—1, 315°) is the reflection 
of P’(1, 315°) in the pole. 
p'(—1, 315°) 


Equations such as r=2sin 9, or r=5cos@ are called polar equa- 
tions. These equations generate ordered pairs of the form (r, @) and}: 
we can draw their graphs. 


EXAMPLE 3. Sketch the graph of r=2sin@ 


Solution 
We first plot a table of values: 





Plotting these values in succession, pro- 
duces the graph at right. The student should 
check that these values are repeated for 
180°<@ <360°. We join the points with a 
smooth curve to produce the required graph. 








In Example 4, we show how to transform equations from Cartesian 
form into polar form. 


EXAMPLE 4. Transform 2x—3y+5=0 into an equation in polar 
form. 


Solution 


We substitute x =rcos @ and y=rsin @ into the equation and solve 
for r. 


2x—3y+5=0 
2(r cos 6)—3(r sin 0)+5=0 
r(2cos 6—3sin 6)=—5 
— = 
2 cos 8@—3sin 6 





is the required equation. 
To transform an equation in polar form into Cartesian form, we 
substitute 


: y x 
r=t x*+y%, Sh — COS.) 
+Vx?+4y? +Vx?+y? 


EXERCISE 7-9 


1. Find the Cartesian coordinates of the point with the given polar 
coordinates. 





(a) (3, 30°) (b) (5, 45°) (c) (4, 90°) (d) (7, 150°) 
(e) (4,-120°)  (f) (3,—180°) (g) (2, 225°) (h) (5, —330°) 
1 7 ' 37 _ Oa 
(i) (5.2) (j) (3, 7) (k) (3. =) (I) (s, =| 


(m) (-3, 135°) (n) (-5, -225°) (0) (-2,7) (Beem) 
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2. Find two sets of polar coordinates for the point whose Cartesian 
coordinates are given, —180°<6@=<180°. 


; 

(a) (4,4) (b) (~3, 0) (c) (0,4) (d) é 5) 

(e) (3,4) (f) (5, 12) (g) (-5,12) —(h) (6, -8) 
whee 5V3 gm 8 

(i) (-=,— (i) (-.— (k) (=.-= ) (8, -6) 

2 ;) : =) NP A) 


C 3. Graph the curves defined by 
(a) r=4 (b) r=2cos @ (c) r=1-—sin@ 
(d) r=1+sin@ (e) r=2-—cos @ (f) r=1—cos @ 


4. Graph the curves defined by 
(a) r=sin 26 (b) r=sin36 (c) r=2cos 26 
(d) r=tan@ (e) r=3(1—sin 6) (f) r=2(1—cos @) 


5. Graph the spiral of Archimedes defined by r= 68. 
6. Transform the following equations into polar form. 


(a) x-—y-—1=0 (b) 2x+5y—2=0 

(c) x*+y?=4 (dey = 2xe 

7. Transform the following equations into Cartesian form. 
(a) r=2sin@ (b) r=3cos @ 


REVIEW EXERCISE 


B 1. Convert the following degree measures to radian measure. 


(a) 60° (b) 215° (c) 410° (d) 85°24’ (e) 130°48’ 
2. Convert the following radian measures to degree measure. 
(a) Ze (b) ms (c) ye (d) ai (e) a 

4 6 <) 5 3 





3. A pulley makes 10 rotations in 1s. 
(a) Find the angular velocity in radians pe” 
second. 
(b) How far does a point on the circumfer 
ence travel in 1s? 


4. Sketch the following graphs on the same axes for O<@<27. 
(a) y=sin@ and y =|sin 6| 

(b) y=cos @ and y=—cos 0 

(c) y=tan@ and y=|tan 6| 

5. Sketch the graphs of the following functions. 

(a) y=2sin30, -7<0S2r7. 


(b) y=cos2(0-5), —-27 <0<7 


(c) y=2sin3(x+7), -27<x<4r 
(d) y=sin(20—7), -7w<0<30 
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5. Write an equation and sketch the graph of the sine functions with the properties: 


a) amplitude 1, period a, phase shift 5 left. 


Kb) amplitude 3, period a, phase shift 5 right. 
c) amplitude 2, period 27, 


Md) amplitude 3, period 3, phase shift a right. 


. A carnival ferris wheel with a radius of 9.5 m rotates once every 10s. The bottom 
fof the wheel is 1.2m above the ground. 

a) Find the equations of the sine function that gives the rider’s height above the 
Nground with respect to time, starting at the bottom of the wheel. 

Mb) Sketch the graph showing three complete cycles. 


iB. In a colour television set, the alternating current is rated at 20000 V (RMS) and 
#000 Hz. 

Na) Find the peak voltage. 

mb) Write the equation of the sine function that describes this electrical power. 


i. The electrical current (in amperes) in a circuit is given by the function 
y=5sin 120 at 


ia) State the values of t for which y is (i) a maximum (ii) a minimum. 
ib) Find the effective current (RMS). 
§c) Sketch the graph showing three complete cycles. 
m0. Prove the following identities: 

1 1 

a 

1—cos@ 1+cos@ 
b) tan écot @ = sec cos @ 
c) sin* 6 — cos* @ = 2sin? 6 — 1 





Ha) 2csc?6= 


——=csc’ 6—csc 6 cot 6 
1+ cos 6 


1+sin @+cos Cm sind 
1—sin @+cos 6 cos 8 





| 11. Solve for 0<6@<2z7, then give the general solution. 


3 

a) a0 se (b) cos @=—V0.5 (c) tan@=-—1 
iid) sin 20=1 (e) 2sin@=1 (f) cos 206=0 
Hg) sin 6(2sin@—1)=0 
fh) sin? 9—1=0 

Hi) 2sin? @—sin@—1=0 

M2. Evaluate. 

V3 1 

fia) arcsin — (b) cos ' (-—) (c) arctan (—1) 
| 2 V2 

d) sin '1 (e) arccos (—0.5) (f) arcsec V2 


3. (a) Express (7, 210°) in Cartesian form. 
b) Express (—5, 5) in polar form. 


4. (a) Graph the curve defined by r=2(1+sin @). 
Mb) Transform x?+ y*= 25 into an equation in polar form. 
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REVIEW AND PREVIEW TO CHAPTER 8 


EXERCISE 1. EXPONENTS 














a™xa"=a™" a” +a =a, (a")"=a™ 

aes a” mal, an=a 

(ab)” =a"b" (=) =~ a= Ya" =(Yay 

Simplify. 

A. (a) 3a2a" (b) 12x’+3x* (c) (2y*)? (d) (3a°b7)° 

2. (a) 3x °x5x?* (b) 16x*y® (c) (a*b®)? (d) (3a°b*) 
x? 2 6) 

3. (a) -) (b) 5 (c) (x3) (d) V32a°b"° 
4. (a) (a+b)? (b) (1+0.02)? (c) (1+0.03)? (d) (1.04)? 
ee 3(5°—1) 2(1—3°) 

5. (a) sae (b) mai (c) — 
(d) 42—2°+ (3)? (e) G)?7+¢ (f) 5°—9?—(g3) 4 

3= Gi PGK: RAP? * 

ee Loree ete 

6. Solve the following equations: 

(a) 3°=9 (D2 =a (c)-3™5=27 

(d) 8° =64 (e) 4° =64 (f) 2*=64 

()) (oS (h) 2x 3% = 162 (i) 4*=8° 

(i) 3°" =81 (k) 5%=1 (1) 0.5% = 0.0625 


7. Express as the logarithm of a single number. 
(a) loga+log b—logec 

(b) 5 log a—2(log a+log b) 

(c) 2loga+3log b—5loge 

(d) 3loga—2log b+loge 

(e) x log a+y log b—log (a+b) 

(f) 2log (a+b)—2(log a—log b) 
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EXERCISE 2. SIMPLE INTEREST 


Interest / = Prt P=principal 
fee Ae P| r= rate of interest 
t=time 


1. Find the simple interest payable 
(a) on $250 for 6 months at 8%/a 
(b) on $3000 for 1.5a at 9%/a 

(c) on $2200 for 3.5a at 11%/a 


2. Find the amount due at simple interest 
(a) on $500 for 3a at 9%/a 

(b) on $750 for 2.5a at 85%/a 

(c) on $2000 for 2a at 10%/a 


3. Find the simple interest and amount payable 
(a) on $890 for 90 days at 9%/a 

(b) on $995 for 83 days at 11%/a 

(c) on $1490 for 126 days at 12%/a 


4. Find the rate of simple interest if 

(a) the interest on $350 for 6 months is $14.00 
(b) the interest on $2000 for 81 days is $39.95 
(c) the interest on $2995 for 3a is $898.50 


5. Find the time period if the interest 
(a) on $250 at 8%/a is $40.00 

(b) on $3500 at 11%/a is $1347.50 
(c) on $1995 at 12%/a is $72.15 
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CHAPTER 8 Sequences 
and Series 


Wherever there is number, there is beauty. 
Proclus 


When money is deposited on a regular basis, or a ball bounces, or a 
rocket is launched, or a body or plant grows, patterns occur. We can 
express these patterns mathematically, often using sequences and 
series. These same sequences and series are important later in our 
work with limits—the underlying idea of calculus. 


8.1 SEQUENCES 


Sandra buys a stereo paying $100 as a down payment, and then $10 
every week until paid. We can express her payment plan as in the 


following table: 
[ow [oe fo [ow 


This table represents a function whose domain is a subset of the 
N=), 2, Ss 0 oh natural numbers. 












Sequence 
A sequence is a function whose domain is a subset of the 


natural numbers. The values in the range of the function are 
called the terms of the sequence. 





The table can then be written: 





100+ 10 100+ 20 Re 100+(n—1)10 


We use three dots to indicate that there are more terms than have 
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been written. When we use the three dots we must be careful not to 
assume terms that are not there. For example, if we write 


Wes, Sh cx 


we cannot assume that the next term is 5 unless we know more about 
the sequence. 


The sequence defined by 
f(n)=n+(n—1)(n—2)(n —3)(n —4)(n?* +1) 


has 1, 2, 3, 4 as its first four terms. However the fifth term is 629. 


The terms of a sequence are often named using a single letter 
ty, to, ts, ty Oo ND ¥) te 


where t, is the nth term or general term of the sequence. Relating this 
notation to our function notation 


t, = f(1), t= f(2), tz= (3), mee Oe and t, = f(n) 


EXAMPLE 1. Find the first 5 terms, given 


(a) t, =2n+1 (b) t,=n?-1 
(eC) mith) — Steere (d) f:x — 2x 
Solution 
(a) t,=2n+1 (b) t,=n?-1 
t= 2(1)+1=3 tual a =O 
t= 7(2)+1=5 L=2-1=3 
t,=2(3)+1=7 G=3 -158 
t,=2(4)+1=9 t, =47=-1=15 
=2(5)+1=11 t.=5°-1=24 
(c) f(n)=3-—2n (d) f:x — 2x 
f(1)=3-—2(1)=1 f-4— 21)—2 
f(2)=3—2(2)=—1 f:2— 2(2)=4 
f(3) =3-—2(3)=—3 f:3— 2(3)=6 
f(4)=3— 2(4)=—5, f:4— 2(4)=8 
f(5)=3-2(5)=—-7 f:5 > 2(5)=10 


It is sometimes more convenient to describe the pattern of a 
sequence in terms of getting from one term to the next, rather than 
stating a general term. Given the terms of a sequence 


VAP MO Sas. 
we can express the pattern using a recursion formula 
t;=1 
ti.4=t,+3, neN 


This means that the first term, t; = 1, and that we add 3 to the nth term 
to get the (n+ 1)th term. 
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EXAMPLE 2. Find the first five terms determined by the following 
recursion formulas: 


(a) | =3 (Dae ee 
(a (a en (oan =e (A= WN), 


(ke —a- (m= 1 


























Ley Sg a n>2 
Solution 
(a) t, =3 (b) t+ =—2 
N= 2 oh B= 2 2 = 1 N= Nate te (204) 1) el 
N=S (aS(B=2=4 = ‘| 2 at a to 242) en) ee eee 
nA —t.—2——3—-2——) n=3) —t.(2(3)—= = 2-5-7 
n=5, t-=t,- 2=—5_2=—7 n=4, t;=t,+(2(4)—1)=7+7=14 
the first five terms are .. the first five terms are 
6}, =, =, =7/ 2 eA 
ADDITION 
(c) ta W7 t= 1 
CROSS (ein aes, D2 
ROADS M=8, =ibtin= 14 =2 
PF a AE. ni 4 eet 
DANGER n=5, ts=t,ttz=3+2=5 





the first five terms are 
1, I-73, 5 
This is called the Fibonacci sequence, named after the Italian 
mathematician, Leonardo Fibonacci. The Fibonacci sequence is often 
seen in patterns involving growth of leaves on a stem, or the seed 
spirals in a sunflower. 


EXERCISE 8-1 


A 1. State the first five terms of the sequence whose nth term is given. 





(alete=2n (b) t, =1—2n (c) t,=2" (aj-= 2" 
(e): t, =n? (f) ‘t-=3(2") (g) t, =1+2n (h) t, =1+2(n—1) 
i oe (yaeeSeed wing: deeoro fs = ieee 

n n 2 


2. State a possible rule that determines the following terms. Use your 
rule to find the next three terms. 


(a) 5,10, 15, 20758. (b) 5,25, 125,... (C)EZ7 ANG hora 
(G) less Ope (e) 1,4,9,16,... Mt) at e9 2a ere 
(9) 15, sara (Danses (2 se lieder 
(j)' a, 2a, 3a, 4apee (k) a, ar, ar?,ar®,...° (I) 17,140d)14+2d)-.. 
B 3. List the first five terms of the sequences determined by each of the 
following. 
(a) t, =3n (b) t, =2n—5 (c) t, =(n+1)(n—1) 
(d) t, =3" (a)ats =r! (fri sien 
(g) t, =(-1)° (h) t, =(-—1)""'3n (i) t, =2n-3 
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(i) pee 


n 


(eee nee 1) 
wR 


n(n—1) 


I) 2 SS 
(I) 2narl 


4. List the first five terms of the sequences determined by the follow- 


ing functions. 








(a) f(n)=2n—-1 (b) f(n)=2n (c) f(k) =(—2)‘ 
2k 1 ‘ 

(d) AL rary (e) nyse (f) f(k)=2 

(g) f:n>5n-3 (h) f:k > k? (i) f2:k >? 

aes n-1 als 2 tetra 

fi) fin ra (vets ke 5 (k 1) (l) f:n 


5. Find a general term that determines the following sequences, then 


list the next three terms. 


(a) 2e3 7 Ae (bb) F453 22 eee 
(G)y2 calor —a, . (dl) feeansrale wet 
(e)e4 8516232. 2: (f) 4,1,-—-2,—5,... 
(G) p= hake 5 (inh) 2, (8 A). Wy ne 
(i) 2,6,18,54,... Clem eee ogee oe 


(k) 3a+b,2a+2b,a+3b,... 


(qratbsaib3: ab >ab Je: 


6. Write the first five terms of the sequence whose first term is 3 and 
every other term is 5 less than twice the preceding term. 


7. Find an expression for the nth term of a sequence whose first term 
is 5 and every other term is 4 more than the preceding term. 


8. A sequence has the first term 2 and every other term is 3 more than 
the preceding term. 

(a) Find the first five terms. 

(b) Find the nth term. 

(c) Fing (i) tas (ii) trooo 


9. A sequence has the first term 3 and every other term is 5 less than 
the preceding term. 

(a) Find the first five terms. 

(b) Find the nth term. 

(c) Find (i) tso (ii) tsoo 


10. Find the first five terms determined by the following recursion 


formulas. L 
(aj tj—3 (>) etal 
(ino) Se SE (oan SPAR Sel 
(c) t,=3 (d) t,=0 
(i Se, a ee A ie Sab pare, fall 
He) et == 12 (f) eat m= 
= te, 52n, n= Co= teat te 


8.2 ARITHMETIC SEQUENCES 


Sequences such as 2,5,8,11,... where the difference between 
consecutive terms is constant are called arithmetic sequences. Each 
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term of the sequence is formed by adding a fixed quantity to the 
preceding term. The arithmetic sequence is defined by a linear func- 
tion. The above sequence is defined by the linear function 


f(n)=3n—1 


Computing the first four terms, 


t,=3(8)—1=8 


t,=3(4)-1=11 
We can write the terms of the sequence as follows 


2 § 8 11 


! 


PAS KS), Aare ZA (8}), D2 Sie}. 5 
The general arithmetic sequence is 
a,a+d,a+2d,a+3d,... 


where a is the first term and d is the common difference. 


t,=a 
i —aeoG 
tz—a-+-2d 


,=at+(n—1)d 


EXAMPLE 1. Find t,. and t, for the arithmetic sequence 
2,610 51 450% 
Solution 
a=2 and d=6—2=10—-6=14-10=4 
t, =a+(n—1)d 
to= 2+ 44 t, = 2+(n—-1)4 
=2+36 =2+4n-4 
= 38 =4n-2 
tio = 38 and t, =4n-2 


EXAMPLE 2. How many terms are there in the arithmetic sequence 
Dae 2 laos aos 
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Solution 
The sequence is arithmetic with 


a——_5; d=3 and t,=103 
t, =a+(n—-1)d 
103= —5+(n—1)3 
103——_5>-3n3 
111=3n 
37=n 


the sequence has 37 terms. 


EXAMPLE 3. /n an arithmetic sequence tz= 130 and t,,=166. Find 
the first three terms and t,. 


Solution 
t, =a+(n-—1)d 
t;>= 166 a+1id= 166 
ts= 130 a+ 7d= 130 
By subtraction 4d =36 
d=9 
By substitution in t, 
a+ 7(9) = 130 
a+63= 130 
a=67 


the first three terms are 67, 76, and 85. 
t, =a+(n—-1)d 
t, = 67+(n—-1)9 


ig 67+9n-9 
=9n+58 
t, =9n+58 


The terms between any two given terms of an arithmetic sequence 
are called arithmetic means between the given terms. 


EXAMPLE 4. Insert five arithmetic means between 5 and 29 
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Solution 


The sequence will have seven terms: 


Sy, Lay, TY Why Lay Wy PAS 


t, =a+(n—1)d 


where a=5, n=7, and t, =29 


Substituting 29 = 
24= 
4 = 


5+(7—1)d 
6d 
d 


the terms of the sequence are 


HIM SAl7i2i9 20,29 


EXERCISE 8-2 


A 1. Which of the following are successive terms of an arithmetic 
sequence? State the values of a and d for those that are arithmetic. 


(a) al Sal OFn (Speer (b) RAGA Geer (c)) 20> 16512) She 
(cl)e2 453s Open (e) —2,—5, -8,—11,... (f) 1,3,44,--- 

A Cyiney 2a; Danae la) Up WAS, 2274 2s} 65 ) ph Sh7/, SHO, a 5 
(er amepes bec e Tease one (l) a,a+b,a+2b,... 
2. State the first five terms of the arithmetic sequence, given: 

(a) a=1,d=4 (b) a=3, d=5 (c) a==8, d=—3 
(d) a=x,d=y (e) a=x+1, d=x+2 (f) a=5, d=x 


(Geta Sin (h) eh =3hid =x 1 (0) G5 sexes 
(j) t,=2a, d=-—a (kK) met 10" 5a (l) t;=3a, d=2-a 


B 3. Find the indicated terms for each of the following arithmetic sequ- 


ences. 
(a) atapanGat.7arOl GanlO nla 
(G)Grandetioont Olek O mie eee 


(e) t; and t.. for —12, —8, —4,.. 


(G)eGaand) to7 1OG>G SGD Xen 
(it .and tstom4 70h 
(k)) to and t. for 2) 916) 25. 


(D)StrarandatestOhel Onl 4 ai ous 
(d) t,; and t,, for 6,0,—6,... 

. (f) t and te, for a,a+2b,a+4b,... 
(h) ts and t,o, for a+b, a,a—b,... 
(j) ts, and t, for —11, —5, 1,... 

(li) t.4 and t, for a,a+6,a+12,... 


4. Find a, d, and t, for the following arithmetic sequences. 


(a) t;=16, tg=25 

(Cc) ts0= 140, tro = 180 

(e) t,=37, ti) =22 

(g) ti3=—177, too = —207 

5. Find the number of terms 
sequences. 

(O)PS) 5) den 29 

(¢)es29,- 324 1= 19, oat 

(6) .5),5,5,, 6,02 767 

(g) x,x+2,x+4,...,x+256 


(b) t12=52, tp.= 102 

(d) t=—12, t5=9 

(f) t;=—20, t.,=—53 

(h) tj =3+5x, t,,=34+ 23x 


in each of the following arithmetic 


(b) 2s eee 4, 

(d) 61,55, 49,...,—119 

(f) —53,—49,—45,...,51 

(A) p4aSaqrp-+-7q,p+11q,..-.p- 1 1G 





6. How many multiples of 5 are there from 25 to 750 inclusive? 
7. How many multiples of 7 are there from —56 to 560 inclusive? 
8. How many multiples of 6 are there between 65 and 391? 


9. When money is lent at simple interest rates, the amounts required 
to pay off the loan at the end of each year are the terms of an 
arithmetic sequence. 


ofl pe [2 [ef e 


ParnPi 





where P represents the principal, and / the interest rate. 

(a) If $1000 is lent at 9%/a simple interest, find the amount at the end 
of 1,2,3,4 and n years. Find a and d for the sequence. 

(b) Find the amount required to repay a loan of $2500 at 7%/a simple 
interest after 12a. 


10. Find t;, of an arithmetic sequence with t,;=11, tig=65 


11. Find x so that x, 3x+7, 3x-—1 are three terms of an arithmetic 
sequence. 


12. Find x so that 2x, 3x+1, x*+2 are three terms of an arithmetic 


sequence. 

13. Find the common difference of the sequence determined by 

t,=5n+4 

14. Given t, =2n+5, find 

(a) the first five terms (b) t (c)) Gy (d) t=t_4 

15. (a) Insert one arithmetic mean between 11 and 17 Write 108 using five 3’s. 


(b) Insert two mathematical means between 5 and 23 

(c) Insert seven arithmetic means between 15 and 39 

(d) Insert six arithmetic means between 9 and —45 

(e) Insert three arithmetic means between x+ 2y and 4x+ 14y. 


16. The arithmetic mean of two numbers is 9 and the sum of their 
squares is 180. Find the numbers. 


17. Five fence posts are to be equally spaced between two corner 
posts that are 42 m apart. How far apart should the five line posts be 
installed? 


18. A management trainee hires on at a salary of $15 000 with half- 
yearly raises of $375 until the maximum salary of $28 500 is reached. 
How long will it take to reach the maximum salary? 


19. A small car depreciates $1500 the first year, and $600 each year 
thereafter. How long will it take a $5200 car to depreciate to $1300.? 


20. The gas company charges a basic monthly rate plus a certain 
amount per unit of consumption. Consumption of 40 units gives a bill 
of $67.20, and 73 units gives a bill of $116.70. Find the basic monthly 
rate and the cost per unit. 
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8.3 GEOMETRIC SEQUENCES 


Sequences such as 


SiS), 125 owe 





ae where the ratio of consecutive terms is constant are called geometric 
sequences. 
Each term of the sequence is found by multiplying the preceding term 
by a fixed quantity. 
The geometric sequence is defined by an exponential function. The 
above sequence is defined by the exponential function 


Hnj=3*2are 
Computing the first four terms 
f=3x2'"=3 
t-=3x2>'=6 
3 2 = 12 
t;=3%2) =24 


The general geometric sequence is a, ar, ar”, ar®,... where a is the 
first term and r is the common ratio. 


t,=a 
t>=ar 
ty=ar 
teat 


EXAMPLE 1. Find t; and t, for the geometric sequence 2,6, 18,... 


Solution 
i sar. s 4-2, 1=3 
te=ar* et aa 
=2 3° =3(2)""' 
= 162 


te=162 and t}=3(2)") 
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EXAMPLE 2. How many terms are there in the geometric sequence 


Shs We wag TAsteye 
Solution 
The sequence is geometric: a=3, r=2, t, =768 
t= ar, 
768 =3(2" ') 
25622)" 
De = 90 =4 
eel = 
n=9 


the sequence has 9 terms. 


EXAMPLE 3. In a geometric sequence of real numbers 


t;=1875, and t,=46875. 


Findat.. toand. t: 


Solution 


t%=46875 => “ar°=46875 
t; = 1875 =e cat = 1870 
By division, 


ar® 46875 


ar? 1875 
fa25 





r=+5 


This indicates that there are two possible solutions. 


(i) r=5 : (ii) r=—5 
Substituting in t, Substituting in t, 
a(5)*=1875 a(-5)* =1875 
625a = 1875 625a = 1875 
a=3 a=3 
t,= 3, bmld a ty 48.0515 
and't,= 3(5)e and t, =3(—5)" ' 
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The terms between any two given terms of a geometric progression 
are called geometric means between the two terms. 


EXAMPLE 4. /nsert 3 geometric means between 5 and 80 


Solution 
a=5,t.=80 and “t=ar 
80=5r* 
16=r° 
C= or ©r=-4 
f—+2 f=+£2i 
We reject these roots since 
only real values are considered. 
r=+2 


Hence there are two sequences with terms: 
(i) 5, 10, 20, 40, 80 


(ii) 5, =10, 20, —40; 80 


Unless otherwise stated, we shall assume that we are working with 
sequences of real numbers. 


EXERCISE 8-3 


1. Which of the following are successive terms of a geometric sequ- 
ence? State the values of a and r for those that are geometric. 


(ayn 1439516 see (by A2e as ee (c)E5 Om 5 e20 eee 

(ARS I252457 25 (e) 32,16,8,4,... (f) 64,—-16,4,-1,... 

(GQ) Xe Ge exe (He xaxe ex ox ee (i) x, —x?, x?, —x*,... 
x 

(j) 2ax, 2x, 271... (k) “Sa®b, a*b7,4a°b*.. (2) 1 ee 


2. Find the terms indicated for each of the following geometric sequ- 
ences. 


(a) t; and t, for 2,4,8,... (bD)ite andit fon oa2oaare 
(cjRtaandt, tones) 6, t2se (Qktand tatome2adGeSiere 
(e) ts; and t, for 2, —4, 8,... (f) t, and t, for 64, —32,16,... 
(g) ts and t, for 81, -27,9 (h) te and t, for 3, 3, 2,... 
: erate : xe 
(I) to and tatOm2xn4 Xe G Xan) meteranGmetaarOl 56g oe 
Jn! | ae 
(k) tos and tso for Pete (1) too and téo for 3x 7 3X, OX ee 


3. How many terms are there in the following geometric sequences. 


(a) 4,12, 36,...,972 (6) 336) 12,5242 768 

(c) 2,—4,8,...,512 (d}tseu cr vencan 

(e) 35,2,1,...,625 (f) 4,5,8...,6912 
(Q)c2xte2 xs, 2X snare ae (h)iSx7 Sx" Ske wees 





lsela~ al 1 





(i) 1458, 486, 162,...,2 i ace haa ttnebbee 
xfoxtiix x 

Bal 1 1 2 2 

k Pca) ny Ry OR a a eS ei 2 
(k) XR EBX? 625x°® WM 4.2%.2 x 5 ad 


4. Find a, r, and t, for the following geometric sequences. 

(a) t3=36, t= 108 (b) t;=48, ts = 384 (c) tj=28, t,= 448 
(cl) it2 = 64ats— 2 (e) t2=—9) t-—=—-3 (f)° t= 12, t,=192 
(g)it.— 12, t,— 108 (n)it=— ata. — 10 (i) t-=486, t,= 2250 
(ig ox stn 5x | (k) t2= Sx ts 200x (I) te Coke ek 


5. Find the number of terms in the following geometric sequences. 


ta) att 51.5, (40.5 (b)"t, = 567; 7 =2°t=2 Start with the word 
(litt, <26, & 32) (51536 (d) 5, 35, 245,..., 588 245 “beard” and change one 
(e) 3,6,12,...,96 (f) 64,32, 16,...,0.125 letter at a time to form a 
(Q)hay aulizesg, 32 th\abeabsta baliso, alzb new word until you reach 
6. Find x so that 2x, x+5, and x—7 are consecutive terms of a “Shave”. The best solution 
geometric sequence. has the fewest steps. 


7. Find y so that 4y+1, y+4, 10—y are consecutive terms of a 
geometric sequence. 


8. A car depreciates 30% every year. Find the value of acar 5 years = —~~~~— 
oldsifetheroriginalspriceawaseSSO00l00) Mumm N ee ee ee 


9. When money is lent and compound interest is charged, the amount = =~—~~~~— 
required to repay the loan at the end of each year forms a geometric = ~~~~— 
sequence. shave 


or ow fe ps [ap 


FXG se ty 





P(e ipheP reels 


where P represents the principal and / the annual rate of interest. 
If $300 is lent at 9%/a compounded annually, show the amount at 
the end of 1, 2, 3, and rn years. 


10. Find the amount of $500 invested for 4 years at 8% compounded 
annually. 


11. A virus reproduces by dividing into two, and after a growth period 
by dividing again. How many virus will be in a system starting with a 
single virus and after ten divisions? 

12. (a) Graph the sequence defined by t,=3(2)" ' for 1<n<5 
(b) What type of growth is illustrated here? 

13. In a certain region, the number of highway accidents increased by 
20%/a over a four year period. How many accidents were there in 
1984 if there were 5120 in 1980? 

14. The population of Satellite City increased from 12000 to 91 125 
over a 5 year period. Find the annual rate of increase assuming the 
increase was geometric. 

15. A house worth $80 000 sold for $106 480 three years later. Find the 
annual rate of increase if the value of the house increased geometri- 
Cally. 
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16. (a) Insert 3 geometric means between 5 and 12 005 
(b) Insert 3 geometric means between 27 and 2187 

(c) Insert 4 geometric means between 48 and 15 

(d) Insert 5 geometric means between 1458 and 2 


17. If a, x, b are consecutive terms of a geometric sequence, then x is 
called the geometric mean of a and b. 

(a) Find the geometric mean of 2 and 8 

(b) Find the geometric mean of 5 and 180 

(c) Find the geometric mean of m and n 


18. Show that the sequence defined by t,,,=2t,, t,=x+y is a 
geometric sequence and state the values of a and r. 


19. In case of disaster, St. Mary’s General Hospital has a fan out 
system for calling in staff where each person makes two calls. How 
many people are called in the sixth level of calls if the person who 
initiates the first call is considered the first level? 


20. The notes of the musical scale are based 
on frequency of vibration. A, above middle 
C, is 440 Hz, that is, 440 vibrations, or cycles, 
per second. The frequency of a note just 
above is given by 


i +1= 2”t, 


where t, is the given note and t,., the note 
just above. 


(a) Find the frequency of C, 3 notes above A. 


& middle C (b) Find the frequency of F, 4 notes below A. 


: A t 
(c) Find the ratio of the frequencies aan 
1 


8.4 SERIES 


We have studied sequences such as 
1,2) oh) 27, Sip 24s 


If we add the terms of a sequence, the resulting sum is called a series. 
The series that corresponds to this sequence is 


1379 277-81-e243 


A series is a sum of the terms of a sequence. 
Given the sequence t,, to, ts,...,t,, the nth partial sum of the corres- 
ponding series is 


Ome ti teenies est 


If a series has a finite number of terms it has a sum which can be 
found. For example, 


2+4+6+8+10=30 


If there are infinitely many terms in a series, finding the sum when 
One exists is much more difficult. In this chapter, we shall restrict our 
discussions and work to finite series. Infinite series will be dealt with 
in Chapter 12. 

Series can be described using the Greek letter © (sigma). For 
example the sum 


2+4+6+8+10 


can be written 


which is read 


“the sum of 2n from n=1 to n=5” 


EXAMPLE 1. Find the sums of the following series. 


(a) > n (b) ) (2niz 1) 


Solution 
6 


(a) ) n=1+2+3+4+5+6 


pe = 2)| 
(b) ) (2n—1)=[2(1)—1] + [2( 2 — 1] + [2(3)— 1] + [2( 4) — 1] + [2(5)— 1] 
- =1+3+5+7+9 
= DS 


Although we have used nas the index of summation other letters 
are also used. | 


EXAMPLE 2. Write the following sums explicitly as series. 
5 6 : 5 
(aypeynig 1ev(syx YOx! fevlt (ey't YO kext 
fad in kn 


Solution 


5 
(a) > ix = 1x+ 2x + 3x + 4x + 5x 
i=1 
6 
(b) > xi =x14+x74+ x94 x44x5 
j=1 
5 
(c) ), kx* = 1x "+ 2x7+ 3x3+ 4x44 5x5 
k=1 
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EXERCISE 8-4 


1. SAG explicitly the SaHeS defined oe each of the LEIS 


(a) y (2i+1) — (b) y 2j 
4 "5 1 
(e) )2 (Nie Doras 


at (d) Sale 1)" 


(g) 5 (2n—1) (h) > k(k+1) 


2. Write each series in expanded form and find the sum. 
4 





(a) ¥ (2=n) (b) ) (-1)'n? (c) ¥ (-1)*(k?-1) 
(d) ¥ (31-1) (e)Mi a= k (fey (pie 

(g) ¥ (2=n) (h) 25 (—1)*k? (ey, 
eae & 2i 

(i) Dera, (kK) LS fe eae 


3. Use the summation sign to write each series. 


(a) 2+4+6+8+104+12 

(c) 34+5+7+9+4+11 

(e) 1+44+7+4+10+- --+(3n—2) 
(g) 5+5x +5x*+5x? 

(DA Sef Sos 


(b) 1+4+94+16+---+n? 
(d) 1+2+4+8+---+2"" 
(f) 34+6+12+---+3(2)" ' 
(h) 3x+4x+5x+6x 
(j) a+2a?+3a?+4a* 


(k) —+=—+- ie (I) 1026 
Oa eae Ko Ne BK 





8.5 ARITHMETIC SERIES 


To the finite sequence 2, 4, 6, 8, 10 corresponds the finite series 
2+4+6+8+10 


In this series we write S; = 30 where the symbol S, denotes the sum 
of the first five terms of the series. In this section, we shall develop 
and use a formula to find the sum of a series. 

Carl Friedrich Gauss, when only eight years old, used the following 
method to sum the natural numbers from 1 to 100. Letting Syo0 
represent the sum of the first 100 natural numbers, we write out the 
series first explicitly and again in reverse: 


San = 14+ 2+ 3 +-:-+99 +100 
Sioo0= 100499 +98 oF >see 264 el 
Adding 2Sj00 = 101-101-101 42 E1044 101 


= 100(101) 
S100 =*2-(101) = 5050 





This method of pairing terms can be used to find the sums of other 
series as in Example 1. 


EXAMPLE 1. Find the sum of 300 terms of the series 
14+5+94+ 13+.... 


Solution 


In order to use Gauss’ method, we first find ts9, from the corres- 
ponding sequence 


t, =a+(n—1)d Arrange the digits 0, 1, 2, 
a=1, d=4, “n=300 St ee alee 
fractional form so that 


taoo0 = 1+ (300—1)4 
= 1197 





S300 = Vat 5a: Goats WO Sal LOZ 
S200 = 1197+ 1193+ 1189+ ---+ BF 1 


2S300 = 1198 + 1198 + 1198+ - - -+1198+ 1198 
= 300(1198) 
S300 = 322°(1198) = 179 700 


We now use the method of Example 1 to derive a formula for the 
sum of the general arithmetic series. 


The general arithmetic sequence 
ald 7-C),\d 12d), ane, (tO), 1, 


has n terms with first term n and last term t,. The corresponding 
arithmetic series is 


Sard aici Odes 20) eee (tC) te 
Reversing S,=t, +(t, —d)+(t, —2d)+...4+(a+d) +a 
Adding 2S, =(a+t,)+(a+t,)+(a+t,) +...4(a+t,) +(a+t,) 
=nla+t,] 


Since t, =a+(n—1)d, we can substitute for t, in formula (1): 


S,=Flata+(n—1)d) 


S,=5 [2a +(n—1)d] (2) 
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EXAMPLE 2. Find the sum of the first 50 terms of the arithmetic 











series 
(a) 54+84+114+14+:-- (b) —10—12—14 
Solution 
(alla =—550— 35in— 50 (b) a=—10, d=-—2, n=50 
n n 
Sn =5 [2a+(n—1)d] Sa=7 [2a + (n= dl 
S.o= 312(5) + (50— 1)3] S.o= 312(—10) + (50— 1)(—2)] 
= 25[10+ 147] = 25[—20 — 98] 
=25x 157 = 25[—118] 
= 3925 = —2950 


EXAMPLE 3. Find the sum of the arithmetic series 
3474+11+...4+ 483 


Solution 


Before we can use either formula (1) or formula (2) we must 
determine n, the number of terms. 


t, =a+(n—-1)d 
a=3, d=4, t.=4383 
483 =3+(n-1)4 


483=4n-1 
484=4n 
121=n 
Using formula (1) Using formula (2) 
S, = 2 (t)+t) S, == [2a +(n—1)d] 
2 2 
Sa, = "3 (3+ 483) Siar = “3 [2(3) + (121 —1)4] 
_ 121x486 _ 121x486 
2 2 
= 29 403 = 29 403 


Although both formulas gave the required answer in this example, 
the form that is used depends on the given data. 


EXERCISE 8-5 


A 1. Find the sum of the arithmetic series given 


(a) a =—4,; tf =9, n= G6 (b)¥a=5Aat—= 29, n= 9 
(Clea =7) t= 22 ine (d)ra=—— 45 alvan—s 
(e) a=0, t, =64, n=16 (f) ai SX — a xe — a 
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2. Find the sum of the following series using Gauss’ method as in 
example 1. 

(a) 2+4+6+8+...+2000 (b) 1+34+5+7+...4+1999 

fea 2 oe. 7 1000 (d) 14+2+34...4n 

(e) 3+6+9+...to 150 terms (f) 5+10+15+...to 200 terms 


3. Find the sum of the first 1000 terms of the following series. 
fa) V+44-7+... (b)MiOF- Sa. 64-a ae 
B(c) 5+8+11+... (d) 0-2-4... 


84. Find the indicated sums for the following. 

B(a) S,, of 5+9+13+... (b) Sz. of 20+254+30+... 
(c) Son of = 43 = 2b o. (d) Sai of —2+64+14+. pa 
Bic) S., of 50+48+46+... iy eSemoteo 15-104 
Ig) Sso Of 3+34+3+... (h) Se, of $+24+1+... 























5. Find the sums of the following series. 

(a) 4+8+12+...+400 (b) 54-10-1542. + 265 
(c) 100+90+80+...—100 (d) 52+47+42+...—48 
te) —17—10—3>...4+74 (f) 2=5—12—...—222 
| SG ace ke ae ai ae (histaO—.. 


5. Find the sums of the following series. 
100 2000 


(a) ), (2n—-1) (b) ), 2i 


. Find the number of terms in the following arithmetic series. 

ma) 78=1+2+3+... 

mip) 1830 =34-7+11-+... 

mc) 1250=15+20+25+... 

d) —350=10+8+6+... 

e) —120=—30—26—22 

S45 oe 

8B. A pile of logs is formed by first laying 12 logs side by side and 
Boiling others on top forming a prism tapering to one log at the top. 
Ow many logs are there in the pile? 

9. A student is offered a job to last 20h. The pay is $3.25 the first 


our, $3.50 the second hour, $3.75 the third hour and so on, or a 
Mstraight $6/h for the 20 h. Which system pays more? 


(c) ), (3n-2) 





0. An experimental theatre has 25 seats in the front row and one 
Nadditional seat in each following row. How many seats are there if the 
ptheatre has 25 rows of seats? 

git. An insurance broker earned $24 000/a and had increases of 
$800/a for the next 5 years. What was this person’s total income over 
mhe 5 year period? 

M2. (a) Find a formula for S,=1+2+3+...+n 

ind (b) Syo0 (¢€) Sio00 (d) S2000 for this series. 

13. Find a formula for the sum of 

a) the first n odd natural numbers. 

Mb) the first k even natural numbers. 


m4. A 12-h clock strikes the same number as the hour from 07:00 to 
20:00 inclusive. How many times does the clock strike in one day? 


M5. In one type of billiards, number balls (1 to 15) are used and the 
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player gets the number of points equal to the number on the ball he 
sinks. 

(a) How many points are on the table at the start of the game? 

(b) What is the least number of balls required to win if order is not 
important? 

(c) How many balls must you sink to win if you must shoot the balls 
in order beginning with the 1? 


16. Find an expression for the sum of n terms of a series with 
t, =3n—-2. 

17. Find an expression for the sum of n terms of a series with 
ts = 1 —4n x 

18. Find the first five terms of the arithmetic series with t,.=35 and 
Soo = 610 


19. A ball rolls down an inclined track and gains speed. If the distance 
the ball travels is 3cm in the first second, 6 in the second, 9 in the 
third, and so on, find (a) the distance the ball travels in the 15s, 
(b) the total distance travelled in 15s. 


20. Boxes are stored in a warehouse. The stack is 4 boxes wide, and 
20 boxes long at the bottom. Each layer is one box shorter than the 
previous layer but the same width. How many boxes are there if the 
top layer is four boxes long? 


8.6 GEOMETRIC SERIES 


& 
The sum of the terms of the finite geometric sequence 1, 3, 9, 27, 81, 
243, 729 is the finite geometric series 


1350-2) col pe4oa 729 


We can find the sum of this series directly by addition, or by the 
following procedure. 


7 — 143494 27 +814 2434 729 
3x S,= Sah Oe) aol 24S ZO re Dos, 


Subtracting 2S, +2187 
top from = 
Botton 2S,= 2186 


S,=7 3° = 1093 


This method is used to develop a formula for the sum of the general 
geometric series. 


For the general geometric series, 


S..= a+ ar+ari+deharion 


We now develop a formula for the sum of n terms of the geometric 
series: 





S,=atartar*+...t¢ar"' 









rahe deal ayes. ar + ar? 
Subtracting S,—rS, =a —ar" 
(1-r)S, =a(1—r") 
a(1—r" ayia” = 4 
ees ) plo pepe ly fal 
lhete pF&—4 


We have stated two versions of the formula to avoid negative num- 
bers. 


EXAMPLE 1. Find S,, for the series 1+2+4+... 


Solution 


a=1, r=2, n=10 


po 
r=1 

1(2'°— 1) 

S96 = 
10 7-1 


1024-1 
=—— = 1023 
| EXAMPLE 2. Find the sum of the series 
5+15+45+...+10935 


pSolution 
Dale) 


S,, 
r= 1 


where a=5, r=3, and n is unknown. 





t,=ar" ‘ 5( 3°— 1) 
Ss=———_ 
10 935 = &(3)" ' Sia! 
3° 12187 : _ 5(6561—1) 
35) eee Y 2 
5(6560 
n—1=7 = ( ) _ 46.400 
n=8 
1EXERCISE 8-6 
"1. Find the indicated sum for the following series. 
pa) Sane 20-40 ae (b) S;=2+6+18+... 
Mic) S,<=34+15+75+... (d) Ss=2—-6+18-... 


Ble) S,=256+128+64+... (f) Sg=972+324+108+... 
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2. Find the sum of the following series: 


(a) 1+2+4+...4+256 (b) 1+3+9+...+2187 
(c) 2—4+8-...+512 (d) 5—15+45-—...+3645 
(e) 2434+814+27+...4+5 (f) 2700+270+27+...+0.0027 


3. Every person has two natural parents, four grandparents and so on 
into the ancestral past. What is the total number of direct ancestors in 
six generations? 


4. An emergency measures organization uses a fan-out system to 
alert staff. The executive officer who initiates the action makes four 
calls. Each of these in turn makes four calls, and so on. How many 
people have been alerted after the fifth level of calls if the executive 
officer is considered the first level? 


5. A superball bounces to of its initial height when dropped on dry 
pavement. If the ball is dropped from a height of 16m, 

(a) how high does it bounce after the fifth bounce? 

(b) how far does the ball travel by the time it hits the ground for the 
sixth time? 

6. In a certain town the number of accident deaths decreased 20%/a 
over the last five years. How many people died accidentally during 
this period if there were 52 accidental deaths five years ago? 


7. In a popular lottary, the first prize money was $10000. Each 
succeeding ticket paid 3 as much as the ticket before it. How much was 
paid out in prizes if six tickets were drawn? 


C8. Evaluate the following expressions. 


(al (2a | (DIE (Cc), elouecee) 
(d) hy 5s loge 


8.7 APPLICATION: AMOUNT OF A 
LUMP SUM 


When money is borrowed from a bank, or other lending institution, 
interest is charged for the use of the money. If the interest is payable 
at regular intervals during the duration of the loan, and it is not 
actually paid but added on to the principal for the next interest period, 
it is called compound interest. 


EXAMPLE 1. /f $100 is invested at 8%/a compounded annually, | 
show how the amount grows over a term of (b) 20 years (b) n years. 


Solution 
After 1 year, $100 accumulates to 
100 + 100(0.08) 


principal interest 
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= 100(1 + 0.08) 
+ 100(1.08) 


his amount, $100(1.08) now becomes the principal for the following year’s 
nvestment. After 2 years, we have 


100(1.08) + 100(1.08)(0.08) 


I t 


principal interest 
= 100(1.08)(1 + 0.08) 
= 100(1.08)(1.08) 
= 100(1.08)? 
We continue this process until we have 100(1.08)’ for n years. 


It is convenient to present the data on a time line. 


ow 1 2 3 4 5 n 
00 100(1.08) 100(1.08)? 100(1.08)?. +100(1.08)* ~—100(1.08)° 100(1.08)” 
100 (1.08) 


100(1.08) (1.08) 





100(1.08)? (1.08) 


100(1.08)° (1.08) 





100(1.08)* (1.08) 


100(1.08)" ' (1.08) 


The amount at the end of each year forms the terms of a geometric 
equence where a = 100(1.08), r= 1.08, and rn is the number of years. 


tare ws 


t, =100(1.08)(1.08)"~" 
= 100(1.08)" 
or n=20, too = 100(1.08)° 
= 100(4.660 957 1) 
= 466.10 


the money accumulates to $466.10. 
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In these sections, a calculator was used to 8 figure accuracy. For 
added convenience, five place tables are provided in the appendix. 
However, calculations using the five place tables are generally accu- 
rate only to four figures. 


EXAMPLE 2. Find the amount of $3000 invested for 5 years at 
11%/a compounded semi-annually. 


Solution 

The 11%/a compounded semi-annually for 5 years is equivalent to 
5.5% per conversion period (in this case 6 months) for 10 conversion 
periods (twice a year for 5 years). For this geometric sequence, 


a =3000(1.055) r=1.055 n=10 
t.=ar 0 
tio = 3000(1.055)(1.055)'° * 
tio = 3000(1.055)'° 
= 3000(1.708 145) 
= 5124.43 


the amount after 5 years would be $5124.43. 


We generalize the results of example 2 in the following formula: 


A =P(1+/)° where 


A is the amount 


P is the principal, 
i is the rate of interest per conversion period, 
n is the total number of conversion periods. 





EXAMPLE 3. Find the amount of $5000 invested for 10 years at 9% 
compounded semiannually. 


Solution 
At 9% compounded semiannually, i = 0.045 
For 10 years compounded semiannually, n = 20 


A=P(1+i)" 
A = 5000(1+0.045)”° 
= 5000(2.411 711 4) 
= 12 058.57 
the amount would be $12 058.57. 





EXERCISE 8-7 


1. (a) Find n and i for a 10%/a semi-annual rate for 7 years. 

(b) Find n and i for an 8%/a quarterly rate for 10 years. 

(c) Find the per annum rate and conversion period if there are 10 
conversion periods in 5 years and /=4.5%. 

(d) Find the per annum rate if the rate per conversion period is 2% 
compounded quarterly. 


2. Find the amount of each of the following investments. 

(a) $5000 at 10%/a compounded semi-annually for 5 years. 
(b) $7500 at 9%/a compounded semi-annually for 3 years. 

(c) $2000 at 8%/a compounded quarterly for 4 years. 

(d) $20 000 at 10%/a compounded semi-annually for 10 years. 
(e) $250 at 12%/a compounded monthly for 3 years. 


3. Albert Catello invests $5000 for 5 years at 9%/a compounded 
semi-annually. 

(a) What is his investment worth after 5 years? 

(b) How much interest has been earned? 


4. Find the amounts that $1000 invested at 12%/a for 3 years will 
grow to if the interest is compounded 
(a) monthly (b) quarterly (c) semi-annually. 


5. Find the length of time to the nearest half year that it would take a 
sum of money to double if it is invested at 

(a) 8% semi-annually. 

(b) 9% semi-annually. 

(c) 10% semi-annually. 


6. Bob Brown invests $5000 in an account that pays 9%/a com- 
pounded semi-annually. How long must he wait (to the nearest half 
year) in order to have $8400 for the purchase of a new car? 


7. Marie Dubois is saving money for a vacation. On June 1, she 
invests $800 at 10% compounded semi-annually, and on Dec. 1, she 
invests an additional $700 at the same rate. How much does she have 
the following Dec. 1? 


8. Sam Jones borrowed $10000 at 9%/a semi-annually using his 
insurance policy for collateral. He then reinvested the $10000 in 
second mortgages at 16%/a compounded quarterly. 

(a) What profit did he make over 5 years? 

(b) What did Mr. Jones do to “earn” this profit? 


9. Debbie Lubinski borrows money at 8%/a compounded quarterly 
and reinvests it at 12%/a compounded monthly. Find the annual rate 
of return by considering an investment of $1 for 1 year. 


10. The sum of $20 000 was invested 5 years ago at 11% compounded 
semiannually. Since then, interest rates have dropped and today the 
principal and interest were reinvested at 9%/a compounded semian- 
nually for an additional 5 years. What will the investment be worth in 
5 years? 
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8.8 APPLICATION: PRESENT VALUE OF 
A LUMP SUM 


The Present Value of an amount is the sum of money that must be 
invested today to produce a desired amount at a later date. 


EXAMPLE 1. What principal invested now at 10%/a compounded , 
semiannually will produce an amount of $7000 for the purchase of a 
new car in 3 years? 


Solution 
The principal to be invested is called the present value PV. Using the 
formula A= P(1+/)", 





A =7000 i=0.05 P=PV n=6 
A=P(1+i)" 
7000 = PV(1+ 0.05)® 
7000 _ 
(1.05)® 
7000 
ee PV 
1.340 0956 
5223.51 = PV 


$5223.51 should be invested today to give $7000 in 3 years. 
The results of example 1 can be generalized to the formula 


where 


4 SOIR 


PV is the present value 

A is the amount to be achieved 

i is the interest rate per conversion period 
n is the number of conversion periods 








A table of values for is provided in the appendix. 


1 
Cte 





EXAMPLE 2. Mr. and Mrs. John Conrad have sold their present 
home for $70000 and moved into an apartment nearer their jobs. | 
When they retire in 12 years they would like to have $100 000 for the’ 
purchase of a retirement home. How much of the $70 000 should they} 
invest in bonds that pay 9% semiannually in order to have $100 000 in; 
12 years? 


Solution 
Mr. and Mrs. Conrad should invest the present value of $100 000 at 
9%/a for 12 years. In this case, 


A = 100 000 i=0.045 n=24 


Mima 
oe be 
100 000 


(1.045) 


100 000 
2.876 0138 


= 34 770.35 


























they should invest $34 770.35 to produce the desired $100 000 in 
12 years. 


EXERCISE 8-8 


1. Find the present value of each of the following amounts. 
f(a) $15 000 in 10 years at 9% compounded semiannually. 
(b) $2500 in 5 years at 8% compounded quarterly. 

H(c) $500 in 2 years at 12% compounded monthly. 

(d) $1575 in 3 years at 12% compounded quarterly. 

H(e) $25 000 in 5.75 years at 10% compounded quarterly. 


. How much money should be invested today at 10% compounded 
ssemi-annually in order to have $8750 in 7 years for the purchase of a 
Bnew automobile? 


. Mary Boucher has a paid-up policy that will pay her $20 000 at age 
865. What is the value of the policy at age 58? Money is worth 5%/a. 


N4. Find the present values of $1000 due in 3 years at 12%/a if the 
interest is compounded (a) monthly (b) quarterly (c) semi-annually. 


. George Fontaine has signed a promissory note to pay $1500 on 
Dec. 1. What is the value of the note on April 1 if money is worth 
§11%/month on the unpaid balance? 


6. John and Vera wish to provide for their new baby’s education. How 
| much should they invest on thesday the child is born in order to have 
§$16 000 on the child’s 18th birthday, if money is worth 9%/a com- 
pounded semi-annually? 


. Louis Vanderman owes $1000 in 1 year and $3000 in 2.5 years. How 
much money is required to retire both debts if money is worth 11%/a 
compounded semi-annually? 


88. Anne White has won a lottery and wishes to set up educational 
unds for her two children. How much must she invest today at 10% 
§compounded semi-annually in order to have $10 000 each for George 
Hin 7 years and Dorothy in 12 years if money is worth 9%/a com- 
pounded semi-annually? 

9. What principal invested for the next 5 years at 10% semi-annually 
and for the following 4 years at 12%/a compounded quarterly will 
| amount to $20 000 in 9 years? 


Find three integers in 
arithmetic progression 


whose product is prime. 
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Time 
now 


10. A standard sized station wagon sells today for $9400. In 3 years, 
the cost of a new model will increase by 16%. How much should you 
invest today at 9% compounded semi-annually in order to buy the 
new model in 3 years with a $2500 trade-in allowance? 


8.9 APPLICATION: AMOUNT OF AN 
ANNUITY 


An annuity is a sum of money paid as a series of regular equal 
payments. Although the word annuity suggests annual or yearly, 
payments can be made semiannually, quarterly, or monthly. Pay- 
ments are usually made at the end of the payment interval unless 
otherwise stated. The amount of an annuity is the sum of the amounts 
of the individual payments invested from the time of payment until 
the last payment is made, including all the interest. 


EXAMPLE 1. Joanne Tate deposits $500 into a high interest bearing 
savings account every Dec. 15 and June 15 for 8 years. How much 
will she have in the account at the time of the last payment if interest 
is earned at 8%/a compounded semiannually? 


Solution 

We are asked to find the amount of an annuity of 16 semiannual 
payments of $500 each at 8%/a compounded semiannually, so that 
i=0.04 

The last payment receives no interest. 

The second last payment is in for one conversion period. 

The first payment is in for 15 conversion periods. 


The problem can be illustrated on a time line. 


1 2 7 8 


Me Le eS ee 


500 


500 500 500 500 500 500 500 500 


[ised 500(1.04) 
500(1.04)? 
500(1.04)° 


500(1.04)"" 
500(1.04)'? 
500(1.04)"? 
500(1.04)** 
500(1.04)'® 


The amount of the annuity is the sum of the amount of the 16 lump 
sums. 


A = 500+ 500(1.04) + 500(1.04)? +. . .+500(1.04)'® 


which is a geometric series with 


a=500 r=1.04 n=16 

pale =) 

ae r-—1 

_ 500(1.04'°= 1) 
1.04-1 

_ 500(1.872 981 2-1) 

0.04 

_ 500(0.872 981 2) 

* 0.04 

= 10912.27 


Si 


16 








the amount of the annuity after 8 years is $10 912.27 


The regular annuity payment is called the periodic rent, R. As in the 
study of lump sums, / is the interest rate per conversion period and n 
is the number of payments. We shall assume that the conversion 
period is equal to the time between payments. 

The general annuity is 


R+R(14+i)+R(14+i)? +...4+R(14i)" | 
a geometric series with 


a=R, r=(1+1), and there are n terms 
"4 
gel! ) 
eral 
veut vila lathe 
Cie he 
R((1+/)" —1) 
i 





Solving this formula for R, £ 
ATR (erie) 
so that 
Ai 
R Se 
(14+7/)"-1 


EXAMPLE 2. How much money should be invested every month at 
12%/a compounded monthly in order to have $5000 in 18 months? 


Solution 
12%/a compounded monthly gives /=0.01 
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i=0.01 


now 1 2 3 15 16 WW ye 
R R R R R R R 
The annuity is 


R+R(1.01)+R(1.01)?+...+R(1.01)'” = 5000 
where a=R, r=1.01, n=18 and A=5000 





alco) 
Op 204 
pintabvonds AVR mel 
1.01—1 
ue R(1.196 147 5—1) 
i. 0.01 
5000 0.01 _ 
0.196 1475 
R =254.91 


the monthly investment should be $254.91 


EXERCISE 8-9 


B 1. Find the amount of each of the following annuities. 
(a) 20 semi-annual payments of $500 each into an account that pays 
8%/a compounded semiannually. 
(b) 16 quarterly payments of $300 each into an account that pays 
10%/a compounded quarterly. 
(c) 36 monthly payments of $50 each into an account that pays 12%/a 
compounded monthly. f 
(d) 10 semi-annual payments of $1000 into an account that pays 10% 
compounded semiannually. 








2. Find the periodic rent in each of the following annuities. 

(a) 40 semi-annual payments amounting to $20000 at 10% com- 
pounded semiannually. 

(b) an amount of $8000 in 6 years if money is worth 12%/a com- 
pounded quarterly. | 
(c) 24 monthly payments amounting to $3200 at 12%/a compounded | 
monthly. 

(d) an amount of $12 000 in 4 years if money is worth 12%/a com- 
pounded every two months. 
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m8. John Vogel bought a small tractor for his lawn care business. He 
expects this machine to last for 3 years, and then he will buy a new 
None for about $11 000. How much must he invest at 1%/month, each 
onth in order to meet this expense in 3 years? 

This type of investment plan to meet a future expense is called a 


4. The ABC Arena Company wishes to establish a sinking fund to 
weplace the ice making equipment in 12 years. How much should be 
Heposited every 6 months into an account that pays 9%/a com- 
bounded semiannually in order to have $42 000 for the replacement in 
m2 years? 


. Mrs. Benton makes provision for her own pension. She invests 
§1000 every 6 months starting 6 months before her 35th birthday, into 
Man account that pays 9%/a compounded semiannually. How much 
ill she have on her 50th birthday? 


Ip. Jones Printing has a small press worth $230 000 with a useful life 
expectancy of 20 years. How much should the company invest 
semiannually in a sinking fund that pays 9%/a compounded semian- 
Mnually to meet this expense in 20 years? 


#7. The Direct Route Courier Service purchased a new van for $9700. In 
§3 years the van will have a trade-in value of $2000 and will be traded 
min On a similar vehicle expected to cost $11 200. How much should the 
Hcompany invest semiannually in a sinking fund that pays 10%/a 
#cOmpounded semiannually to meet this expense in 3 years? 


B. Find the amounts of the following annuities after the last payment 
mas been made. 

fa) 12 semiannual payments of $500 at 8%/a compounded semiannu- 
ally. 

Mb) 36 quarterly payments of $200 at 12%/a compounded quarterly. 
Mc) 24 semiannual payments of $1000 at 9%/a compounded semian- 
ually. 

M(d) 36 monthly payments of $100 at 18%/a compounded monthly. 


9. Mrs. Shuster has purchased a small new car for $6200. She realizes 
Hthat due to driving conditions, she will have to replace the car in 4 
ears. In that time, new car prices will increase by 40%, and her 
mpresent car will depreciate 70%. There will be a 7% retail sales tax on 
ithe difference between the tradé-in value and the new car price. How 
much should she invest every 3 months in a sinking fund in order to 
ppurchase a new car with cash in 4 years if money is worth 12%/a 
compounded quarterly? 


#10. Anne and Todd add to the family allowances received for their son 
Jason so that they save $50/month for his education. Every 6 months 
ithe funds are deposited into an account that pays 10%/a compounded 
semiannually. How much will be in the account when Jason is 18 if his 
parents started saving on the day he was born? 


Determine the pattern. 


Find the missing number. 
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8.10 APPLICATION: PRESENT VALUE OF 
AN ANNUITY 


The present value of an annuity is the principal which must be 
invested now at a given rate of interest in order to provide a given 
periodic rent. We find the present value of the annuity by finding the 
present values of all of the lump sums. 


EXAMPLE 1. How much money must be invested now at 9%/a 
compounded semiannually to provide an annuity of 10 payments of 
$200 every 6 months, the first payment being in 6 months. 


Solution 
We can illustrate the problem on a time line. 


/=0.045 
now 1 2 3 4 9 n=10 





200 200 200 200 200 200 


200 


1.045 
200 
(1.045)? 
200 
(1.045)° 


200 
(1.045)? 


200 | 
(1.045 
200 

(1.045) 

















The present value of the annuity is 


200 200 200 200 


Ppa ++... ts, 
1.045 (1.045)? (1.045)° (1.045)"° 





which is a geometric series with 


a 208 L and n=10 
Se i = 
1.045 10467 
a(1—-r" 
ere (er 
1-r 
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ia 
_ 200 | 1.045"° 
1.045), 1 


1.045 


_ 200(1 — 0.643 9277) 
1.045(1—0.956 94) 


_ _ 200(0.356 072 3) 
~ 1.045(0.043 062 201) 


= 1582.54 


investing $1582.54 now at 9%/a compounded semiannually will 
provide an annuity of $200 every 6 months for 5 years. 


EXAMPLE 2. Rod Carter plans to retire at age 57, and to receive a 
cash payment of $50000 from a profit sharing plan. The total sum 
received will be used to set up an annuity with an insurance company 
at 8%/a compounded semiannually until age 65. How large is each 
payment if Rod is to receive two equal payments per year? 


Solution 
Let each payment in dollars be R. 
Time (a) i=0.04 n= 16 





Value R R R R R R R R R 














The present value, $50 000, is the sum of the present values: 


50 000 -—- + AL Laie, 2 WU 
ea OAM OAL eet IcO4)) me 1004)"° 
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which is a geometric series with 


R 1 

S,,=—50000, a=——, r=——, n=16 
1.04 1.04 

EIR ie?) 


WKF 


R (: 1 ) 
1.04 AS 


4 1 
1.04 


S,, 





50 000 = 





R 
=——— (1 0.533.908 2) 
1.04 


0000 3 
4 1—0.961 538 5 


R 
—— (0.466 091 8) 
1.04 


0.038 461 539 





50 000 x 1.04 x 0.038 461 539 _ 
0.466 0918 af 





R = 4291.00 


Calculations are simplified if we reverse the series. 


R R R R 


50 000 = + + +...+—— 
A044 set 04s 040 1.04 








where r= 1.04 
alr = 1) 
epe4 


ee R a) 
1.04l® \o04=4 


ppm bee 
1.04.5 
0.04 


a re (: — 0.533 908 Z) 
- 0.04 


0.466 091 =) 
0.04 


S;, 





50 000=R 


50000 = R( 


50 0000.04 _ 
0.466 0918 





4291.00=R> 


each semiannual payment is $4291.00 
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EXERCISE 8-10 


1. Find the present value of each of the following. 

(a) 20 payments of $300 each at 8%/a compounded semiannually. 
(b) 24 payments of $1000 each at 12%/a compounded quarterly. 
(c) 36 payments of $75 each at 12%/a compounded monthly. 

(d) 10 payments of $5000 each at 10%/a compounded semiannually. 


2. Find the periodic rent of each of the following. 

(a) 40 semiannual payments of 8%/a with a present value of $10 000. 
(b) 12 quarterly payments at 12%/a with a present value of $8000. 
(c) 24 monthly payments at 12%/a with a present value of $5600. 
(d) 15 semiannual payments at 10%/a with a present value of $9000. 


3. Find the present value of $200/month for 2 years beginning in 1 
month if interest is earned at 2%/month. 


4. John Banks has won $5000 to attend university. If he invests the 
money in a small second mortgage at 12%/a compounded monthly, 
how much can he draw monthly for the next 3 years starting 1 month 
later? 


5. Tom Sullivan retires from the Acme Steel Company with his choice 
of $50 000 cash or 30 equal half-yearly payments earning interest at 
9%/a compounded semiannually. If the first payment is made 6 
months after he retires, how large is each payment? 


6. W. “Bill” Harvey pays into an annuity with interest at 9% semian- 
nually that will pay him $5000 every 6 months for 10a starting at age 
65. Find the present value of the annuity on his 65th birthday. 


7. An annuity pays $3000 every 6 months for 10 years from an 
account that pays 9%/a compounded semiannually. Find the present 
value of the annuity if the first payment is due 

(a) now (b) in 6 months. 


8. Find the monthly payment required to pay off an automobile worth 
$10 125 including taxes, if the down payment was $2500 and the 
balance was financed over 2 years at 12%/a compounded monthly. 


9. Mr. and Mrs. Ed Yates win $250 000 in a lottery on Mr. Yates’ 45th 
birthday. How much should they invest as a lump sum today in order 
to have 10 payments of $10000 each every 6 months starting 6 
months after Mr. Yates’ 60th birthday? The money is invested at 10% 
compounded semiannually. 


10. Tom Stevens signs a professional baseball contract that will pay 
him $25 000/a for 5 years plus a bonus for signing in the form of an 
annuity of $5000/a for 20 years to follow. Money is worth 6%/a, 
compounded annually. Find 

(a) the present value of the annuity at the time of signing. 

(b) the total cost of the contract to the club. 

(c) Compare the total cost of the contract to the club with the total 
amount of money Tom Stevens will receive. 
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REVIEW EXERCISE 


1. Identify each of the following sequences as arithmetic or geomet- 
ric, and find t,. 


(a) 257e2e (b) P2424) See. 
(c) x, xe hte (d) x, x+a, x+2a,... 
(e) 5,1, -3,... (HS SF=6M 244. 


2. Write the first three terms and identify each of the following as 
arithmetic or geometric. Find the sum of the first 8 terms. 


(a) t, =2+3n (b)>t, =2(Sr) 

(c) t, =3n+1 (d) t, =21—3n 

(erg 5(20) (f) & =3(2™) 

3. Find the number of terms if the sequences are either arithmetic or 
geometric. 

(a) Sia 27nl Gaee oF 100 (b) S0F20/2241280 

4. If t,=24 and t,= 192, find the first four terms if the sequence is 
(a) arithmetic (b) geometric 

5. Find ts. and Sz. for the following arithmetic series. 

(a) tio — 16; ti, = 40 (b) t, = 15, tg=31 

6. Find t, and S, for the following geometric series. 

(a) t,=6, t,=48 (b) 10, . 1250 


7. If a town has an 8% population growth each year and its present 
population is 7000, what will the population be in 4 years? 


8. The present population of a town is 13 000. What was the popula- 
tion 5 years ago if the growth rate was 6% each year? 


9. There is a legend that the inventor of chess chose the following as 
his reward. 

One grain of wheat on the first square, two grains on the second 
square, four on the third and so on for all 64 squares on the chess- 
board. Find an expression for the amount of wheat required to fulfill 
his request. 


10. Write explicitly and find the sum. 


6 


1 S k-2 aay. 
ee a b) Y (c) Y 2 





11. Find the amount of 
(a) $5000 invested for 6 years at 9%/a compounded semiannually. 
(b) $360 invested for 1 year at 12%/a compounded monthly. 


12. Find the present value of 
(a) $12 000 in 5 years at 10%/a compounded semiannually. 
(b) $8500 in 4 years at 8%/a compounded quarterly. 


13. Find the amount of an annuity of 

(a) 30 payments of $500 every 6 months if money is worth 9%/a 
compounded semiannually. 

(b) 24 payments of $100/month if money is worth 24%/a com- 
pounded monthly. 








14. Find the periodic rent for 

(a) an amount of $10 000 in 10 years if money is worth 9%/a com- 
pounded semiannually and payments are made every 6 months. 

(b) 16 payments amounting to $6000 in 4 years if money is worth 8% 
compounded quarterly. 


15. Find the present value of an annuity of 

(a) 24 payments of $100 each if money is worth 10%/a compounded 
quarterly. 

(b) 10 semiannual payments of $1000 each at 10%/a compounded 
semiannually. 


16. Find the periodic rent if 

(a) the present value is $10500 and there are 30 semiannual pay- 
ments with interest at 10%/a compounded semiannually. 

(b) the present value is $695 and there are 24 monthly payments at 
1%/month. 


17. If t,, to, tz,... is a geometric sequence with t, = xy” ', prove log t,, 
log to, log ts,... is an arithmetic sequence. 

18. Prove Vxy<3(x+y). 

The geometric mean of two positive real numbers is less than or equal 
to the arithmetic mean of the numbers. 

19. (a) If t,, to, tz,... is a geometric sequence with t, =ab” ', deter- 
mine whether t,”, t.*, t3*,... is a geometric sequence. 

(b) State the common ratio of the second sequence. 

20. If t,, to, tz,... is an arithmetic sequence with t,=2n—1, find a 
corresponding geometric sequence with a=t, and r=tp. 
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REVIEW AND PREVIEW TO CHAPTER 9 


EXERCISE 1 LINEAR SYSTEMS 


1. Solve the following systems of equations. 





(a) y=2x-1 (b) y=—-x+6 (c) y=3x-1 
y=3x—4 y=x+8 Vi=x +5 
(d) x+y=7 (e) 2x+y=7 (f) Sx+2y=—8 
x-y=13 3x —-—2y=7 5x+3y=—-14 
(g) 5x-6y=-1 (h) 3x-—5y=9 (i) 6x-—7y =-—72 
7x+4y=11 4x—7y=13 4x —5y =—50 
(j) 3x—=S8y +7=0 (k) y=8x-9 (Il) 9x-8y+7=0 
2x +9y =—19 10x +3y =—10 3x+10y—4=0 
(m) 8x=7y+4 (n) 5x+6y =3.8 (o) 6x+y=0.9 
5by =3x—11 4x—-—7y =—0.5 2x —3y =1.3 
x+y x y 4x+2 y 
eee iq) 8 aio ; 
2x-3y_ 5 ees By+4_ 4x 
Si a 8 4 3 
2. Solve the following systems of equations. 
(a) 4x+3y+2z=8 (b)- -3x+y—2z=16 
5X 3V—Z—4 2X37 —Z—=3 
2XG OD View OZ 4x —2y —3z=32 
(c) 4x4 2y +-3Z—=—5 (d) 2x-4y—z=3 
5x — 5y -4z77-325 4x—2y+3z=-—5 
6x+y +3z—=—7 6x —3y —4z=18 
(e)) 4x—2y—5z— 27 (f) x+y=8 
3x+y=2z-19 z-y=1 
XS OZ OVaenl == 
(g) 2x—3y +4Z=—-1.2 inh) yes yp S284 
5Xe2V SoZ 3x+6z=4y+3 
3x —4y —5z=3.6 3Z+5x=5+ 2y 
(1) 4w+3x+2y—z=—5 (j) 3w+2x+y=6+z 
3wt+x-y+z=4 2w+2y—-z=9+3x 
2w+2x+y—2z=—6 W- 2X, 2 — 2 OV, 
wt+4x—2y+2z=17 3X —y-—z=3-2w 
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Matrices and Vectors 


Algebra is the intellectual instrument for rendering clear the quantitative 
aspects of the world. 
Alfred North Whitehead 


9.1 BASIC MATRIX OPERATIONS 


A matrix is a rectangular array of numbers enclosed by parentheses 
or brackets. The following are examples of matrices 


(07.08) [cot ends] (ilaoa 16 452) 
—1 2) —2 —-5 6)’ 2 


The numbers in the matrix are called the entries, elements or compo- 
nents of the matrix. The number of rows (horizontal) and columns 
(vertical) determine the dimension or order of the matrix. The mat- 
rices given above have dimensions 2x 2 (two by two), 2x3, 1x4 and 
4x1. The number of rows is always given first. 

A matrix that has the same number of rows as columns is called a 
square matrix. A matrix whose entries are all zero is called a zero 
matrix. A matrix containing only one row, such as (3 5 6) is called a 
row matrix, while a matrix containing only one column is called a 
column matrix. 

Two matrices are equa! when they have the same order and have 
equal elements in corresponding positions. 

In general we represent a matrix as follows 


NOW = 


44, 12, 413--- Gin 


4x1 422 423--- Aan 


43, 432 433---43n 


am1 Am 2 Ging an Gmn 
Or in shorter notation 
A= (a;) 


This matrix has m rows and n columns. It is an mn matrix. The 
numbers a, (i=1,...,m;j=1,...,n) are the entries of the matrix. The 
entry a; is in the ith row and jth column of the matrix. 
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The sum of two matrices is found by adding the corresponding 
components of the two matrices. 
For example, if 


—1 -5 0 5 -=2 
js\ = (; ) and B= ( ) 
5 =3 6 y ts 3 


then 


(Son alt (: 5 #3) 
5 WY 8 3 
be —1+5 rea. 
5--/is= Soo 6+3 


(25 ms 





By this definition of sum, two matrices may be added only if they 
contain the same number of rows and the same number of columns. 


The negative of matrix A is the matrix —A, each of whose entries is 
the negative of the corresponding entry in A. 


2 —4 —2 4 
If j\= ( ) then -—A= ( ) 
=3 5 3er—5 
We now define subtraction of matrices in terms of addition. 
5 -8 —1 3 
If Ae ( ) and B= ( ) 
—-4 -6 —2 4 
then A-—B=A+(-B) 


nic ttl lesan 
ee) 
gi Neahleh age 


2 (Scie mi) 
 \4=(22) 26R4 





=|. 6 ‘) 
74 = 110) 


A —-B=(a;,)— (b;) = (a; — 6;) 





When working with matrices we call any real number a scalar. 
The scalar product of a number k and a matrix A is a matrix kA 
where each element of A is multiplied by k. For example, 
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; 2 Saya 
if A=( } and k=3 








=] 5) 
ms} 


a) = 
then kA-3(, ‘ 
4 0 
( 6 9 
12 
kA = k (aj) = (kay) 
EXAMPLE 1. Express as a single matrix 
iy oral 
4 = 2 
=) =o 
Solution 


EXERCISE 9-1 


1. Given the matrices 


3a 2 3 
A=|-1 Au, B 
dpe 48 
and D=(0 4 3 


(a) state the dimension of each matrix 


(b) state the matrix —B 

(c) identify the entries az5, a43, as, 
(d) identify the entries b,,, by, bs. 
(e) identify the entries C3;, dy4, Gis 


$5 ( 2 ita 
+ 
—20 =4 .=6 


we 
+26 
0 
201 x 
Dic eT Id te ae 
—5 
5 8 
=6 
280s) 


2. State the indicated sum, difference or product. 


(5 a)*(s a) 


(c) 3( 3 ree, 


6. 0. 4 =Ge" 92 
ce = 3) = A085 1] 4 —19 70 
i a =3) /=20"°5 


aogier) 


5 —3 
(Ale dn] lowe? 
-2 -1 


in -a( > 4) 








80 kay | 


A rope passes over a 
pulley. A block of iron with 
a mass of 80 kg is attached 
to one end. A man with a 
mass of 80 kg starts to 
climb steadily up the rope. 
Will the block of iron rise 
or fall? 
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Sf pe s = =2.4 
B 3. 1 A=(5 i a ae : s\endc=( ), fing 


DB GY 10) oe | 6 ih sy 
(a) A+B (b) A+C (c) A+B+C 
(d) —2A (e) B—C (f) C—B 
(GieZ Bese (h) 3A-—B (eZ Gee 
(j) 2A—3C (k) 2(3B—2C) (l) 3C—(2A+B) 


4. Express as a single matrix. 


. 3(° *)_o( 0 *)_a( 1 5) 
: 01 6 6 iq\) =p 


(b) 3(14. 1 3 O0)=(=2) 45 —1" = 3) -Sl0 3 oS 12) 


3 —4 6 
(c) 4[ 1 }+2] —3 |-5| —4 
5) =] =] 
1 5286 =3 \=5 §.6 2 hb © 
(d) 2)=4.'=3 .. 214)" 4°52” 3-343 ir4 
20 taea 3° 1 al 4 1-34 


5. Find the 22 matrix X in each of the following. 


(2), Ss on adeunee cl ban had a a ee 
(o) = (oBerm 8) 2[2e71)\ hs anneal? 4 ees ( ieee) 


wx (29 wa) sat 


8 -7 
9.2 MULTIPLICATION OF MATRICES 


It would seem that we should multiply matrices in a manner similar 
to the way we add them. However, experience has shown that the 
method which is most useful is what is often called row-by-column 
multiplication 

Consider the following example. 

The Besco Motor Company makes limited edition models of cars by 
taking standard new cars and replacing the body. The company 
produces three models—the Manta, the Python and the Lynx. The 
following table gives the units of material and units of labour required 
for the production of each model. 


This information can be represented by the matrix A 


7 bub 
A=(s5 42 a3) 
38 42 33 












Suppose that the cost of each unit of material is $50 and the cost of 
each unit of labour is $80. We can represent these costs by the row 
matrix C. 


C=(50 80) 


The total cost of production will be CxA. 

The total cost for a Manta is 50x 9+80 x 38= 3490 
The total cost for a Python is 50x 7+ 80x 42 =3710 
The total cost for a Lynx is 50x 6+ 80 x 33 = 2940 

We can represent the total cost for each by the matrix 


(3490 3710 2940) 


We arrive at this matrix by 
CA =(50 80)( 
38 42 33 
=(509+80x38 50x7+80x42 50x6+80 x33) 
(3490 3710 2940) 


Sy 2) 


Notice that the number of columns in C is the same as the number of 
rows in A. 

To multiply matrices it is not necessary that they have the same 
dimensions. What is necessary is that the number of columns of the 
first matrix be the same as the number of rows of the second matrix. 
With this in mind we shall define the product of two matrices. 


The product of an m <n matrix A and an nx p matrix B is the 
m Xp matrix whose entry in row / and column jf is the sum of 


the products of corresponding elements of row / in A and 
column jf in B. 





if Ae bs 7 and Be (3 
an An2 Do, boo 
AB= (= ms | pee tamale Pata 
421 422/\D2, D2 (@2,b4,4+ Az2b2,) (@1b 42+ Az2bo2) 


The rule for multiplication is illustrated by the following example. 


EXAMPLE 1. Find the product 
es Sal =) 5) 
2 23) \4. —2, 0 
Solution 
Aa \/ 2am | ws) ( 4 
= 4)(2)+ (—1)(4 
(; ie =o is (4)(2) + (—1)(4) 


<a Getotaa I i £ Kees 
(; alt 2 = ) (4)(—1) + (—1)(-2) 
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(4)(—3) + (—1)(0) 


hp > 
| | 
Ww _— 


oO RN 
| 
O o 


(2)(2) + (—3)(4) 


Sop moh 
tL a 
WO o 


4 
bs inal) = (2)(—1) + (-3)(—2) 
21) (2g 1 ae a oe 22 peetyce: 
3 () Sage; “lex ag) (2-3) 3N(0) 
e —1 6 -1 -3 -( 4 -2 -12 
2\-3/\44.e2 40) \-8 4 =6 


Matrix multiplication is not always possible. 


DR =i 2 
A= ( ) and B= ( ) 
1 4 5 
then it is possible to find the product AB. 
PS EN Ife 
Celene 
1 4/\5 
i (5) 
22) 
but not possible to find the product BA since the number of columns 
of the first matrix must equal the number of rows of the second matrix. 


If 


EXAMPLE 2. The General Computer Company distributes 3 types of 
home computers—HCA, HCB, and HCC. The following table gives the 
number of each type ordered by 4 stores. 





If each HCA, HCB and HCC cost $800, $900 and $1000 respectively, 
use matrix multiplication to determine the income from each store.~ 
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Solution 
We first write the order as a matrix 


toy “teh 
79% 25 
SZ) @ 
6L 71.3 MULTIPLICATION 
Now we write the costs as a column matrix EAU 
900 OCEAN 
1000 
Then 
We 3) 21 200 
800 
yee RP as 18 700 
900 |= 
8 4 13 000 
1000 
6 7 14 100 


The product matrix represents the income from each store, $21 200 
from Store 1, $18 700 from Store 2, $13 000 from Store 3 and $14 100 
from Store 4. 


Recall that the number 1 is the identity element over multiplication 
for all real numbers x because 1* x =x x1=x. 
Similarly the 22 matrix 
a 
i] — 
On 


is the multiplicative identity matrix for all 2x2 matrices because 


ie ale ae y(e SE 5) 
Os ved) kc) dy \Oe 1) B\c ted 
Similarly the identity matrix for 3x3 matrices is 


100 
(a 4a @) 
OF OF 1 


In general a square matrix whose main diagonal from upper left to 
lower right has entries 1 while all other entries are 0 is an identity 
matrix. 
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EXERCISE 9-2 


A 1. The table indicates the number of rows and columns in Matrices A, 


Number | Number of 
Matrix | of Rows Columns 


B, C, D and E. 





Which of the following multiplications are possible? 
(a) AB (b) BA (ce) #&C id) «Cé&, (e) AD 
(f) DE gis CE, (h) BD (i) DB 


B 2. Write each product as a single matrix, where possible. 


3 1\/1 3 ye Ge 
(a) bs Bile B (b) in: = lee >) 
25h qutiay ees 
| (ee) ia) (5 alheg ) 
Ae w eh -2 =gINeG! % 
it Lignan 6 Meo eee 
a ) (ia 4 -2hi 6 5 =o 
o i/\2 9 


PA NW AP Pte 7 
(og) t=2. 3. (GAR 9 6 (hy 33 182) ie 


=9)8. 293 Eee 3 
: 2 5 0\ 71 e0nO 
pene -3) i) le. 21> | Ome 
ATT 3 O//\0 0m 
ei Uy 3 3) Wi ple 
(k) [0 1 Of —5 ip (CiN 23. 6 
0; 0017 Neo 2). \ebeas 
Aaa 
obi nF 817) (6p ane: 2G NeRING entt S06 
(m) [4 -2 -3 0 in){ 4 -1]( ) 
eel A= =) oes 
62-21 eA ae =) 
Fine © 
3. eo sano eet t71 em 
(0) slaln Sau elas (pel). Sa00448.o $1000 
Ow Hy Aces el 2/08 0OR 


3. The Best Book Company bought the publishing rights to an exciting 
novel, ‘Diary of a Mad Mathematician’”’. The book was published in 
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hard cover and paperback. The following table gives the number of 


each type ordered by 4 stores. 

oes 
100 | 300 
160 | 300 
see [0 | 0 


(a) If each hardcover edition costs $8 and each paperback $1.50, use 
matrix multiplication to determine the amount owing to the company 
by each store. 

(b) The stores sell each hardcover book for $10 and each paperback 
for $2. The book is an instant best seller, naturally, and each store 
sells all its copies. Use matrix multiplication to determine the gross 
profit for each store. 











4. The Deuce Racquet Company makes and distributes 3 models of 
tennis racquets— ACE, STAR and PRO. The following table indicates the 
number of each type ordered by 5 stores. 





If the ACE, STAR and PRO models cost $15, $30 and $60 respectively, 
use matrix multiplication to find the amount owing to the company by 
each store. 


— —1 
5. a=(7 5). 8=( : 5) and C=( ° ) show that 
1 -1 —1 0 —2 3 


(a) AC#CA 

(b) A(BC) =(AB)C 

(c) A(B+C)=AB+AC 

(d) (A+C)B=AB+CB 

(e) (A+B)?=A?+2AB + B? 
(f) (B+C)(B—C)=B?-C? 
(g) (B—C)? = B*-—2BC+C” 
i Aa Az 


matrices and vectors 


209 


300 


fmt: senior 


C6. Solve the following matrix equations. 


(5 a)(y)=(5) © ( 3)y)-() 


prc j 4 Jad Ades \/ 3) WAS 
eC) als 2 ao}-(' 
Z 3. 3 -2)\z 3 


9.3 DETERMINANTS 


Associated with each square matrix M is a real number called the 
determinant of the matrix. Determinants will be used later to solve 
systems of equations. 

For a 2X2 matrix, if 


An r 
Cad 
then 
For example, if 
= 
a fe | 
then 
det X = (3)(4) — (—1)(2) 
=12+2 
=14 


To denote the determinant of a matrix we place vertical lines left and 


a b 
right of the entries. Therefore if A= (é ) we write the determinant 








d 
b 
of A as detA or at 
Rewriting the result of the example above we have 
By 
=14 
24 
To find the determinant of a 3x3 matrix we use the idea of a minor 
s 1 4 
The minor of the entry 3 in the matrix | —2 5 —3] is the determin- 
=A) aaa 2 


ant of the 2x 2 matrix remaining when the row and column containing 
3 are removed 


The minor of 3 is 0 —(8)—7, 





2 


4 
The minor of 5 is | = 6—(—16)=22 


-4 2 





eye 


The minor of 3 
e minor 0 IS a Agee 








To find the determinant of a square matrix of order higher than 2 we 
expand the determinant by minors about any row or column. 

To do this we 

1. choose any row of column 

2. find the minor of each element in that row or column 

3. multiply each element by its minor and by (—1)'*! where i and j 
are the row and column numbers of the given element 

4. add the values found in step 3 
It turns out that we always get the same result no matter which row or 
column we choose in step one. 


EXAMPLE 1. Find the determinant of 


32 SS 
il 6 
2 4 —4 


Solution 1 
Expand by minors of the first column 


ie 2. Sa} 




















= =2 = =2 =8) 
1 (5 f= (Say VseShsx t Seis Z ’l sa Wy eae | 
“bo ial A =i 6 
2 A 
=1x3x(—20)+(—1)x 1x 20+ 12x (—15) 
O07 0530 
=-110 ¢ 
Solution 2 
Expand by minors of the second row 
6 = 8! 
oe = 6) Sse S) =f 
ly Fal Cl (1)aneal 4 (219242 (=1)x J (1 2436 x | 
E=ajaitoating| 6) acl ta 1b )9<i5 ogy laid —1) hor 
Do f= 








=(—1)x 1x 204+1(—1) x (-6)+(—1) x 6x 16 
= —20+6-96 
=-110 


Expansion by minors can be used to evaluate determinants of fourth 
and higher order. 
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EXAMPLE 2. Evaluate 


3 leer Oar t 
leet sO 
0)» Oger 2 31 
2 OP aa) 


Solution 
Expanding by elements of a row or column that contain zeros 
simplifies calculations. 

















: ‘ : : 1. len 3 oda uO 2enki en Sadan) 
woe tees OE -1)1- 10 O 2!+0x|0 O 2| +(-1)x1x]1 -1 3/+0x/1> =1 3 
: pp eae Fen Ve OB. 9 "Geo om 6" 
2 2 Ges Dee) 
‘Leet eS S° ater 
=(-—1)x]/0 QO” 2)-(=1) x11 1 3 
2 0 -2 pe eate Fee) 
= ( Noe (Esai )Se " J+0x| al+0x|, 7) 
pes he eD, eh 7 
(>| slot siteaxf al) 
= > = 
oe 24 3] ern mom) 
ip 2 0 3 2 
(G A-GLS 
2. =2 fans i =a 
=—(=4)—(124-10) 
=-18 


The following is an important property that can be used to simplify 
the computation of determinants. 


An equal determinant results if each element of one row is 
multiplied by k and each resulting product is added to the 


corresponding elements of a different row. (Row can be replaced 
by column) 





We use this property to obtain a determinant having at most one 
non-zero element in a selected row or column. 


EXAMPLE 3. Evaluate 


3. 1 3 
12 See 
24 eel 
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| Solution 
Multiply row 3 by 2 and add to row 2 


—1 2 ~—2|=|2x(2)+(-1) 2x(4)+2 2x(1)+(-2)/=/3 10 0 
Pay Sy 2 4 1 2 Aes 


Multiply row 3 by 3 and add to row 1 


2 3 3x(2)+3 3x(4)+1 3x(1)4(-3) ey ie © 
BFF 10 Of 3 10 0 =/!3 10 O 
7 4 1 2 4 1 2 Al 


Expand by minors of the third column 











oe =} 10) S) Ue 
3°10. 0} =(=1)"x0% +(—1)?*?x0x | (1x1 % a 
2a. 20 4. 10 
2 41 
a: i 
Sa0 
=51 


EXERCISE 9-3 


1. Evaluate the determinant of each matrix. 


Bi Gf) mmorm (etornear( 2) ua (8s 9 
WE) oF, @6) wl) 


2. Evaluate the following. 


31,'42 —-1 -2 5 Ato 22! te3 2 #1 -4 

fayi=3 0 1} (b)] 2 3 4 (c) | 1 0 =2\(d) f 48e22ee2 
ies Ou 2 0% O44 3-2 4 =I 3 0 
2-1 #1 0 3 -2 212 5e-3 31.2 

i, 2-3! (f) |=2 el eeaG) AA le lal Sith) |[=1 4. 92 
4-4 5 5 -1 3 -2 -5 2 -2 -3 

3. Evaluate the following. 
Day 3) 4 5 1-1 -2 a) Eq oO 
0 -2 00 ahagag a an SAer sil SEZ) 24 

Res 2 el aoe BN lot =2 (24 
Osu =3>.0 —2\.0 .=3, 13 Mm 4.32 4 
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C 4. Evaluate the following. 





(a) | OO een On 0 (b) |1 —1 0 0 1 
=] 0 | @ @ O @ 2B 4 0 
| =a 210 1 0 Te Ome: 
2°10 fei 2 OU One ORO at 
1 1 1 @ =! 1 i Pe=Ghog 2 

5. Solve the following equations for x. 

x @ =2 XG BAZ 

(a) ila xX elias (Didi dled 0 
I 1 Om Olex 

a b | a | 
6. Prove that = 
c+ka d+kb Caad 
a fa) 
7. Prove that (a) |b c a|=a*+b*+c*—3abc 
C laetb 
a*eta 1 
(b) ib 1b W=(a—b)\(a—chb—-c} 
CRC w| 


9.4 INVERSES OF 2x2 MATRICES 


If x is any non-zero real number, then its inverse for multiplication is 


or x: 


1 
x 
That is 


X XG Xa Xe 1 


Similarly matrices A and A ' are inverses with respect to matrix 
multiplication if 


Ax ARIaA “<Ae! 


where | is the identity matrix and A and A ' are square matrices of 
the same order. | must be of the same order as A and A '. 
For example, if 


22 2 -1 
re ) and Aiea ) 
34 =5 1 
then 
Dae 2 -1 APRS) 
aA = {elegy aie (ome) 
3 4/\-5 1 Om 
and 


a e( ie ls e)efo 3) 


304 fmt: senior 





EXAMPLE 1. Find the inverse of 


1 -2 
Ted 
3 -4 
Solution 
Let 
wD 
c d 
Then 
MxM ‘=! 


i Bale y= (1 i 
OB A)\\G Urch/ 250181 
(Sat ark A 
3a—4c 3b-4d im \Oan4 


Placing corresponding entries equal we have 


a=2c=s- @) and b-2d=0 © 

3a—4c=0 @® 3b-4d=1 @ 

@Mx2 2a-4c=2 @ @x2 2b-4d=0 © 

3a—4c=0 @ 3b-—4d=1 @ 
subtract —-a=2 subtract —b=-—1 
a==2 jo) = || 


substitute a = —2 inQ) substitute b =1 in@ 


3(—-2) -4c =0 3(1)\—4d =1 
—6—4c=0 3—-4d=1 

~4c =6 —4d =-2 
c=-3 d=3 


EXAMPLE 2. Find the inverse of 


ial abe 
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Write 100 using five 7's. 
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Solution 
Let 


Then 


MxM ‘t=! 
is Ale. i) os t ") 
c d/\x y O=at 
(7a oe, \= (; A 
cv+dx cw+tdy 0) 4 
Placing corresponding entries equal we have 
av+bx=1 @ awt+by=0 © 


cv+dx=0 @ cw+dy=1 @ 


By solving each system we find that 














d —b 
= W = 
Smead (he ad—be 
tye a a 
«ad =be YS adbe 


providing that ad —bc#0. Notice that ad—bc=detM 
Substituting the results for v, w, x and y in M ', we have 
d =16) 
ad—bc ad—bc 
CG a 
ad—bc ad—bc 


1 ( d ey 
= x 
ad—bc —C a 





M ‘= 

















We can start with A 'xA=! instead of AxA '=! and get the same 
result. You can find the inverse of a 2X2 matrix provided that its 
determinant is not 0. If det M@=0, M has no inverse. 


b 
Given Me is ), to find M>"we 
eG | 


(i) interchange a and d 
(ii) replace b and c by their negatives 


(iii) multiply the resulting matrix by 





det WM’ 
A matrix which has an inverse is said to be invertible. 


EXAMPLE 3. /f 
AA 
Wi 
a) 
find A ' 


Solution 
Since det A = —6—(—4)=-—2,A ' exists. 
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EXERCISE 9-4 


1. Find the inverse of each of the following, if one exists. 


BG Meat) ae8, (23 
Bee 2) Mae ey fa (ee 


eiewacastes Tt 





9.5 2x2 MATRIX EQUATIONS 


The linear system £ 
2x+y=5 
Nie? Va 


can be expressed as a matrix equation 


@ 0)-(3 
Goi) 


The matrix 


is called the coefficient matrix. The determinant of this matrix is —5 


and its inverse is 


Since 


(; 2)(y) 


(ae 
x-—2y 


matrices andvectors 307 


308 


fmt: senior 


OIN ais 


gh pret 3 
"\=1 92 oo 


Multiplying both sides of the matrix equation by this inverse we have 
(HG ate ales 
$8) \AD 2) \V oe dee) 
Gy ailatelee 
Nae=2 
(7)=(3) 
x=1 and y=3. 


If the coefficient matrix is not invertible the equations are either 
inconsistent or dependent. 


ai= on 


EXERCISE 9-5 


1. State the matrix equation for each system. 


(a) 2x+3y=5 (Drax (c) x+3y=-4 
3x-— y=2 3x+y=0 3x-— y=8 
(d) 3x+4y =—15 (e) 2x+7y=-6 (f) 5x+y—7=0 
5x—2y=1 3x— y=14 2y—-x=3 


2. Determine the determinant of the coefficient matrix of each of the 
following systems. 








(a) 2x+ y=7 (b))—3x+y=8 (Cas 225 
3x+5y=4 4x-y=7 6x+4y=1 
(d) 5x— y=6 (e) —3x+2y=-1 (f) 2x—3y=8 

4x+2y=9 4x—-3y=3 —6x+9y =—2 
3. Solve each system by the method of this section. 
(a) 2x—=y=4 (b),3x— .y=5 (c) 2x-+y =1 
x+2y=7 2x +3y=7 5x—y=—3 
(d))3x+5y——27 (e) 8x+ y=-1 (fe 2x SV. —5 
5x—4y=—8 Axe 3Y—7 1X20 
(g) 4x =3—3y (h) 2y=—8x=5 (i) 5Sx—4y=1 
1=3x+2y 12x+11=4y —7x+3y=9 
4. Solve by the method of this section. 
x 
(a) 3x+y=7 (b) x+y =—52 tbesiialpoce 
saps aya 3 = 
Se | x—5sy =—6 ax+y=1 
Seapel)  Wyeas e2 
d) x+y=-4 e =—1 
(d) Via (e) 3 4 
5x— 19 65,7 
3x —4y =-3 - 
hipa 3 4 


5. Flying with the wind a plane travels 3000 km in 5h. The return trip 
against the same wind takes one hour longer. Find the wind speed. 


9.6 CRAMER’S RULE 


We shall now develop another method for solving systems of linear 
equations. 
We first solve the following system using the elimination method. 


ax+by=e @ 
cx+dy=f @ 























Solving for x Solving for y 
@xd adx + bdy = de @xe acx+bcy=ce 
@xb cbx + bdy = bf @xa  acx+ady=af 
subtract adx—bcx = de-—bf subtract bcy—ady =ce-—af 
x(ad — bc) = de — bf y (bc — ad) = ce — af 
de —bf ce —af 
— ve 
ad—bc bce—ad 
A af—ce 
li == 
4 ad—bc 
e | ae 
d Cant 
x= anc) YW=—— 
a "| a 4 
Cua Cand 








These two equations are called Cramer’s Rule for 2x2 systems. 


Cramer’s Rule is often written as 


where D is the determinant of the coefficient matrix, D, is the deter- 
minant formed by replacing the coefficients of x in D by the constant 
terms and D, is the determinant formed by replacing the coefficients 
of y in D by the constant terms. 


¥ 
aa 








For 

ax+by=e 

cx] dy—f 
a al 

p= 

& 
b 
D=\5 | 
fad 
ae a ‘| 
Beto ¥ 
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EXAMPLE 1. Use Cramer's Rule to solve 





3x+2y=—-9 
4x-3y=5 
Solution 
=O ya 
D D 
Determine the pattern. Re | i | 
Find the missing number. =) 4 5 
a 2 4 3 F | 
4a 4 -=3 
_ 27-10 15 =4=36) 
=—9—s 29-3 
soe cals 
=i Sues 
=-1 =-3 





Cramer’s Rule can be extended to solve a system of n equations in 
n variables, provided the determinant of the coefficient matrix is not 0. 
For a system of 3 equations in 3 variables 


a,x+b,y+c,z=d, 
ax + boy + C2z = d, 


a3X + bay + C3Z =d3 


ah lop Be hy loa 

Di= "asa C> (DeeS ro lay «Gs 

Gy le Ge ly (ey (On 

F: Peo Pu o>" ey lekp tol 

Di =| a2 dz C2 DP |taa DoanGs 

43 d3 Cz a, bs d3 
If D#0 then x D.. ig d D. 
en x =—, y=— and z=— 
nets) D 


EXAMPLE 2. Solve by Cramer’s Rule 
2X Vs oZ = — 2. 
xX—2y+2z7=—7 
3X—UyV.— bz 
310 
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olution 











2 1 3} 
D=)1 =2 2 
3) — =1 
add row 3 
to row 1 
5 0 2 
=| 2 2 
sq) 4 
add (—2) <x row 
3 to row 2 
5 0 2. 
= || =) 0 4 
3)7=1 =1 
Ey 
= (=) =x (=i) x | 
(x(x | aa 
= 30 
=2 1 3 2-2 3 
=|-7 -2 2 D,=|1 —7 2 
Sal 3 3 =" 
add row 3 add 2x row 3 
to row 1 to row 2 
1 0 2 22. 3 
=|—J —2 2 =(7 =] 0 
Sa | 1 As 3 3 -1 
add (—2) x column add 3x row 3 
1 to column 3 to row 1 
1 0 0 11 7 0 
=|—7 =e A SGP 5] 0 
Sy =) =e 3 301 
—2 16 11 7, 
=(—1)'"*x (a) x | (1) oc (ex | 
1 GIA 56 ngs 1) (= NPS St oa 
= 30 = 60 
D, 30 Dea 60 D; —60 
x=—=—=1, y=—=— =2, ee ed 
D 30 D 30 D 30 


2 | =2 
| = =7/ 
3 = 1 3 
add row 1 

to row 3 


D, = 








2 | =” 
=|) 72 = 7/ 

5 0 1 
add 2x<row 1 
to row 2 

a 2 
=| (0) = 4)4] 

sy. (0) 1 


14+2 5 an 
= (-1)"?5<(1) x |e | 





=-60 
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EXERCISE 9-6 


1. Evaluate the following determinants. 


























by 8) Ss) 6 3 =s 
b d 
(2 lzulea of al bie @ |) | 
=| = > —1 =7) 4 ies ;| 
f h 
(e) | 5 | ‘jo. ig) |e (Oe Pi ors 
2. If Cramer’s Rule is used to solve 2x +3y =7 
4x+5y=8 
h ee d a 
then x=——— and y= : 
ae os | 
3. If Cramer’s Rule is used to solve 3x— y=—4 
2x—-5y=7 
h teal 4 log? 3} 
ing) <=—=—— ane v= : 
te caall | €2. 4] 


4. Solve the following systems of equations using Cramer’s Rule. 




















(a) 2x+3y=4 (b) > x=3y=5 
3x+ y=7 4x+5y=9 

(c) 3x-—4y=6 (d) 7x+2y=-2 
2x—5y=8 4x-— y=—-4 

(e) 5x -—3y+4=0 (f)e2xXcesv— 
6x+5y=4 4x— y=7 

(g) 3y—2x=5 (h)3x=2y—4 
4x+5y=1 4x—y+6=0 

5. Solve the following systems of equations using Cramer’s Rule. 

(a) 3x-—4y =6 (b) 2x+9y=-1 
2x—5y—-2=0 4x+y=15 

(C23 V0 (d) 0.5x+y=4 
4x+ y=-—14 0.2x +0.3y = 1.3 

6. Solve using Cramer’s Rule. 

(a)2xas yr z=3 (b) x+2y+3z=14 
x+2Vy— Z=—3 2x+3y—2z=2 
B= Ware Sts} Si = DWsree = 11 

(c) 3x+y+z=4 (d) 2x+y—z=-3 
Pea PW ae 7a =" x+3y+z=0 
6 IN ya 7 3X—2Ve, 22 

(e) 3x-—2y+z=1 (f) x+2y+3z=—13 
x+2y—3z=9 2x—y+2z=-4 
4x+y—2z=12 3x+2y—z=-—1 

7. Solve the following systems using Cramer’s Rule. 

(a). Wx —=V- zi (b) 2w+x+y-—z=-2 

2w-x-yt+z=—1 w-X-y+z=2 
Wi Xa 226 w+2x+y—2z2=——3 
w-x+2y—-z=8 2w-x+y—z=—4 

8. Show that\k| me et ens (ed a 

baa fo». @l kb kd 
9. Find the value of By oan 
d a .c 

















10. Verify that Cramer’s Rule is correct for 3x3 systems. 


9.7 SOLVING SYSTEMS USING THE 
AUGMENTED MATRIX 


For the system of equations 
2x+3y—z=-2 
Sx 4y-22—5 
2x—2y+z=12 


the matrix 
2 3 -1 
3 4 7a 
2 -2 1 


is called the coefficient matrix. 


The augmented matrix for this system is 


2 = 2 Le |e 


The vertical line segment in the matrix is just a reminder that the first 
three columns come from the left side of the equations and the last 
column from the right side. The augmented matrix is a notation that 
avoids repeatedly writing variables and equal signs when solving 
linear systems. 


Three row operations are permitted. They produce equivalent mat- 
rices because the related linear systems are equivalent. 
The operations are 
1. the interchange of any two rows 
2. the multiplication of all elements of a row by the same non-zero 
number 
3. the addition of the same multiple of the elements of one row to 
the corresponding elements of another row. 
The goal is to get an equivalent matrix in the trianglar form 


0 0 d, 
0 d, or 
ds 
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EXAMPLE 1. Solve 
2x+3y-z=—-2 
3x+4y+2z=5 
2x—2y+z=12 


Solution 
2 6) =| || = 
The corresponding augmented matrix is 3 4 2s 
2 =P a alee 
4 1 0/10 
Add row 3 to row j and replace row j with 
3 4 2 
the result. 
PL PR WAN 
3 4 1 O} 10 
Multiply row 3 by —2 and add to row 2 and = poeolna 
replace row 2 with the result. 
22 a2: 


=33) 050 )2909 
=I 5} Oba) 
Dy eel ee 


Multiply row 1 by —8 and add to row 2 and 
replace row 1 with the result. 


The matrix is now in triangular form which represents the following 
system, which can be solved readily. 


-—33x=-99 @ 
-x+8y=-19 @ 
2x-2y+z=12 © 


Since —33x = —99, x =3. 
Replace x by 3 in equation 2 to give y = —2. 
Now replace x by 3 and y by —2 in equation 3 to give z=2. 


x=3, y=—2 and z=2 


EXERCISE 9-7 


Solve the following systems by the method of this section. 


LagX tV$ZS2 2. 2x+y+z=6 
2X Vga Ze. Se) Srp AS 
x+2y—-—z=5 SXEPS View ZZ 0 

3. x+y+z=6 4. 3x —2y+3z=21 
3x —2y+2z=10 2X 22 — a, 
2x+y-z=2 3x+2y—z=5 

5. 2x+y+z=3 6... x+2y-—z=—3 
3x-y+z=9 2x —2y—-z=8 
x+2y—2z=—4 3x+3y+2z=7 


7. 3X Ve 0 8. 2x+y—2z=16 


PACA EN) = Pid = 4] SX 2V4752——1 
AX 2Y 1 32/— a5 AX SV, 

9. w+x-ytz=2 10. 2W+x-—2y-—2z=5 
w-—x+2y—z=6 w+2x+y+3z=6 
PAWN) = RSE WV = Fare NS SHY = 3645 Wi = 2 = PD 
3w+2x—y+2z=-1 2B SX 2Y —2—=—2 

11. 2x+3y=8 12. 4y -3z=-—10 
2z—-y=4 3x—2y=-—4 
3x+2z=9 2z+5x=—6 


9.8 VECTORS 


A vector is a mathematical object which has both magnitude and 
direction. For example, a force is a vector because to describe it you 
must state in which direction it is acting and with what strength. 
Velocity is another example of a vector. To describe the velocity of a 
jet you give the direction and speed of the jet. 


We denote a vector by an arrow on a 
letter, such as V, or by an arrow on a line 
segment such as AB. Figure 9-1 shows three 
parallel line segments which represent three 
equal vectors AB, CD and EF, since they 
have the same length and direction. In Fig- 
ure 9-1, each terminal point of the vector is 
reached from its initial point by a displace- 
ment of 2 units to the right and 3 units 
upward. We indicate this by writing AB = 
asi, CD = [2,3] and EF=[2, 3]! 





















































Figure 9-1 


In general, if a and b are real numbers then v=[a, b] defines a 
vector which is represented geometrically by a displacement of a 
horizontal units and b vertical units. 


The magnitude of a vector v is the length of the line segment which 

represents its as B 
If AB = [2, 3], then |AB| is the length of AB which can be found using 

the Pythagorean Theorem 





|AB| = V2)? + (3) 3 
=i 


The magnitude of the vector v = [a, b] is A 


\v|= va? +6 
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There are two ways of determining whether vectors are equal. 


Algebraically Geometrically 
If =u eo 
AB = CD 
Uu = (a, b] : , 
if and only if 
and (i) |AB|=|CD| 
(ii) AB || CD and have the same direction 
v=(c, d] 
then 
av, 
if and only if 
(i) a=c 
(i) Boral 


When working with vectors we call real numbers scalars. The 
operation of multiplying a vector v by a scalar k is called scalar 
multiplication and the result of this multiplication is another vector. 
The following diagram illustrates scalar multiplication 


V 
-—e_—_—_—_—_— 
2v 
—- 
3V 
> 
1 
2V 
———e 
Iv 
Sn SENET 


In general for any real number k we define kv as follows. 


If v=[a, b], then kv = [ka, kb] 


or k[a, b] = [ka, kb] 





We compare kv with v: 
(i) The magnitude of kV is 


|kv| = V(ka)? + (kb)? 
= Ra EB? 
= Vk?(a? + b?) 
= VR are 
= k\v| 
The magnitude of kv is |k| times the magnitude of v. 
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. su, Uday 19) = 
(ii) The slope of kv is ie = Pat slope of v (a#0) 





Thus kv is parallel to v. 
If k>0, kv and v are in the same direction. If 
k <0, kv has the opposite direction to v. 























EXERCISE 9-8 


1. Determine the following vectors. 


(a) A(3, 2) to B(5, 6) (b) M(1,0) to N(7,9) 

(oye (—253)) to D(—4, 7) (ace (= 3st) 10) F (5,4) 
(e) -R(3,—7).to-S(—2; =3) ti) G (= 27-9) 408 (—7.75) 
iSiaiKk2, 0} to L{—5, —=3) (h) o(4)-5) to T(=112-9) 
(i) P(=1,7) to O(4,—11) (i) eAi—5, —3),to B(2,3) 


2. Find the terminal points of the directed line segments which rep- 
resent the vector [4, —3] if the initial points are as follows. 

(a) (3, 2) (b)a(= 17 =3) (C)h(—7, 7) (d) (6,9) 

(e) (—4, 3) 


3. Find the initial points of the directed line segments which repre- 
sent the vector [—2, 5] if the terminal points are as follows. 


(a) (6, 2) (Oy as) (c)E(=6,.7) (d) (8, —9) 
(e) (2,5) 

4. Express each of the following vectors in the form [a, b]. 

(a) 2[3, —4] (b) —3[2, 5] (cy) =2[—4)"1] 
(d) 3[8, —14] (elie-zl=15, 9] (f) 4[—3, 0] 


5. (a) Plot the points A(3, 2), B(—2,5), C(—4, —6) and D(1, —7). 
(b) Draw the following vectors and express each of them in algebraic 


form... —> = ~ 

(i) AB (ii) CD (ili) DA (iv) CA 

(v) CB (vi) BA (vii) BC (viii) DB 

6. Determine the magnitude of each of the following vectors. 

(a) A(3,1) to B(—4, 6) ((Le)) (ls), 5) i (Oy, =) 
(c)mE(O,—5) to F(—Sy/) (a) G(2, —S)sto: H(—5, —6) 

(e) M(—1,6) to N(6, 4) (f) (77,0) to) ‘@(=37 6) 

(g) R(7,7) to S(—5, 4) (h) A(—11, —2) to B(—5, —8) 

7. Determine the magnitude of the following vectors 

(a) 2[-3, 4] (b)-=Shiy=2] (c) 2[—4, -8] (d)i=a1=12-15] 
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9.9 ADDITION AND SUBTRACTION OF 





VECTORS 
A B 
mn B Consider a plane flying due east at 
300 km/h, We represent this velocity by the 
vector AB. A south wind of 50km/h is en- 
countered, We represent this velocity by the 
€ vector BC. The resulting velocity _of the 
A B plane is represented by the vector AC. 
é; 


This method of adding vectors uses the Triangle Law. The initial 


point of the second vector coincides with the terminal point of the first 
vector. 









The Triangle Law 

a = - => SS 
If u=AB and v=B8BC then u+v 
is represented by the third side 
of AABC: 0+V=AC. In short 


AB+BC=AC 














The Triangle Law illustrates how vectors can be added geometri- 


cally. This method is especially useful when adding three or more 
vectors. 


2 
x, 


V 
SS eee ae 
u 
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The Triangle Law leads to the algebraic 
addition of vectors. In Figure 9-2 u=[4, 2] 
and v [1,5]. We can see from the figure 
that u+v =[5, 7]. Therefore 








[4, 2]+[1, 5] =[5, 7] 





Algebraic vectors can be added simply by 
adding the corresponding components. 























Figure 9-2 










Algebraic Vector Addition 
If d=[a, b] and v=[c, d] then 
u+v=[a+c, b+d]. In short 





[a, b]+[c, d]=[a+c, b+d]. 





A second geometric method for adding vectors is called the Paral- 
lelogram Law. 
In Figure 9-3, ABCD is a parallelogram. 


BA=CD A D 
BA || CD 
and BA and CD have the same direction. 
=> = 
BA =CD 
By the Triangle Law Z 
ee eee, a Figure 9-3 
BC+CD=BD 
= => = 
BC+BA=BD 


This proves the Parallelogram Law. 













The Parallelogram Law 

lf G =BA and v= BC then G+v 
is represented by the diagonal 
of the parallelogram deter- 
mined by BC and BA. In short 


> > > 
BC+BA=B8BD 
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In summary 


cs 
\ 





cv) Vv 
SSS SSS 
U U 
Given Triangle Law Parallelogram Law 


The opposite (or negative) of a vector Vv 
(written —v) is the vector having the same 
slope and length as v but with the opposite 
direction. 





The opposite (or negative) of the vector v =[a, b] 


is the vector —v = [—a, —b] 





Also 
v+(—v)=[a, b]+[—a, —b] 
=[a—a,b—b] 
= [0, 0] 


The vector [0, 0] is a special vector which we call the zero vector and 
denote by 0. It has a magnitude of 0 but is not considered to have a 
direction. 


= 70 => ~ 


The difference of two vectors U and V, U—V, is U+(—Vv) 
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If d=[a, b] and v=[c, d] then 
a—-v=u+(-Vv) 
=[a, b]+[—c, —d] 
=[a—c, b—d] 
Thus 
fa, bDl—le, d|=|[a—c, b—d] 


EXAMPLE 1. Express the following in the form [a, b]. 
312 2[=2, 1\hal-3,—1] 





Solution 





3127-4] = 2[=2, 1)={[=3, =1] 
= (6,12! [4, =21--[3, 1] 
= (13, —13] 


EXERCISE 9-9 


1. Find the following sums of vectors. 





(a) [3, 2]+[—4, —1] (ley) =e, =ZISe I, 

(c) [—5, 1]+[6, —3] (d) (2, —3]+1[1, 4]+ [0, 5] 

fer 072i laos Ol 1,1] (fy 13s ol 41 3, 7 
2. Find the following differences of vectors. 

faytl57 Sle (2721 (by 167p— 3) 4 [44-2] 

fovea ty 3) [=2,; 5] (d) [6,.0|=12.— 7 

(2) 18.5, — 1.3) alae. 1h (f) [p,q]—[m, n] 


3. Express each vector as the sum of two other vectors. 


(c) 


(a) (b) 
R ae A G 
P Q R S B 


4. Given that ABCD is a parallelogram, A D 
name a single vector equal to 
(a) AD (b) ED 


(AE (dlc 
(ey AE © FR aon (feb CaCO 
(g) AE+EG _(h) AB+BC 

(i) BC +CD+D 

(i) BA+AE+ED+DC B fe 
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B- 5. Redraw the following pairs of vectors and find their sum using 


(i) the triangle law 
(ii) the parallelogram law 


(a) (b) 


aa! 
St 


next Mae 


sn acl 


~ 


u 


6. Redraw the following pairs of vectors and find their difference G —Vv 
geometrically. 


(a) (b) 


<I 
cy 
<b 


See 


- 


Uu 


7. Find the following sums and differences of vectors 
(i) algebraically, and (ii) geometrically 











(a)Z[3, 21 [4,—2] (by [= 2) iis =A] 

(cya 42) [3,5] (@)) I= Aa 

(e) [2,1] + 1-4, 41+ 2, <5] (DIG) blag? -Slai~ 3774 

8. Express each of the following vectors in the form [a, b]. 

(a) 2[3, —5]+3[—4, —2] (b) 6[—2, —1] —3l—2, 5] 

(c)e4(= 12 —2|— 21s 2|— ip OF (oh) Sev = S)|S- at 7) S311), 33) 
(6) 21,9) 314.2) [37/1 (f) 314, —8] —3[9, 12] —s[—10, —20] 


9. Given the vectors d =[3, —1], V=[—2,5] and w=[-—1, —4]. 

(a) Find G+w, w—Vv and v—G algebraically and geometrically. 

(b) Find |u|, |v|, |w|, |u+w), |w—v|, |v—u| 

10. Redraw the following vectors and find the sum d+v+w+x 
geometrically. 








, 


at! 


11. Prove algebraically and geometrically that for any two vectors a 
and V, 


cy 
ae 
<x 
ll 
<i 
+ 
ci 


12. Prove algebraically that for any two non-zero vectors G and v 


lu| +|vj=la+| 


9.10 APPLICATIONS OF VECTORS 


Problems involving forces are simplified using some of the vector 
techniques we have just studied. 

To describe a force it is necessary to state 

(i) the direction 


(ii) the point of application IP? 
iii) the magnitude. a fn 
iO o 25 N 40 N 
Figure 9-4 

Figure 9-4 shows forces of 40N and 25N 
acting, in opposite directions, at point P. The R=15N 25N 
combined effect of these two forces is a 15 N i aes 
force acting to the right. This single force ee 


that has the same effect as the other forces 40N 


is called the resultant, The resultant is the 
sum of the vectors representing the two 
forces. 


One Newton is roughly the 
EXAMPLE 1. Two forces of 30N and 40N act at a point at an angle force exerted by your hand 
of 60° to each other. Find the magnitude and direction (to the nearest when supporting two golf 
degree) of the resultant. balls, 
2 

Solution TNS ike amis 

We find the resultant of the two forces by 
adding the two forces using the parallelo- 
gram law. 
In ABDC, since AB || DC, 


ZC = 180°— ZB = 120°( TPT) 
also 
BA =CD=40 
Using the Law of Cosines in ABDC 
(BD)? = (BC)? +(CD)*—2(BC)(CD)(cos C) 
R? = 307 + 40° — 2(30)(40)(cos 120°) 
= 900 + 1600 +1200 
= 3700 





R=61N 
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By the Law of Sines 
sin ZDBC_ sin C 
CD ~=BD 


sin ZDBC | sin 120° 
400% Dis 


40(0.866) 
61 


= 0.5679 
ZDBC=35° 








sin ZDBC= 


“. the resultant force has a magnitude of 61N and acts at an angle of 
35° to the 30 N force. 


Since velocity is speed in a direction, velocity can be represented by 
a vector. 

When a plane flies its velocity relative to the earth is the resultant of 
(i) the plane’s velocity through still air, and 
(ii) the velocity of the wind 


000° 


EXAMPLE 2. A plane is steering a heading 
of 045° at an air speed (speed in still air) of 
500 km/h. The wind is from 300° at 100 km/h 
(the direction from which the wind blows is 
always given). Find the ground speed and 
track (or course) of the plane. 


270° 090° 





180° 


Solution 
Adding the vectors using the triangle law gives a true picture of 
what is happening. 


caret WIND AND 


WINDSPEED 
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The parallelogram law gives a simpler solution. 
000° 

















090° 
30° 
09) 
WY 
180° 4 


By the Law of Cosines in ABDC 
(BD)? = (BC)? +(CD)* —2(BC)(CD) (cos C) 
= 100” + 500? — 2(100)(500)(cos 105°) 
= 234 000 
BD= 484 
By the Law of Sines in AABD 
sin ZABD_ sinA 
AD —-BD 
sin ZABD _ sin 105° 
100 484 
100(0.9659) 
484 


= 0.1996 
ZABD = 12° 








sin ZABD = 


.. the plane’s ground speed is 484km/h and it is making a track of 
057° (45°+ 12°). £ 

The topic of relative velocity is another important application of 
vectors. N 

Consider the following highway situation wn 
(Figure 9-5) involving a car (C) travelling at B (80 km/h) 
100 km/h, a bus (B) travelling at80 km/h and 2 == — — — — — — — — — 
a truck (T) travelling at 90 km/h. C (100 km/h) 

To an observer in a helicopter hovering \ LAS SO EIT 
over the vehicles their actual velocities are 
AOOKmAbewest ~SOikmoheawesteandeSO Kom 9 mee OS 
east. To someone sitting in the bus the car is T (90 km/h) 
passing at 20 km/h. We say that the velocity 
of the car relative to the bus is 20 km/h west. S 
The velocity of the truck relative to the car is 
190 km/h east. Figure 9-5 
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1 M=1 nautical mile 
= 1.852 km 
1kn=1M/h 


Note: The nautical mile 
and the nautical mile per 
hour, or knot, are not Sl 
units. And M and kn are 
not SI symbols (though M, 
k, and n are SI prefixes, 
meaning 10°, 10°, and 10 ° 
respectively). The nautical 
mile and knot are permit- 
ted for use in Sl for the 
time being because of their 
wide use in navigation. 
The nautical mile is based 
on the geometry of the 
earth. It is the mean length 
of an arc of 1’ along a 
great circle route of the 


earth. 
Figure 9-6 
360° 
TEX 
Vax 
ie 1 a 
x \ 
= 1 nautical mile 
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This phenomenon occurs because all velocities are relative to some- 
thing else. In the strictest sense the velocity of the car is 100 km/h 
west relative to the earth. The earth itself is flying through space at 
approximately 100000km/h and spinning as it goes yet we don’t 
notice it. In other words, when we look at a moving object, even 
though we are moving ourselves, we see the object as though we are 
stationary. The following, then, is the important principle for relative 
velocity problems. 

The velocity of an object A relative to an object B is v,—V,g where 
v, is the actual velocity of A and v, the actual velocity of B. 


EXAMPLE 3. A ship is steering 090° at 15kn. A tug 2M to the south 
is steering 045° at 20 kn. 

(a) Find the velocity of the ship relative to the tug. 

(b) Will the ship pass in front of or behind the tug? 


Solution 
Ship 1Skn To an observer above the two vessels the 
vector diagrams would appear as in Figure 
9-6 
(a) To an observer on the tug the velocity of 
the ship is v,—v; or v, +(—v,). By the Law of 
Cosines 


R? = 15*+ 207 — 2(15)(20) cos 45° 
R=14.2 kn 





Vs 


By the Law of Sines, 


sin 6 sin 45° 





R Ges oe 
A 20 14.2 
sin 6=0.996 
6 =85° 


To an observer on the tug the ship is steering 175° at 14.2 kn. 


(b) A scale diagram best illustrates the path 
; of the ship relative to the tug. 
Path of the ship The ship passes in front of the tug. The 


| 
\ 
_, | relative to the point of closest approach is calculated by 
a | tug finding the perpendicular distance from T to 
; the path of the ship. 
| 
| 
Te | 
| 








EXERCISE 9-10 


1. The diagram shows a highway situation 


involving a bus (B), car (C), truck (T) and van N 
(V). 
Determine B (95 km/h) 
(almthemvclocity sOlmtheacahsrelatives (Oe tee 0 \' si seueeminm ime n Sn 
truck. V(110 km/h) 
(b) the velocity of the bus relative to the car. C ES \\/ 
(c) the velocity of the bus relative to the van. C (105 km/h) 
(dj}ithe velocity of theivan relativetothe buss emeieL nae. so si ‘(i‘;;CCO 
(e) the velocity of the truck relative to the T (100 km/h) 
van. 
(f) the velocity of the car relative to the van. Ss 
(g) the velocity of the truck relative to the 
car. 
2. State the resultant of the following systems of forces acting at a 
point P. 
(a) 11.N i" 15N (b) pe as 
10N 
(c) Ne eer (d) i CiN mene: wees 22,N 
10N 20 N 16N 
f 
(e) 7N P ieee (f) 28.N P 35.N 
ON 37N 29 N 


3. Determine the magnitude and direction (to the nearest degree) of 
the resultant of the following systems of forces. 
(a) Forces of 60 N and 50N acting at a point at an angle of 60° to each 


other. 

(b) Forces of 50 N and 40N acting at a point at an angle of 30° to each 
other. 

(c) Forces of 7N and 8N acting at a point at an angle of 90° to each 
other. 

(d) Forces of 10 N and 9N acting at a point at an angle of 120° to each 
other. 

(e) Forces of 20N and 30N acting at a point at an angle of 153° to 
each other. 

(f) Forces of 11 N and 15N acting at a point at an angle of 34° to each 
other. 


4. A plane is steering a heading of 060° at an airspeed of 500 km/h. 
The wind is from 000° at 100 km/h. Find the ground speed and track of 
the plane. 
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5. If the wind is from 090° at 90 km/h and a plane is steering 225° at an 
air speed of 350 km/h, find the ground speed and track of the plane. 


6. A pilot wants his plane to track 300° with a ground speed of 
400 km/h. If the wind is from 100° at 80 km/h, what heading should 
the pilot steer and at what airspeed should he fly? 


7. A pilot maps out his flight plan and determines that to reach his 
destination on time his plane must track 170° at 500 km/h. If the wind 
is from 220° at 50 km/h, what heading should the pilot steer and at 
what air speed should he fly? 


8. A plane is steering a heading of 070° at an air speed of 300 km/h. A 
radar station reports that the plane is tracking 050° with a ground 
speed of 550 km/h. Find the wind speed and wind direction. 


9. A plane is tracking 250° with a ground speed of 400 km/h. If the 
pilot is steering a heading of 270° at an air speed of 750 km/h, find the 
windspeed and wind direction. 


10. A ship is steering 270° at 12 kn. A submarine 3M to the north is 
steering 225° at 16 kn. 

(a) Find the velocity of the submarine relative to the ship. 

(b) Will the submarine pass in front of or behind the ship? 

11. An aircraft carrier is steering 135° at 20 kn. A submarine 5 M to the 
east is steering 180° at 15 kn. 

(a) Find the velocity of the submarine relative to the aircraft carrier. 

(b) Find the velocity of the aircraft carrier relative to the submarine. 

(c) Will the aircraft carrier pass in front of or behind the submarine? 


12. A ship is steering 000° at 16 kn. Radar detects a submarine 2 M to 
the east with a relative velocity of 13 kn at 105°. What is the actual 
velocity of the submarine? 


13. The radar, on a ship steering 135° at 18kn, detects a submarine 
3M to the south with relative velocity of 010° at 16 kn. What is the 
actual velocity of the submarine? 


14. A submarine detects a ship 5M to the north. The ship is steering 
090° at 20kn. The submarine’s attack speed is 30 kn. What course 
should the submarine steer to intercept the ship? 


15. A destroyer detects a submarine 4M to the south steering 225° at 
20 kn. If the destroyer’s attack speed is 30 kn what course should the 
destroyer steer to intercept the sub? 


9.11 TRAJECTORIES 


In this section we shall consider the motions of objects whose 
trajectories lead to quadratic equations. To simplify calculations we 
shall neglect air resistance. 

For a bomber flying at 200 m/s its horizontal movement can be 
expressed as x = 200t, where x is in metres and t in seconds. If there 
were no gravitational force and a bomb were released it would 
continue to move horizontally according to the equation x =200t. 


However, an object falls according to d =3gt* where d is distance, t is 
time and g =9.8m/s? (acceleration due to gravity). 

If an object is dropped from a height of 4500 m its distance above 
ground after t seconds can be expressed as 


y = 4500 —4.9t? 


or simply y = 4500-—5t? 

Suppose a bomb is dropped from an aircraft flying at 200 m/s from 
an altitude of 4500 m. The path of the bomb can be described by two 
equations. 


Horizontal movement x = 200t @® 


Vertical movement y = 4500-—5t? Q) t=0 


Equations such as x=200t and y=4500—5t’ are called parametric 
equations and t is called a parameter. If the parameter can be 
eliminated then y can be expressed in terms of x. 


x 
Solving for tin @ we have t=—— 





200 
x 2 
Substituting in @ y=4500~5(57, ) 
x? 
= 4500 -—_— 
8000 
x? 
or y=- +4500 
8000 


The graph of this function is a parabola with 
vertex (0,4500). The bomb strikes the 
ground when y =0. 


x? 
0 = ———— +4500 
8000 
x? —36 000 000 = 0 
(x — 6000)(x + 6000) = 0 
x = 6000 or —6000 


-. the bomb strikes the ground 6000 m from 
the point where it was released. 


To find the time of flight for the bomb we substitute x =6000 in 
equation (. 


x = 200t 
6000 = 200t 
t= 30 
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Therefore to hit a designated target the bomb must be released 
6000 m before the target. The bomb will strike the target 30s after 
release. 


It is sometimes convenient to resolve a vector into its components. 
The components of a vector are found by projecting the vector onto 
the x-axis and y-axis. 





For F=[F,, F,], 
F,. is the horizontal component 


of F and F, =\F|cos @ 
F, is the vertical component of 
F and F, =|F| sin @ 





EXAMPLE 3. A sled is pulled along the ground with a force of 60 N 
applied to the handle at an angle of 30° to the horizontal. Find the 
force that moves the sled forward and the force that lifts the sled. 


Solution 











a soe 
60°08 30° A = sin 30° 
SLED F,, = 60(cos 30°) F, = 60(sin 30°) 
= 60(0.866) = 60(0.5) 
F, 
=52 =30 


A 52N force moves the sled forward and a 30 N force tends to lift the 
sled. 


Cannon Ball Trajectories 


We shall now use our knowledge of vectors to determine the 
equation of the path of a cannon ball. 


The initial velocity of the cannon ball is 
represented by the vector Vv. This vector is 
resolved into the components v, and v, 
which are the horizontal and vertical compo- 
nents of v as the ball leaves the cannon’s 





mouth. 
O Vx x 
The horizontal displacement along the x-axis is given by 
x = "Vit ©O) 


If there were no gravitational pull vertically downward the displace- 
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ment along the y-axis would be 
y=wt 


However, bodies fall according to the formula y=3gt?. Since the 
gravitational force is having a negative effect on the vertical displace- 
ment we write 


y=v,t—zgt? @ 


Solving for t in@ we have 


Substituting in Q 





Completing the square. 











I 
N 
<a 

N 
eT, 

=< 

a 
Qa 

N 
© 

N 








Vi.Vy\2 vy? 

o(x- 4 ae 
2V,. g 2g 
From this we see that the cannon ball reaches a maximum height of 
ve VV. 
— when x =—— 
2g g . 
Graphically we display the path of a cannon ball as follows. 





matrices and vectors 


331 


352 





fmt: senior 


EXAMPLE 4. A cannon is fired at an angle 
of elevation of 30°. The cannon ball leaves 
the barrel at 500 m/s. Determine 

(a) the maximum height reached by the ball 
(b) the horizontal distance travelled 

(c) the time of flight. 


Solution 
We first determine v, and vy. 


v,. = |V| cos 6 
= 500(cos 30°) 
= 433 m/s 

v, =|V| sin @ 
= 500(sin 30°) 
= 250 m/s 


2 

Vv 
(a) The maximum height is given by a 
g 





Vie i200); 
2g 2(9.81) 
= 3200 m 


; : ae 1 2V,.Vy 
(b) The horizontal distance travelled is given by a 


2v,.Vy _ 2(433)(250) 
g 9.81 


= 22000 m 








x 
(c) The time of flight is given by t=— 
Vv 


x 


_ 22.000 
433 


=51s 





EXERCISE 9-11 


1. A plane flying over a lake at 100 m/s releases a die marker from an 
altitude of 4500 m. 

(a) How far from the drop point will the marker hit the water? 

(b) What is the time elapsed from “release” to ‘‘splash’’? 


2. A rifle is fired horizontally from a cliff 
80 m high with a muzzle velocity of 800 m/s. 

(a) What is the horizontal distance travelled 
by the bullet? 

(b) What is the time elapsed before the bul- 





let hits the ground? 


3. A baseball is thrown horizontally with a velocity of 40 m/s at a 
height of 2m. How far will the ball travel before it hits the ground? 
4. Resolve the following into their horizontal and vertical components. 


(b) (c) 
ay 
§ sy 
5a 
S007y = 
§ 


5. A ball is thrown with a force of 80N at an angle of 25° with the 
horizontal. Determine the magnitude of the force that 


(a) 


(a) propels the ball forward 
(b) propels the ball upward 


6. A football is punted with a force of 100 N at an angle of 50° to the 
horizontal. What is the magnitude of the force that 

(a) propels the ball forward? 

(b) propels the ball upward? 


7. A rifle is fired at an angle of elevation of 10°. The bullet leaves the 
barrel at 400 m/s. Determine 

(a) the maximum height reached by the bullet. 

(b) the horizontal distance travelled. 

(c) the time of flight. 


8. In 1918 the Germans built a huge gun so they could shell Paris 
from great distances. It was nicknamed Big Bertha in honour of Bertha 
Krupp who owned the Krupp works where the gun was built. The gun 
was fired at an angle of elevation of 55°. The shell left the gun at 
2000 m/s. Determine 

(a) the horizontal distance travelled by the shell. 

(b) the time of flight of the shell. 

(c) the maximum height reached by the shell. 
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REVIEW EXERCISE 


1. i a=(" } 3) Bal z 5) and cal : 4): find 


1 Om 2 t =2 2 
(a) A+C (b) B+C+A (CEBbae 
(d) C—B (e) 2A+3B (f) 2C—3A 
(g) 2B—(A—2C) (h) —3(B—3A) (i) —(3C+B)—2A 


2. Write each product as a single matrix, where possible. 


Ce aie Preach Sw ra) 





a ee (: oh eae 
eileen iil ties Ne 
a2 iS 
23 Dae 
epee skvex. ib AOU 0\ / ad 
(e), (sO) = 2s A ORO (f) (° 1 O}f -1 ) 
eee ea hey Sie 5 va RW Oe 6 
1) 37 3. 1 29 “1\/ sen 
(g){ 2 -1 4 o (1 1 =1 =2 ee 
22 = 01) \=2 je 20 13/0 
3. Evaluate the following. 
3m la oe 4 11 Ano 
(a) ; Ea (b}@l4te =Bar0 (JON > coro 2 (djwi+2? e23ied 3 
1 =288 BOB IO64 a4) Jato 


4. Find the inverse of each of the following. 


(a) (s 5 (b) i 2) e i ) o ie e 


5. Solve the system by the method of section 9.5. 


(a) 2x+y=7 (b) 2x=3y=—14 (c)4x+7y——5 
3x—2y—0 3x 2y——38 6x—by=s 
6. Solve the following using Cramer’s Rule. 
(a) 5x+3y=-—4 (D)FAxeE Sy = 17, (c) 2x+y+1=0 
3x—2y =—10 3X2 AX=3yY— 17. 
(d) 3x—2y =—12 (e) 2x+3y-—z=7 (f) 3x+y-z=-7 
4x+5y=7 XE OZ ——3 2X SV-az = 2 
Sea War 72 0) Xe 2 Vie Zo, 
7. Solve the following using the augmented matrix. 
(a) 2x +3y—Z——1 (b)°2x-++3y-= 2z2=—=2 (c) 2w+x=y+2z==2 
3x —2y+2z7=—4 3x—-—y+4z=—15 SW S2xX yy =2z——9 
aA Vinay ay / Xen Ve = 2 w+2x—2y+3z=0 
2W= 3X 2V—2——3 
(d) 3x+y—2z=3 (e) 4y+3x+2z=-18 (f) 2x+3y=6 
X-+2V4.427.—0 z—2y+5x=-—4 2y —3z= 14 
Pay =2 OW) = (Bye 15) SV ee pexX— 3 3x-—z=-7 
8. Determine the vector and its magnitude. 
(a) A (2, 4) to B (3, 7) (D) PGi) ntow Dt 3n5) 
(c) E\(=3; a1) toves(4)— 2) (d) G (—4, 2) to H (0, —5) 
(e) K (6,—2) to L (4, —5) (f). M (—7,.6) to. N (—3,=1) 
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9. Find the following sums and differences of vectors 
(i) algebraically and (ii) geometrically 








fa) (2, 1]+[3, =2] (Db) [ea1,O]=[=3; 2] 

(c) [3, 4]—[—2, 5] (d).[4, =31+ [=2aa3] 

10. Express each of the following in the form [a, b]. 

(a) 2(3, 2)+4[—1, 5] (b) 6[—2, —1]—3[1, —4] 

(c) 5[1, —1]—[—3, 1]+2[6, 0] (d) 3[4, —6]—2[—1, —3] —3[-—2, 5] 


11. Determine the magnitude and direction of the resultant of the following systems 
of forces. 

(a) Forces of 30N and 50N acting at a point at an angle of 40° to each other. 

(b) Forces of 9N and 12N acting at a point at an angle of 100° to each other. 


12. A plane is steering a heading of 050° at an airspeed of 300 km/h. The wind is 
from 000° at 50 km/h. Find the ground speed and track of the plane. 
13. A plane is tracking 270° with a ground speed of 400 km/h. If the pilot is steering 


a heading of 300° at an airspeed of 350km/h, find the wind speed and wind 
direction. 


14. A ship is steering 090° at 15 kn. A submarine 5 M to the north is steering 120° at 
20 kn. 

(a) Find the velocity of the submarine relative to the ship. 

(b) Will the submarine pass in front of or behind the ship? 


15. A gun is fired at an angle of elevation of 40°. The shell leaves the barrel at 
1000 m/s. Determine 

(a) the horizontal distance travelled by the shell 

(b) the maximum height reached by the shell 

(c) the time of flight. 


16. A rifle is fired horizontally from a cliff 50m high with a muzzle velocity of 
700 m/s. 

(a) What is the horizontal distance travelled by the bullet? 

(b) What is the time elapsed before the bullet hits the ground? 


17. A ball is batted with a force of 100 N at an angle of 40° to the horizontal. What is 
the magnitude of the force that 

(a) propels the ball upward? 

(b) propels the ball forward? 
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REVIEW AND PREVIEW TO CHAPTER 10 


EXERCISE 1 MEAN, MEDIAN AND MODE 


The MEAN: the average 

The mean or average of a set of numbers is found by adding them together and 
dividing the total by the number of numbers added. 

For a set of values x,, Xz, X3,...,X, the mean is 





Mit XotXyt... +X, 





K= 
n 
The MEDIAN: the halfway 
When a set of numbers is arranged in order (smallest to largest), then the middle 
number is the median. If there is an even number of numbers, then the median is 
the average of the middle two numbers. Knowing the median enables one to tell 
whether any number is in the top half or bottom half of the group. 


The MODE: the most common 

The mode of a set of numbers is the number that occurs most often. If every 
number occurs only once, then we say there is no mode. It is also possible, 
however, for a set of numbers to have several modes. 


1. Calculate the mean, median and mode for the following data. 
(ey) By 7, ©) 7, &, Ge Gy, Sy We! 

(b) R12 S62 Oils 14225 SaGeai2 

(C)M2Z7Ee 20 MOS 2352252124 

(d) 47, 58, 63, 55, 52, 50, 46, 69 

(e) 107, 1345102) 101051 Wp 1218 1079 7102 


2. Calculate the mean, median and mode for the following data. 


(a) Value | Frequency (b) | Value | Frequency (c) 
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= 3. The following are the results of a grade 12 math test. 


73, 56, 40, 64, 63, 
GOs LORDS ano 20) 
SZ OAT 61, > 40 


®™ Calculate the mean, median and mode. Which is more useful? 


4 4. The following are the weekly earnings (in dollars) of 20 students who work part 
} time. 


327, 54,1 136,130; 30, 
AG. fhsy, ev, VO eye 
34, 36, 40, 42, 38, 
S228, 8°30) 32," 34 


Calculate the mean, median and mode. 


15. The following are the annual salaries of people employed by a company. 


ee 


(a) Determine the mean, median and mode. 
(b) Which measure best represents the salary paid by the company? 










6. A shoe store manager records the sizes of shoes sold in order to determine what 
shoe sizes to order. What measure of central tendency is most meaningful to 
him—the mean, median or mode? 


7. The mean mass of the students at Northern High School is 54 kg. The mean mass 
at Southern High School is 52kg. Can we conclude that the mean mass of both 
groups together is 53kg? Explain. 
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Probability 
and Statistics 


We see... that the theory of probabilities is at bottom only common sense 
reduced to calculations; it makes us appreciate with exactitude what reasona- 
ble minds feel by a sort of instinct, often without being able to account for it. It 
is remarkable that this science, which originated in the consideration of games 
of chance, should have become the most important object of human know- 
ledge. 

Pierre Laplace 


Blaise Pascal (1623-1666) 


Pascal’s father was a mathematician who at first kept mathematics 
books away from Blaise so that he would develop other interests. But 
by the time he was 12 Blaise had discovered so many geometrical 
facts on his own that his father finally encouraged him. Pascal was so 
much a child prodigy that by the time he was 14 he was meeting 
regularly with the leading French mathematicians of the day. When he 
was 16 he discovered what we call Pascal’s Theorem: If a hexagon is 
inscribed in a conic, then the opposite sides intersect in 3 collinear 
points. 


Pascal’s Theorem: A, B, C lie in a straight line 


In 1642, when he was only 19, Pascal invented the first calculating 
machine and eventually built and sold about 50 such machines. 








Pascal’s calculating machine (from an original model in the collection 
of Arts and Sciences Department of IBM). 


In 1654 his friend, the Chevalier de Méré, who was an able and 
experienced gambler, wrote to Pascal about a gambling problem. The 
| Chevalier had made a lot of money betting that he could get at least 
fone 6 out of 4 rolls of a die. But eventually nobody would bet against 
whim, and so he bet he would roll at least one double 6 out of 24 rolls 
of two dice. When he lost much of his fortune on this bet he wrote to 
| Pascal asking what had gone wrong. Pascal corresponded with Pierre 
Fermat about this problem and they both solved it by finding the 
appropriate probabilities. In the previous century Girolamo Cardano 
had founded the theory of probability, but Cardano’s work had been 
forgotten. The modern theory of probability has its origins in the 
| correspondence between Pascal and Fermat. 

Pascal is also famous for Pascal’s Triangle. (See Section 10-4.) This 
Harithmetic triangle originated in China about 1100 A.D. but it is called 
#Pascal’s Triangle because Pascal rediscovered it and developed and 
applied many of its properties. 












This chapter is mainly concerned with the principles of probability 
Hand statistics. However before starting our study of probability theory 
Bwe shall first look at some techniques for counting collections and 
outcomes which will be useful when we come to compute prob- 
abilities. 


10.1 COUNTING PRINCIPLES 


Suppose that A, B and C are three towns and there are 3 roads from 
A to B and 2 roads from B to C. How many routes are there from A to 
C via B? 


Figure 10-1 


If the roads are numbered as in Figure 10-1, then we can list all of 
the possible routes as 


(ay Gy Pah Alay SEE sis) 
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and so there are 6 routes. We could also use a tree diagram: 





and again count 6 routes. 
For each of the 3 choices of road from A to B, there are 2 choices of 
road from B to C. So the number of routes from A to C is 3x2=6. 


Similarly if there were m roads from A to B and n roads from B to 
C, then by visualizing a road or tree diagram you can see that the 
number of possible routes from A to C via B is mn. 

The kind of reasoning used in this example is called the Fundamen- 
tal Counting Principle. 





The Fundamental Counting Principle 


If the first choice can be made in m ways and the second choice 
can be made in n ways, then the number of ways of making the 
two choices is mn. 








EXAMPLE 1. John Dapper owns twelve shirts and seven pairs of 
pants. How many different outfits can he wear? 


Solution 

John can choose a shirt in 12 ways, and for each of these choices he 
can choose a pair of pants in 7 ways. 

.. by the Fundamental Counting Principle he can choose an outfit in 


12x 7=84 ways. 


The Fundamental Counting Principle can be used to find the number 
of elements in the Cartesian product of two sets. 

If A is a finite set, the number of elements in A is called the 
cardinality (or cardinal number) of A and is denoted by n(A). Recall 
that the Cartesian product of two sets A and B is AxB= 
{(x, y)|xeA, ye B}. If n(A)=r and n(B)=s, then in forming an or- 
dered pair (x, y) with x eA and ycB there are r choices for the first 
component and s choices for the second component. Thus by the 
Fundamental Counting Principle the total number of ordered pairs is 
n(AxB)=rs. 


n(A x B)=n(A)n(B) 


For example if A={1,3,5,7,9} and B ={2, 4,6, 8}, then 
n(A x B)=n(A)n(B) 
=5x4 
= 20 


When there are several choices to be made, the Fundamental 
counting Principle can be extended as follows. 


If the first choice can be made in n, ways, the second choice in 
nN» ways,..., and the rth choice in n, ways, then the total 


number of ways of making all the choices is the product 
@alneeo abe 











EXAMPLE 2. Jane wants to choose an outfit from a selection of 2 
skirts (green, brown), 3 blouses (white, green, brown) and 2 pairs of 
shoes (white, brown). In how many ways can she do this? 


Solution 
Jane can choose a skirt in 2 ways, a blouse in 3 ways and a pair of 


shoes in 2 ways. 
“. by the Fundamental Counting Principle she can choose an outfit in 


2x3x2=12 ways. 


The tree diagram illustrates the process: 


skirt blouse shoes 
WwW GWW 
B GWB 
W GGW 
B GGB 
Ww GBW G =green 
start a dele W = white 
W BWW 
B BWB 
W BGW B=brown 
B BGB 
Ww BBW 
B BBB 





EXAMPLE 3. A test consists of ten true-false questions. 
How many different sets of answers can be given? 


Solution 
There are 2 choices (true or false) for each of the ten questions. 
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*. by the Fundamental Counting Principle, the total number of 
choices is 


202 X2 S22 XD 2R2 42x Di 2 P1024 


EXERCISE 10-1 


1. A car purchaser has a choice of two upholstery materials (leather, 
nylon) and four colours (blue, white, black, red). How many different 
choices are there? Draw a tree diagram. 


2. Show by a tree diagram the number of methods of travelling from 
Toronto to Vancouver via Calgary, if you can go from Toronto to 
Calgary by plane or train and from Calgary to Vancouver by bus, 
plane, or train. 

3. An all-star baseball team has 7 pitchers and 3 catchers. How many | 
different batteries consisting of a pitcher and a catcher can the 

manager select? 

4. (a) If repetitions are allowed, how many two-digit numbers can be 
formed from the set of digits D={1, 2,3, 4, 5}? 

(b) How many numbers consisting of two different digits can be 
formed from D? 

5. If repetitions are allowed, how many two-digit even numbers can 
be formed from the set {1, 2,3, 4, 5, 6, 7,8, 9}? 


6. The Tiffany Restaurant offers the following menu: 


Main Course Dessert Beverage 
Chicken Cheesecake Coffee 
Ham Ice cream Tea 

Steak Apple pie Milk 
Prime Rib Lemonade 
Roast Pork 


In how many ways can a customer order a meal consisting of one 
choice from each category? 


7. How many license plates can be made using 3 letters followed by 3 
digits if repetitions are allowed? 


8. In how many ways can a 15-member club elect a president, a 
vice-president and a secretary? 


9. Aclub consists of 10 grade 12 students and 8 grade 11 students. In 
how many ways can this club elect a president, a vice-president and a 
secretary if 

(a) the president must be in grade 12 and the other officers in grade | 
ale 
(b) the president and vice-president must be in grade 12 and the | 
secretary must be in grade 11? 





10. In a combination lock there are 60 different positions. To open the 
lock you move to a certain number in the clockwise direction, then to 
a number in the counterciockwise direction and finally to a third 
number in the clockwise direction. How many different combinations 
are there? 








1. If 4 coins are tossed in succession, in how many ways can they 
ome up? Illustrate with a tree diagram. What if there are r coins? 


3. In how many ways can 6 books be arranged on a shelf? 


4. There are 5 people in the Johnson family. If you go to visit them, 
Ow many different combinations of them might you find at home? 


110.2 PERMUTATIONS 


An investment club has five members and wants to choose a 
Hpresident and a vice-president. In how many ways can this be done? 
The president can be chosen in 5 ways and after one is chosen the 
Nvice-president can be chosen in 4 ways. Thus, by the Fundamental 
#Counting Principle, both can be chosen in 


5x 4=20 ways. 


HTo illustrate this, let us call the five members of the club A, B, C, D 
and E. Then the 20 choices can be written as 


ABWAC ~AD AE BA’ BC#’BD* BE CA CB 
CO CED As DBS OC DE EAS EB REC ED 


#Notice that the order of the members is important here: AB means 
Bthat A is president and B is vice-president, while BA means that B is 
B president and A is vice-president. 

An arrangement of things in a definite order is called a permutation 


A permutation of n objects taken r at a time is an arrangement 
of r of the n objects in a definite order. The total number of 


permutations of n objects taken r at a time is denoted by ,P.. 





| In the preceding example the ‘objects are club members and n=5, 
| r=2. We saw that the number of ways of choosing a president and a 
i Vice-president from a 5-member club is 


5P2=5x4=20 


i Similarly the Fundamental Counting Principle shows that the number 
§ of ways of choosing a president, vice-president, and secretary is 


=P3=5x4x3=60 


In general suppose that we want to form an arrangement of r 
Objects chosen from a set of n objects. The first object can be chosen 
in n ways. After it is chosen, there are only n—1 choices for the 
second object. There are n—2 choices for the third object, and so on. 
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r positions 


1 2 3 4 r 


number of choices 


Finally the number of choices for the rth object is n—(r—1)=n-—r+1. 
By the Fundamental Counting Principle the total number of choices in 
forming an arrangement of r objects is 


nx(n—1)x(n—2)x...x(n=r+1) 


ne, =n(n—1)\(n—2)...(n=r+1) | 


EXAMPLE 1. Margaret has 12 books, but she has space for only 8 of 
them on the shelf of her locker. ln how many ways can she arrange 
her books on the shelf? 


Solution 

In this example we want to know the number of permutations of 12 
objects (books) taken 8 at a time. 
Here 


nis 2eeandaen — 3 
j2P3= 12X11 X10K9X8X7xX6x5 
= 19 958 400 


.. Margaret can arrange her books on the shelf in 19 958 400 ways. 


EXAMPLE 2. Find the number of different orders in which a disc 
jockey can play 6 records. 


Solution 
This is the number of permutations of 6 objects taken 6 at a time. 


n=6 and r=6 


.. a disc jockey can play 6 records in 720 different orders. 


In Example 2 we found the number of permutations of all of the 
objects. In general 
aPPnni—"l) (ne 2) enon oe | 


This expression, the product of the first n natural numbers, occurs so 
frequently in mathematics that we give it a special symbol n! anda 
special name, /o factorial 


n!=n(n—1)(n—2)...2x1 





For example qe 
212122 
3!=3x2x1=6 
41=4x3x2x1=24 
5!=5x4x3x2x1=120 


By convention O!l=1 


We can write ,P. in terms of factorials as follows. 
“le. = Oa = UM = Apa no Wa Fe te Wy) 
(n—r)\(n—r—-1)...3x2x1 
(n—r)\(n—r—1)...3X2x1 
Peed) (2) eee roe ine ON er Sock | 
{n—r)(n—r—1)...3x2x1 





= (it — (2) (et dex 








mm n! 
Min) 





EXAMPLE 3. How many permutations are there of the letters in the 
words (a) ROAM (b) ROOM? 


Solution 
(a) Since the letters in the word ROAM are all different, the number 
of permutations of them is 


aPs=4!=4x3x2x1=24 


(b) If we attempt to solve this’ problem as in part (a) we would get 
4!=24 as the answer. But if we list the possibilities we only get 12 
permutations. The difficulty here is that 2 of the letters in the word 
ROOM (the two O’s) are indistinguishable. \f we write the two O’s in 
different colors we find additional possibilities: 


ROOM ROOM 
ROMO ROMO 


If we completed this list we would get 4! = 24 possibilities. Since the 2 
different permutations ROOM, ROOM would be the same without the 
colours, we counted twice as many arrangements as there really are. 
So we must divide by 2 to take care of this. 
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ROMO 
RMOO 
OROM 
ORMO 
OORM 
OOMR 
OMRO 
OMOR 
MOOR 
MORO 
MROO 
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“. the number of permutations of the letters in the word ROOM is 
4! 
me 


12 


EXAMPLE 4. In how many ways can the letters of the word } 
MINIMUM be arranged? | 


Solution 

If the 7 letters of the word MINIMUM were all different, then there 
would be 7! permutations. Let us label the 3 M’s with numbers. The 6 
different arrangements 


M,INIM,UM, M,INIM,UM, M.INIM,UM 3 
M.INIM,UM, MzINIM,UM, M,zINIM,UM, 








would be the same without the numbers. Thus in counting the 7! | 
permutations we counted 6 times as many permutations as there 
really are. So we must divide 7! by 6=3! (the number of ways of 
arranging the M’s). 


Similarly the two different arrangements 
MI,NILMUM and MI,NI,AMUM 


would be the same without the numbers. So we must also divide by 
2=2! to make up for this. 
.. the number of arrangements of the letters of the word MINIMUM ~ 
is 
7! 7xX6x5x4x3x2x1 
ol iees 2 1 
= 420 





The same reasoning used in Example 4 demonstrates the following 
general principle. 





The number of permutations of n objects, of which a objects 
are alike, another b objects are alike, another c objects are alike, 
and so on is 


nl 
albclie: 





EXERCISE 10-2 


1. Evaluate the following. 


(a) 6P3 (b) 10P4 _(c) 7) 
12! 20! 
(d) 10! (e) Br (f) 181 


2. (a) How many permutations are there of the letters a, b, c, d taken | 
2 at a time? Write out all these permutations. 2 
(b) Do the same if the letters are taken 3 at a time. 
















. The manager of a baseball team has chosen the 9 players for his 
Nstarting lineup. In how many ways can he arrange the batting order? 


4. A club has 28 members. In how many ways can the president, 
ice-president, secretary, and treasurer be chosen? 


. If 1000 people enter a contest in which there is a first prize, a 
second prize, and a third prize, in how many ways can the prizes be 
given? 


§6. In how many ways can 4 cards be dealt in succession from a deck 
of 52 cards? 


. A mathematics text, a history text, a biology text, a French text, and 
a chemistry text are to be placed on a shelf. In how many ways can 
hey be arranged? 


mS. Four people get onto a bus in which there are six empty seats. In 
Show many different ways can they seat themselves? 


9. Three people arrive in a town which has four hotels. They have 
| become angry at each other on the trip and so they all want to stay in 
Bdifferent hotels. In how many ways can this be done? 


10. (a) How many permutations are there of the letters of the word 
Nsandwich? 


§(b) How many of these begin with a w? 
B(c) How many end with an h? 
(d) How many have s first and a second? 


#11. In how many ways can the letters of the following words be 
arranged? 

B(a) feast (b) famine (c) idiot 

N(d) assist (e) Manitoba (f) maximum 

H(g) Canada (h) Saskatchewan (i) interesting 

H(j) uninteresting (k) ukulele (1) Mississippi 


§12. How many 7 digit integers are there which contain 
B(a) two 3’s, three 2’s, and two 8’s? 
B(b) four 3’s and three 4's? 


13. A man bought 2 vanilla ice cream cones, 3 chocolate cones, 4 
ustrawberry cones and 1 maple walnut cone for his 10 children. In how 
| many different ways can he distribute the flavours among his chil- 
dren? Z 
814. A soap company will give away a million dollars to anyone who 
guesses the one way in which they have arranged the letters of the 
Nword SUPERCLEANER. Each entry must be in a separate envelope. 
"How much would it cost you in postage to submit all possible entries? 


#15. Simplify the following. 
96! n!| 








| (n+1)! 
(d) nx(n—1)! (e) (n+1)xn! (f) 
| (n—1)! 


16. In how many ways can 12 basketball players be assigned to 
N(a) 6 double rooms? (b) 4 triple rooms? 
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10.3 COMBINATIONS 


An investment club has five members and wants to choose a 
committee of two members. In how many ways can this be done? 

In the preceding section we made a list of the 20 possibilities in 
choosing a president and vice-president. Notice that AB and BA 
represent the same committee. Order is not important in choosing a 
committee. Since each committee has been counted twice we must 
divide by 2. The number of ways of selecting a committee of 2 from a 
5-member club is 


5x4 _ 
2 





10 


A selection of things in which the order does not matter is called a 
combination. 









Acombination of n objects taken r at a time iS aselection Of r of 
the n cGbjects without regard to order. The total number of 
combinations of n objects taken r at a time is denoted by 


n 
CaOl ( ). 
i 


In the preceding example the objects are club members and n=5, 
r=2. We say that the number of ways of choosing a 2-person 
committee from a 5-member club is 





2 





5C2 10 


Similarly if we want to choose a committee of 3, notice that any such 
committee (for instance ABC) can be arranged in 3! ways (ABC, ACB, 
BAC, BCA, CAB, CBA). Therefore we must divide the total number of 
permutations of the 5 members taken 3 at a time by 3! to get the 


number of combinations. The number of ways that a committee of 3 
can be chosen from 5 club members is 


UPs S43 es 
6Ca= 3! cv k epi 


In general to find the number of combinations of n objects taken r ata 
time we first use the Fundamental Counting Principle to find the total 
number of permutations ,,P,, then we divide by the number of ways of 
arranging the r objects, namely r! 


nP,_n(n—1)(n—2)...(n—r+1) 








af eh 
rl r! 
: n! 
Recalling that ,P. =————_ we. have 
(n=r)l 














EXAMPLE 1. (a) In how many ways can 3 men be chosen out of a 
group of 8 men? 
(b) In how many ways can 8 men finish 1st, 2nd, and 3rd in a race?- 





Solution 
(a) Here the order of the 3 men is not important. The physique of a human 
.. the number of ways of choosing 3 men from 8 is being is determined by 20 
distinct characteristics and 
yg EMM sal heiis 6 each characteristic has 
31 3x2x1 about 10 variations. How 
or equivalently many different individuals 
can there be? 
8! 
eae (o—s)\ic! 
857567 56 
wie Ea hee 


(b) In a race the order of the 3 men is important. 
.. the number of ways they can finish 1st, 2nd, and 3rd is 


gP3= 8x7 xX 6= 336 


EXAMPLE 2. A gardener bought 5 geraniums and 3 rose bushes 
from a nursery that had 14 geraniums and 12 rose bushes. How many 
choices did the gardener have? 


Solution 
Order is not important in this example. The number of ways of 
choosing 5 geraniums from 14 is 14Cs. 
The number of ways of choosing 3 rose bushes from 12 is ,2Cs3. 
By the Fundamental Counting Principle the total number of choices is 


Gite cae 141 12! 
a ee Ol ble O10) 
_ 14% 13X 12X11 10 12x 11x10 
— -Bx4x3x2x1 3x2x1 


= 440 440 





EXERCISE 10-3 


1. Evaluate the following. 


(a) _C2 (b) 42C, (c) 9Cy (d) 3C. 
(e) i0C3 (f) 10C> (g) ie) (h) (3) 
(i) 5C,x Ce (i) 7C5X6Ca (k) (2) G) (Il) (@)x (3) 
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2. A club has 25 members. 

(a) In how many ways can a committee of 3 members be chosen? 
(b) In how many ways can the offices of president, secretary, and 
treasurer be filled? 


3. There are 12 books on a shelf. In how many ways can you choose 5 
books from the shelf? 


4. If you are going on a trip, in how many ways can you pick 5 pairs of 
socks from a drawer with 8 pairs? 


5. There are 13 players on a basketball team. | 
(a) In how many ways can the coach select a 5-man team for the 
starting lineup? 

(b) In how many ways can he do this if one particular player must be 
on the starting lineup? 





6. Find the number of ways that a 5-card hand can be dealt from a 
deck of 52 cards. 


7. In how many ways can a hand of 5 diamonds (a diamond flush) be 
dealt in poker? 

8. Given 8 points in a plane, no 3 of which are collinear, how many 
lines can be drawn passing through 2 of the points? 


9. A club consists of 5 boys and 5 girls. How many committees of 4 
members can be formed with 


(a) no restrictions? (b) 4 boys? 
(c) 3 boys and a girl? (d) 2 boys and 2 girls? 
(e) a boy and 3 girls? (f) 4 girls? 


10. Five people go to dinner at a Chinese restaurant. The menu 
contains 14 dishes in column A and 10 dishes in Column B. The 
“dinner for 5” consists of 3 dishes from Column A and 2 dishes from 
Column B. How many different dinners for 5 could they choose? 


11. In how many ways can the 5 starting positions on a basketball 
team be filled 

(a) from 10 men who can play any position? 

(b) from 2 men who play centre and 8 other men who can play any of 
the other positions? 

(c) from 2 men who play centre, 4 other men who play either of the 
forward positions and 4 other men who can play either of the two 
guard positions? 


12. From a group of 14 Liberals, 12 Conservatives, 6 N.D.P. and 2 
Social Credit Members of Parliament, how many different committees 
can be formed consisting of 3 Liberals, 3 Conservatives, 2 N.D.P. and 1 
Social Credit member? 


13. How many poker hands (5 cards) are there with 3 aces and 2 
kings? 


14. How many bridge hands (13 cards) contain 5 spades, 2 hearts, 3 
diamonds, and 3 clubs? 
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15. (a) Compute 


oClo 
1Co iC, 
2Co 2C, 2C, 
3Co 3Cy 3C2 3C3 
aCo aC, aC2 aCz3 aCa 
5Co 5Cy 5C> 5C3 5C4 5Cs 


(b) Do you see a pattern occurring in this triangle of numbers? For 
example how is ,C, related to ,;C, and ;C,? How is <C> related to ,C, 
and ,C,? 

(c) Use this pattern to extend the triangle for four more rows. 

(d) Read the numbers ,C3, Cs, 9C. from the triangular array of 
numbers. 


16. How many bridge hands contain exactly 5 spades? 


17. In how many ways can 12 things be divided equally 
(a) between 2 people? 

(b) among 3 people? 

(c) among 4 people? 


10.4 PASCAL’S TRIANGLE AND THE 
BINOMIAL THEOREM 


You are familiar with such binomial expansions as 
(a+b)?=a?+2ab+b? 
and 
(a+b)? =a°+3a7b+3ab*+ b® 


Binomial expansions for (a +b)", where rn is any positive integer, can 
also be found. For instance 


(a+ b)*=(a+b)3(a+b) 
= (a*+3a’b+3ab?+b*)(a+b) 
= a4+4a*b+6a7b*+4ab*+ b* 


It would be very laborious to use this method to find the binomial 
expansion of (a+b)" for large values of n. Instead we shall look for a 
pattern. 
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Examine the following binomial expansions. 


(a+b)°= 1 

(a+b)'= a+b 

(a+b)*= a*+2ab+b? 

(a+b)?= a*+3a*b+3ab7+b° 
(a+b)*= a*+4a*b+6a*b*+4ab*+ b* 
(a+b)= a°+5a*b+10a*b*+10a*b*+5ab*+ b° 


(a+ b)®= a°+ 6a°b + 15a*b?+ 20a°*b*+ 15a*b*+6ab*+ b® 


If we write down just the numerical coefficients in these expansions 
we get the following triangular array. 


1 1 
1 2 1 
1 3 3 1 
1 4 6 4 1 
1 5 10 10 5 1 
1 6 15 20 15 6 1 


This triangular array of numbers is calied Pascal’s Triangle. Notice 
that it is the same as the triangle of the combinations ,C, that you 
computed in question 17 of Exercise 10-3. For example the coefficients 
of the binomial expansion of (a+b)° are 


6Co 6Cy 6Co 6C3 6Ca 6Cs aCe 
or, in the alternate notation, 
ited eG (G! 
0 1 2 3 4 5 6 
This suggests that the coefficients in the binomial expansion of 
(a+ b)", n a positive integer, are 


(3) (3) @) (3) (2)--(0) 


This is in fact correct and is calied the Binomial Theorem. 


The Binomial Theorem 


If ne WN, then 





Using the formula 
n n! 
= WO es 
i “(n—k)Ek! 


_aln=1)(n=2))..(n=k+1) 
k! 








we have the following form of the Binomial Theorem. 


lf ne N, then 


35 pa z 
(a+b)" ==y5)" +na” 'b pe Bote p a nein 2)" 


n=3 5.3 
2! 3! G 


_ Min). (Sk) 
k! 


nkb* 4 +nab"-'+b" 





To see why this is true look at the expansion 


(a+b)® =(a+b)(a+b)...(a+b) 
=6Ese6@) no b’s lie Sis 
aa... aD da we ava... Da... A 1b —s 
+aa...abb+aa...bab+...+bbaa...a 2 b’s 
ee 
+bb...b n b's 


Each term is obtained by choosing a term (either a or b) from each of 
the n factors (a+b) and then multiplying the n chosen factors. The 
coefficient of a” ‘'b is the number of ways of choosing one b from the 


n 
n factors. We know that this is ,C, = ("\- n. The coefficient of a” *b* 


is the number of ways of choosing 2 b’s from the n factors, namely 
nC>. In general, the coefficient of a” Kb* is the number of ways of 
choosing k b’s from the n-factors. We know that this number is 


n 
Go ta This concludes the proof of the Binomial Theorem. 


EXAMPLE 1. Expand (a+b)’. 


Solution 1 


7 7, vi 
esa ato()oos(2rers ror Zoe ees ote 
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7x6 7x6x5 7x6x5x4 7x6x5x4x3 
= a’+7a°b +—— a°b?+——_ a*b* + —_———_ ab + 
aE (a De yn AX3X2X1 5X4X3X2X1 





a*b°+7ab°+b’ 


=a’+7a°b+21a°b-+35a'b +35a'b +21a-b°+7ab +b” 


Solution 2 

Use the fact that the binomial coefficients in (a+b)’ are just the 
numbers in the 7th row of Pascal’s Triangle (not counting the Oth row) 
and the pattern that each number in Pascal’s Triangle is the sum of 
the two numbers immediately abqve it. 


1 1 
1 2 1 
1 3 3 1 
1 4 6 4 | 
1 5 10 10 5 1 
1 6 15 20 15 6 1 
1 V/ 21 35 35 21 7/ 1 


Thus 


(a+ b)’ =a’+7a°b+21a°b?+35a*b?+ 35a°b*+21a7b°+7ab°+ b’ 


EXAMPLE 2. Expand (x—2)° 


Solution 


Use the binomial expansion for (a+b)" where a=x, b=—2 and 
n=6. 


GayG 6 an 6 4/__5)\2 6\ 3 3 6 2/__5)4 6 _9)5 6 
(x—2)°=~x +(x 2+ ()x% 2) +(2)x (2) (G) x 2) +(2)x( 2)°+(—2) 


x5 6x5x4 6x5x4x3 
=X +6X. (= 2) = x 4a x3(—8) + x? x 16+ 6x(—32) + 64 
2a 3X21 4x3x2x1 





= x°—12x°+60x*— 160x?+ 240x?— 192x + 64 


EXAMPLE 3. Expand (3x +y’)* 


Solution 


Use the binomial expansion for (a+b)" where a=3x, b=y”’ and 
n=4 
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4 4 4 ae 4 2 2\2 2\3 2\4 
(3x + y?)* = (3x) +(F) (on y + (6) (on WAiPae (3) avy )?+(y?) 


= 3*x*+4x3°x?y?+6x3?x7y4+4x3xy®+ y® 
= 81x*+ 108x°y? + 54x*y*4+ 12xy®+ y® 


EXAMPLE 4. Find the term containing x* in the expansion of 
(1 isa ara / / 


Solution 
In the expansion of (a+b)" the term containing b*“ is 


n n—-kpk 
b 
(Ae 


Here a=1, b=—x, n=100 and k=4 
*. the term containing x* in the expansion of (1— 











xX) eons 2 





100 100 x 99 x 98 x 97 
( J 12% r= x4 
4x3x2x1 


= 3921 225x* 
EXAMPLE 5. Compute (1.02)'° correct to 3 decimal places. 


Solution 


(1/02) == (1 +0.02) > 











So we take a=1, b=0.02, n=10 in the Binomial Theorem. 














{1.02)"°=1°4 (7) 1%¢0.02)+ (")1%(0.02"+ (7) )710.02) The “’Pascal’’ Triangle as 
1 2 3 depicted in a Chinese 
10 manuscript of 1303 
+( ) £(0.02)* + 
a | G a . ) OG v 
10x 10x9x8 A ail 
= 1+10(0.02) + S10 Ce eee (0.000 008) a ea h , 
Soe2eel Sid 199 ¥ 
' he ) oo! ,2b6 
10x9x8x7 ti ee 
= 10 000.0000 6-46. 2 ary s. 
4x3x2x1 er 


= 1+0.2+0.018+ 0.000 96+ 0.000 0336+... 


=1.219 (correct to 3 decimal places) 


Note that the neglected terms will not affect the fourth decimal place. 


EXERCISE 10-4 


1. Expand the following. 
(a) (a+b)° (b) (a+b)® (c) (x+y)? 
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(d) (2+x)’ (e) (a—3)° (HE (x= vie 


(g) (1+a)? (h) (x +2y)° (i) (2x +3)* 
1 6 

(j) (San 2b). (kK). (a7 9b>)* (1) (x+<) 

(m) (x?—2y)® (n) (r+3)* (0) (c?—-Va)° 


2. Write out the first four terms in the binomial expansions of the 
following. 


(a) (a+b)"? (b) (x-—y)'? (c) (x+2)"* 
4 20 
(d) (c—5d)" (e) (x?—3y)? (f) (a+) 


3. Find the term containing 

(a) a*b” in the expansion of (a+b)° 
(b) x® in the expansion of (4—x)® 

(c) x'’y® in the expansion of (x+y)7° 
(d) x'*y* in the expansion of (x*+y)° 


2\ 16 
(e) a*° in the expansion of (2+=) 
4. Find the term which does not contain x in the expansion of 
3 15 
3 
(x +=) 5 


5. Use the Binomial Theorem to compute the following correct to 3 
decimal places. 


(a) (1.03)9 (b) (1.008)° 

(c) (0.98)'° (d) (2.004)* 

6. Use the Binomial Theorem to compute 101'° to 3 significant fig- 
ures. 


7. (a) Expand (1+1)’ using the Binomial Theorem. 
(b) Prove that 


10.5 PROBABILITY 


Suppose that a card is drawn from a standard deck of 52 playing 
cards. If the cards have been well shuffled, then there are 52 equally 
likely outcomes of which 13 are hearts. We say that the probability of 
drawing a heart is 


P(heart)=33=3 


Drawing a card from a deck is an example of an experiment. Other 
examples of experiments are “tossing a coin”, “rolling a pair of dice” 
and “‘drawing 2 cards and rolling 3 dice’. The set of all possible 
outcomes of an experiment is called the sample space of the experi- 
ment. An event is a set of possible outcomes (a subset of the sample 


space). If the sample space of an experiment consists of N equally 








likely outcomes and if S of those outcomes are considered successful 
(or favourable) for an event E, we define the probability of E as 
follows. 





probability of | number of successful outcomes 
aneventE total number of possible outcomes 


S 
Piel 















We can also write the definition of probability as 


_nlé) 
iW N 


where n(E)=S is the number of outcomes favourable to E, i.e., the 
cardinality of the set E. 

In computing probabilities we must first find the numbers S and N. 
To calculate S and N we often use the counting principles developed 
in the first three sections of this chapter. 


EXAMPLE 1. Four coins are tossed. What is the probability of obtain- 
ing 2 heads and 2 tails? 


Solution 
Each coin can fall in 2 ways. By the Fundamental Counting Principle 
the number of ways that the 4 coins can fall is 


2x2x2x2=16 
N=16 
We could list the sample space as 
{HHHH, HHHT, HHTH, HTHH, THHH, HHTT, HTHT, HTTH, 
THEA TA HAGA, HiT i CHA alia As Ta} 
The event of obtaining 2 heads and 2 tails is 


E={HHTT, HTHT, HTTH, THHT, THTH, TTHH} 


#- §=6 
S693 
N 168 


.. the probability of obtaining 2 heads and 2 tails is 3 


However we can avoid listing the event by using permutations or 
combinations. 

The number of ways of obtaining 2 heads and 2 tails is the number 
of permutations of 4 objects of which 2 are alike (the H’s) and another 
2 are alike (the T’s), and so it is 


Al hkAK3K2X 11 ip 
PAW Vin uracil ae 





S =6 as before. 
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Alternatively, observe that S is the number of ways of choosing 2 
objects (the H’s) from 4 objects. 


SC 6 


Sometimes it is easier to find the probability of an event by first 
finding the probability that the event does not occur. 
Let 


p = p(E)=probability that E occurs 

q =probability that E does not occur 
S =number of successful outcomes 
N =total number of outcomes 


.. the number of unsuccessful outcomes is N—S. 





eN=sS 

rN 

eS NT See oe 
LOTITO hs ia fim Sg he 
p+q=1 


If the probability that an event will occur is p, 
then the probability that it will not occur is 


q=1-p 





The next example illustrates why this equation is useful. 


EXAMPLE 2. Once a year the New York Millionaires Club has a draw. 
The 3 prizes in the draw are 3 compact cars. Mrs. Pearson bought 5 of 
the 50 tickets that were sold at $1000 a ticket. 

(a) What is the probability that she will win at least one car? 

(b) What is the probability that she will win all 3 cars? 


Solution 
(a) The number of ways that 3 tickets can be drawn from 50 is 
50x 49x 48 


50C3 = 3x2x1 = 19600 





The number of ways that 3 tickets can be drawn from the 45 that Mrs. 
Pearson did not buy is 


_ 45x 44x 43 


*. the probability that she will not win anything is 


_ 14.190 
4°19 600 





*. the probability that she will win at least one car is 
p= leq 
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14190 5410 541 Meas 
19600 19600 1960 © 








(b) The number of ways that all 3 tickets can be drawn from the 
5 bought by Mrs. Pearson is 
_5x4x3_ 

Seal 





53 


.. the probability that she will win all 3 cars is 


pelOng oh 3 
19600 1960 


EXAMPLE 3. Five cards are dealt from a deck of 52 cards. Find the 


probability that 3 are queens and two are jacks. SUBTRACTION 
Solution NEVER 
The number of ways of dealing 3 of the 4 queens is DRIVE 
aC," RIDE 


The number of ways of dealing 2 of the 4 jacks is 
ZGe = 6 


*. by the Fundamental Counting Principle the number of ways of 
dealing 3 queens and 2 jacks is 


Si 46-74 
The total number of ways of dealing 5 cards from a deck of 52 cards is 


52x 51x50 x 49 x 48 
N = 59C, = 
5x4x3x2x1 


= 2 598 960 





.. the probability of dealing 3 queens and 2 jacks is 


Sper 24s Sel 
N 2598960 108290 





EXERCISE 10-5 


1. A single card is selected from a deck of 52 playing cards. Find the 
probability that the card is 


(a) an ace (b) not an ace 

(c) a diamond (d) not a diamond 
(e) a red card (f) the 4 of spades 
(g) a face card (h) a black queen 


2. The integers from 1 to 15 inclusive are painted on 15 balls. One of 
these balls is drawn at random. Find the probability that the number 
on the ball is 

(a) odd (b) even 

(c)e13 (d) a multiple of 5 
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(e) a multiple of 3 (f) less than 5 


(g) a 2-digit number (h) a prime number 

3. Two dice are roiled. Find the probability of getting 

(a) 1 (b) 3 (c) 6 

(d) 3 or iess (e) 10 or less (f) an even number 
4. Three coins are tossed. Find the probability of getting 

(a) 3 heads (b) no heads 

(c) 2 heads and a tail (d) at least one tail 
5. Seven coins are tossed. Find the probability of getting 

(a) 7 heads (b) at least one head 

(c) 6 heads and a tail (d) 3 heads and 4 tails 

(e) 2 heads and 5 tails (f) 5 heads and 2 tails 

6. Five dice are rolled. Find the probability of getting 

(a) two 3’s and three 4's (b) five 6's 

(c) four 3’s and one 4 (d) three 1’s, one 4 and one 5 
(e) exactiy three 1's (f) at least three 1’s 

(g) two 1's, two 2's and a 3 (h) five different numbers 


7. A bag contains 4 green bails and 5 yeilow balls. 

(a) If 5 balls are chosen at random, what is the probability that they are 
all yellow? 

(b) If only 3 bails are chosen at random, what is the probability that they 
are all yellow? 


8. In the game of bridge, 13 cards are deait to each of 4 people. [Leave 
your answer in terms of the symbol ,,C,.| 

(a) What is the totai possible number of bridge hands? 

(b) What is the probability that a bridge hand wiil consist of 13 hearts? 
(c) What is the probability that a bridge hand wiil consist of 13 cards 
in the same suit? 

(d) What is the probability of one person getting all 4 aces? 

(e) What is the probability of one person getting all 4 aces, all 4 kings 
and all 4 queens? 

(f) What is the probability that every card in a bridge hand is 9 or lower? 
(Ace is high in bridge.) 

9. If a committee of 3 members is chosen at random from a ciub con- 
sisting of 6 girls and 10 boys, find the probability that the committee will 
contain 


(a) 3 boys (b) 3 girls 
(c) 2 boys and a girl (d) 2 girls and a boy 
(e) at least one boy (f) at least one girl 


10. In the game of poker a 5-card hand is dealt from a deck of 52 cards. 
Find the probability of getting the following poker hands. 

(a) royal flush: ace, king, queen, jack, 10 in the same suit 

(b) five diamonds 

(c) five cards in the same suit 

(d) four of a kind (for example, four jacks or four 7’s) 

(e) three 5’s and two 7's 

(f) full house: three of a kind and two of another kind 


11. There are 15 prizes in a lottery and 1000 tickets are sold. If you buy 
10 tickets what is the probability that you will win at least one prize? 
(Leave your answer in terms of factorials.) 


10.6 MUTUALLY EXCLUSIVE EVENTS 


Consider the experiment of drawing a single card from a well- 
shuffled deck of 52 cards. What is the probability of the event E that 
the card drawn is a diamond or an ace? 

Let £, be the event that a diamond is drawn and E, the event that an 
ace is drawn. E, E, and E, are all subsets of the sample space. Notice 
that E = E, UE,. Therefore we need ; a rule for finding P(E, UE.) in terms 
of P(E) and P(E>): 


In general let E, and E, be any two events in a sample space. If the 
number of points in E, is S,=n(E,) and the number of points in E, is 
S> = n(E,), then 
-3 _n(E,) S._ n(E,) 








where N is the total number of possible outcomes of the experiment. 


n(E,UE,) 











* (PAVE, UE,)= SNe EOE, 

- N 

_ mE.) n(E2) n(E,E,) 
N N N 

vs P(E,)+ P(E.) + P(E, n E.) We subtract n(E, M ES} be- 

i cause n(E,)+n(E,) counts 
P(E, UE,) = P(E,)+ P(E,)— P(E, MN E>) the elements in E,NE, 
twice. 





Let us now use this to solve the example given at the beginning of this 
section. 


EXAMPLE 1. What is the probability of drawing a diamond or an ace 
from a deck of 52 playing cards? 


Solution 
Let E, be the event that a diamond is drawn. 


P(E,)= = =o a : 
Let E, be the event that an ace is drawn. 
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PE \ noe as 


Then E,ME, is the event that an ace and a diamond is drawn, i.e., that 
the ace of diamonds is drawn. 


P(E, M E,) = = 
E=E, UE, is the event that an ace or a diamond is drawn. 
P(E) = P(E, UE.) = P(E,) + P(E2)— P(E, E2) 


Ser UL ll 
=a 14, 52 
= 
a(S 


This solution can be abbreviated as follows: 


P(diamond or ace) = P(diamond) + P(ace)— P(ace and diamond) 
=4t73782 
aR 
13 
Two events are called Mutually exclusive if they cannot both occur 
simultaneously. For instance the events of drawing a diamond and 
drawing a club are mutually exclusive because they cannot both occur 
at once. But the two events in Example 1 are not mutually exclusive 
because they can occur simultaneously when the ace of diamonds is 
drawn. 
If two events E, and E, are mutually exclusive, then E, 1 E,= and 
so 


P(E, E,) = P(g) =0 
P(E, UE.) = P(E,)+ P(E.) — P(E, NE.) 
= P(E,)+ P(E.) 


If E, and E, are mutually exclusive events, then to find the 
probability of the occurrence of E, or E, we add their prob- 
abilities. 


P(E, UE.) = P(E,) + P(E) 





EXAMPLE 2. What is the probability of drawing a 5 or a face card 
from a deck of cards. 


Solution 
Let E, be the event of drawing a 5 


P(E,)=e2=13 


Let E, be the event of drawing a face card. There are 12 face cards (4 
kings, 4 queens, 4 jacks). 


P(E.) =33=%3 
Since E, and E, are mutually exclusive, we have 


P(5 or face card) = P(E, UE,) 


= P(E,)+ P(E.) 
7 at 3 


4 


ra 7S} 


EXERCISE 10-6 


1. A box contains 3 blue balls, 6 green balls, 4 red balls and 5 black 
balls. One ball is drawn at random. Find the probability of choosing 


(a) a blue ball (b) a green ball 
(c) a blue or a green ball (d) a green or a red ball 
(e) a blue or a black ball (f) a blue or a green or a black ball 


2. A single card is drawn from a deck of playing cards. What is the 
probability that the card is 


(a) a spade or a heart? (b) a spade or a red jack? 
(c) a black ace or a red face card? 
(d) a club or a 4? (e) a heart or a face card? 


(f) neither a king nor a heart? 


3. The integers from 1 to 24 inclusive are written on 24 slips of 
paper and placed in a hat. One slip is picked at random. Find the 
probability that the number drawn is 


(a) odd (b) divisible by 4 
(c) odd or divisible by 4 (d) divisible by 5 
(e) odd or divisible by 5 (f) even or a perfect square 


4. In a class of 35 students, 25 are taking mathematics, 8 are taking 
history and 5 are taking both mathematics and history. If a student is 
chosen at random from this class, what is the probability that he or 
she is taking mathematics or history? 


5. Acoin is tossed 3 times. Find the probability of obtaining 
(a) 3 heads or 3 tails (b) 2 or 3 heads 
(c) 2 or 3 heads or all tosses the same 


10.7 INDEPENDENT EVENTS 


* 


Suppose that a deck of playing cards is shuffled and a card is drawn 
from it. Let E, be the event of drawing a diamond. Now suppose that 
the card is replaced in the deck, the deck is again shuffled, and 
another card is drawn. Let E, be the event of drawing a king on this 
second draw. What is the probability that both E, and E, occur? 

Notice that what happens in the first draw does not affect what 
happens in the second draw because the first card is replaced in the 
deck before the second is drawn. 

E, and E, are called jndependent events because neither has an 
influence on the other. 

The number of ways of drawing a card on the first draw is 52. The 
number of ways of drawing a card on the second draw is also 52. So 
by the Fundamental Counting Principle the number of ways of 
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drawing 2 cards is 
N=52x52 


The number of ways of drawing a diamond is 13. Since the first card is 
replaced, the number of ways of drawing a king is 4. By the Funda- 
mental Counting Principle the number of ways of drawing a diamond 
and a king is 


S=13x4 


.. the probability of drawing a diamond and a king (i.e. both E, and E, 
occur) Is 
5 13x4 aA 
2 52< 52a 52 





Note that we could have calculated the required probability by multi- 
plying the probabilities of the events E, and E,. 


P(E,)P(E2) = 52% 52 


SM. 
=e) 


= P(E, and E,) 













If the events E, and E, are independent, then the probability that 
both events occur is the product of the probabilities of E, and E,. 


P(E, E,) =P(E,)P(E2) 





This can be proved by using the Fundamental Counting Principle as in 
the preceding example. The Fundamental Counting Principle tells us 
to multiply the number of successes of the two events (in the 
numerator) and to multiply the number of outcomes (in the de- 
nominator). 


EXAMPLE 1. What is the probability of rolling two 4's in a row with a 
single die? 


Solution 
The probability of rolling the first 4 is 


P(4)=6 


the probability of rolling another 4 is still §. These two events are 
independent. 
P(4 and 4) = P(4) x P(4) 

=1x} 

apa 

= 36 
What is the probability of rolling two 4’s with a single roll of a pair of 
dice? The probability is again 35 because neither die affects the other. 


EXERCISE 10-7 


1. A coin is tossed twice. Find the probability that 
(a) the coin comes up heads twice in a row 
(b) the coin comes up heads first, then tails. 


2. What is the probability of tossing 8 heads in a row with a coin? 


3. If a coin comes up heads 8 times in a row, what is the probability of 
a head on the 9th toss? 


4. A player rolls a pair of dice, one blue and one white. Find the 
probability of rolling 

(a) 6 with the blue die and 4 with the white die 

(b) 6 with one die and 4 with the other die 


5. A pair of dice is rolled twice. Find the probability of rolling 7 the 
first time and 8 the second time. 


6. A box contains 3 black balls, 4 blue balls and 5 green balls. A ball is 
selected at random from the box, it is replaced and another ball is 
selected. Find the probability that 

(a) the first ball is green and the second is blue 

(b) both balls are black 

(c) both balls are blue 

(d) the first ball is black and the second is green 

(e) the first ball is green and the second is black 

(f) one ball is black and the other is green 

(g) the first ball is green and the second is green or blue 


7. Acard is drawn from a deck of 52 playing cards. It is replaced, the 
deck reshuffled and a second card is drawn. Find the probabilities of 
the following events. 

(a) the first card is a spade and the second is a diamond 

(b) both cards are hearts 

(c) the first card is an ace and the second is a spade 

(d) one card is an ace and the other is a spade 

(e) one card is a 5 and the other is a face card 

(f) the jack of hearts is drawn twice 

(g) the same card is drawn twice 


8. Three cards are drawn in succession from a deck and each is 
replaced after each drawing. Find the probabilities of the following 
events. 

(a) all 3 cards are aces 

(b) all 3 cards are diamonds 

(c) all 3 cards are of the same suit 

(d) a diamond, a club, and a heart are drawn in that order 

(e) a 5, a diamond, and a red card are drawn in that order 

(f) a5, a diamond, and a red card are drawn in any order 


Determine the pattern. 
Find the missing number. 


=e [=[= 
Pepa[ats 
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10.8 CONDITIONAL PROBABILITY 


Sometimes we want to find the probability of an event E but we are 
given additional information that changes the sample space and 
therefore changes the probabilities. 

The conditional probability Of an event £, given A, is the 
probability that the event E occurs, given that another event A has 
occurred. It is denoted by pif | A). 

For instance if 2 coins are tossed and E is the event that 2 heads are 
obtained, then the sample space is 


HH 
AT 
TH 
TT 


and P(E) =x 


However if it is known that the first coin is a head, then we have an 
altered sample space: 


HH 
HT | new sample space 


TH 
Fr 


lf A is the event that the first coin comes up heads, then 
P(E|A)=3 
Now suppose it is known that at least one coin has turned up heads. 


Again the sample space is altered. 


HH 


HT new sample space 
TH 


Br 
If B is the event that at least one coin is heads, then 


P(E|B)=3 


EXAMPLE 1. Suppose that 2 cards are drawn in succession from a 
deck of playing cards without replacing the first card. 


Ne a a i 


(a) Find the probability that the second card is a king, given that the : 
first card is a queen. } 
(b) Find the probability that the first card is a queen and the second | 


card is a king. 


Solution 

(a) Let E, be the event of drawing a queen on the first draw and 
E, the event of drawing a king on the second draw. 

If E, has occurred, then there are 51 cards remaining of which 4 are 


kings. 
P(Es|E,)=s 





(b) By the Fundamental Counting Principle the number of ways of 
Hdrawing 2 cards without replacement is 


# Again by the Fundamental Counting Principle, the number of ways of 
drawing a queen, then a king, is 


52x51. 


4x4 
}.. the probability of drawing a queen, then a king, is 


CR ee ah 


P(E, and E,) = Si 
eee) 52x51 663 





® Notice that we could have calculated the required probability by 
§ multiplying the probability of E, by the conditional probability of E,, 
§ given E,. 


P(E,)P(E2| Ey) =s2Xs1 


ae 
63 


= P(E, and E,) 


§ By using the Fundamental Counting Principle as in Example 1 we 
| could prove this equation for any pair of events E, and E,. 













The probability that both E, and E, occur is the product of the 
probability of E, and the conditional probability of E., given E,. 


PIE Gree P(E, )P(EAE,) 
or 


P(E E,)= P(E,)P(E, | E,) 





In Example 1, E, and E, are not independent; clearly E, depends on 
BE,. 

lf E, and E, are independent events (as in the preceding section) 
q then E, cannot influence E, and so P(E,| E,) = P(E). Therefore for the 
} case of independent events the above equations reduce to the equa- 
| tion P(E,M E.,) = P(E,)P(E.) given in the last section. 


EXAMPLE 2. A box contains 5 red balls and 3 green balls. Two balls 
fare drawn in succession without replacement. Find the probability of 
| drawing first a red, then a green ball. 


Solution 
Let E, be the event of drawing a red ball on the first draw and E, the 
event of drawing a green ball on the second draw. 


I Then P(E,)=s 
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B 


After the red ball has been drawn there are 7 balls remaining, of which 
3 are areen. 


P(E; | E,) = 
.. the probability of drawing a red and then a green ball is 


P(E, E,) = P(E,) P(E; | E;) 
pS) 
=BN7 


= 35 
TiS 


EXERCISE 10-8 


1. A box contains 6 white balls and 9 black balls. Two balls are drawn 
in succession without replacement. Let W, be the event of getting a 
white ball on the first draw, W, be the event of getting a white ball on 
the second draw, B, be the event of getting a black ball on the first 
draw, B, be the event of getting a black ball on the second draw. Find 
the following conditional probabilities. 

(a) P(W, | W,) (b) P(W, | B,) 

(c) P(B, | W,) (d) P(B | B,) 


2. On a single roli of a pair of dice what is the probability 
(a) of obtaining 7? 
(b) of obtaining 7, given that at least one die is a 2? 


3. Three coins are tossed. Find the probability of obtaining 
(a) two heads and a tail 

(b) two heads and a tail, given that at least one head appears 
(c) two heads and a tail, given that at least two heads appear 
(d) at least two heads 

(e) at least two heads, given that at least one head appears 


4. It is known that among the families in Utopia, 25% have no 
children, 30% have one child, 26% have two children, 12% have 3 ~ 
children and 7% have 4 children or more. If a Utopian family is — 
selected at random, what is the probability that they have 

(a) 2 or more children? 

(b) 2 or more children, given that they have at least one child? 


5. Two cards are drawn in succession from a deck without replace- 
ment. Find the probability that 

(a) the second card is a diamond, given that the first is a club 

(b) the first card is a club and the second is a diamond 

(c) the second card is red, given that the first is a heart 

(d) the first card is a heart and the second is red 

(e) both cards are aces 

(f) the first card is an ace and the second is a face card 

(g) both cards are diamonds 

(h) both cards are of the same suit 





6. A box contains 5 red, 6 white, and 9 blue balls. Two balls are 
selected at random in succession without replacement. Find the prob- 
abilities of the following events. 

(a) the first is red and the second is white 


§ (b) the first is white and the second is red 
= (c) one ball is red and the other is white 
(d) both balls are blue 

(e) neither ball is white 


| 7. Three cards are identical except for colour. One is black on both 
sides, one is red On both sides, and one is red On One side and black 
on the other side. One of the cards is chosen at random from a hat 
and is placed on a table. The side that is up is red. What is the 
probability that the side that is down is black? 


8. Three cards are drawn in succession from a deck without replace- 
ment. Find the probabilities of the following events. 

(a) all 3 cards are aces 

(b) all 3 cards are diamonds 

(c) all 3 cards are of the same suit 

(d) a diamond, a club, and a heart are drawn in that order 

(e) a diamond, a club, and a heart are drawn in any order 

(f) a5, a6, and a7 are drawn in that order 

(g) a 5, a 6, and a 7 are drawn in any order 


9. A box contains 15 coloured balls which are drawn without replace- 
ment. 7 of the balls are green, 5 are blue, and 3 are red. Find the 
probabilities of the following events. 

(a) the first ball is red and the second is green 

(b) at least one of the first two bails is blue 

(c) exactly one of the first two balls is green 

(d) the first ball is green, the second is blue, the third is red 

(e) the first five balls drawn are all blue 

(f) at least one of the first five balls is blue 


10. Box A contains 3 red and 4 black balls. Box B contains 6 red and 5 
black balls. Box C contains 5 red and 8 black balls. A box is selected at 
random and a ball is chosen from that box. Find the probability of 
drawing a red ball. 


10.9 DISTRIBUTIONS 


Probability uses assumed knowledge of a situation to determine the 
likelihoods of certain outcomes for an experiment. We shall now take 
a brief look at the topic of statistics as it relates to probability. 

In order to determine whether or not a die is “loaded” you could roll 
the die a large number of times, say 1000. If the die is a fair one the 
proportion of times that each number occurs should approach 6. 
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Outcome Proportion 
However, suppose the resulting propor- 
1 tions are as shown in Table 10-1. Clearly 2 


and 5 occur more often than expected and it 
appears that the die is “loaded” in favour of 
2 and 5. Since our results were determined 
by a series of experiments, rather than by 
assuming equal likelihood, they are called 
statistical probabilities. 





Table 10-1 


With probability theory we assume knowledge of the population 
and then make predictions about specific portions of the population. 
With statistics we make measurements On a sample of the population 
and then generalize about the nature of the population as a whole. In 
our “‘loaded” die problem we used a sample of 1000 rolls to predict 
the probabilities of rolling each number. 


A random variable is a number determined by the outcome of an 
experiment. Thus we cannot predict which value a random variable 
will have from one time to the next. The set of possible values is the 
sample space of the variable. For example, the number showing on a 
rolled die is a random variable with sample space 1, 2, 3, 4, 5, 6. 

Suppose we roll a die 60 times with the following results 


OUTCOME FREQUENCY 





To make the results more apparent we can present them in the form 


of a bar graph OF histogram. Sometimes a frequency polygon is 
constructed by joining the midpoints of the tops of the bars. (Figure 
10-2) 
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Outcome 
Figure 10-2 


If the die that is being rolled is fair, in the long run each number 
should come up as frequently as the others. In such cases we say that 
the random variable obeys aconstant frequency distribution , 

In Section 10.5, Example 1, we determined the probability of obtain- 
ing 2 heads and 2 tails when four coins are tossed. Suppose we toss 4 
coins 16 times and record the number of tails showing each time. By 
using the method of Example 1 in Section 10.5 we can make a 
prediction as to the number of times each possible value of the 
random variable will occur. 


Number 
of Tails Frequency | 


Sample Space 






HHHH, HHHT, HHTH, HTHH 
THHH, HHTT, HTHT, HTTH 
THHT, THTH, TTHH, HTTT 
"Ae a Ne mah Ly 





Table 10-2 


Row 4 of Pascal’s Triangle gives the frequencies entered in Table 10-2. 
If 5 coins are tossed 32 times the theoretical frequencies for the 
number of tails showing each time is given by row 5 of Pascal's 
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Triangle. When 4 coins are tossed 32 times the theoretical frequencies 
for the number of tails showing each time are found by doubling row 
4 of Pascal’s Triangle. 















































(O71 t2 7s a4 





OP Osis ssa | | | 
aE sl ee pred e jle ae oe 
i Tails 5 coins | Tails 4 coins — 


| | 
| | j 





These are examples of what are called binomial frequency distribu- 
tions. As with the constant frequency distribution they are likely to be 
approximated by the collection of an actual data sample. The binomial 
distribution occurs when each trial can result in either success or 
failure and when the random variable is the number of successes for a 
given number of trials. (In the preceding examples with coins, a 
success was tossing a tail.) When the probabilities of success and 
failure are equal, (both 3), the binomial graph is symmetric. 


So far we have been dealing with random variables that are 
discrete-valued, that is they could only take on certain isolated values. 
For example a rolled die could show either 1, 2, 3, 4, 5 or 6 but never 
5>. Many random variables are not restricted to discrete values. 
Examples of these are 


(i) the speed of the wind 
(ii) the atmospheric pressure 
(iii) the height of a tree 


We classify these variables as continuous-valued. The quantities are 
not limited to whole number values. 

Suppose that there is a weather station on the top of a lighthouse 
with an instrument capable of measuring the speed of the wind very 
accurately. Let us assume that the average speed of the wind is 
50 km/h. If the wind speed is recorded each minute, a few minutes will 
be enough to show that the wind does not blow at a constant speed: 





its speed changes from minute to minute. After taking measurements 
for a whole day a graph of the results is drawn. 


Number of Measurements 








T T T T 


T T T if > =a +e? | 
As sO 2 40 45 BO Bs OO) Gs VO We m 
speed (km/h) 


The curve representing the frequency distribution has the shape of a 
bell. Such a bell-shaped curve is known as the normal or Gaussian 
curve after the mathematician, Karl Gauss, who explained its special 
shape. 

Any set of data which produces such a curve is said to obey a 
normal frequency distribution, 

If the number of coins and the number of tosses is increased 
without bound in our coin tossing experiments, the resulting binomial 
polygons would approach the shape of a perfect normal curve. 


EXERCISE 10-9 


1. An experiment of tossing 6 fair coins is to be repeated 64 times. 
(a) Construct a frequency table for the expected number of times we 
would obtain 0, 1, 2, 3, 4, 5, and 6 tails. 

(b) Construct a histogram and a frequency polygon. 


2. An experiment of tossing 7 fair coins is to be repeated 384 times. 
(a) Construct a frequency table for the expected number of times we 
would obtain 0, 1, 2, 3, 4, 5, 6 and 7 heads. 

(b) Construct a histogram and a frequency polygon. 


3. 160 families, each with five children, were surveyed to determine 
how many of the children were girls. Assume that the probability of a 
newborn baby being a girl is 5 

(a) Construct a frequency table for the expected number of times 
there would be 0, 1, 2, 3, 4 and 5 girls. 

(b) Construct a histogram and a frequency polygon. 


Write 5 using four 6's. 
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10.10 STANDARD DEVIATION 


The mean, median and mode are used to describe the central 
tendency of a collection of data. However it is often necessary to be 
able to describe how the data is dispersed or spread out. 

The simplest measure of dispersion is the range. It is defined as the 
difference between the smallest and the largest values in the set. The 
range is very sensitive to extreme values and does not tell us anything 
about how the numbers vary. For this reason we need another 
measure of dispersion called the standard deviation (a). 

The standard deviation of a population is determined by finding (in| 
order) 

(i) the mean of the population (yz) 
(ii) the difference between each number and the mean 
(iii) the squares of each of these differences 
(iv) the mean of the squares 
(v) the square root of this mean. 


The five steps are abbreviated in the formula 


a Xp fe) exe) tee Xe 
n 


In most statistical problems we do not have all the data for the) 
population, but usually we have only a sample or small part of the) 
population. The mean of the sample is denoted by x. This is anj) 
estimate of the true mean of the population «u. To calculate the sample}, 


standard deviation (s) we use the formula 











dye SLE Ds RI al 
aS ical 


s is an estimate of a. | 
For a population standard deviation we divide by n whereas for a 
sample standard deviation we divide by n—1. Statisticians have founc 


characterized by two numbers—the mean and standard deviation. Th 





ean gives the central value or point of symmetry. The standard 
deviation tells us the amount of spread. The larger the standard 
deviation, the greater the spread. Very few values are more than three 
standard deviations away from the mean on either side. 
Most data do not produce a perfect normal curve but the discre- 
pjpancy is only slight for a large number of natural phenomena. 


EXAMPLE 1. Determine the sample standard deviation s for the 
Nfollowing set of data. 








To determine the mean we divide the sum of the values by the 


| number of values. 
_1X34+2x4+3x9+4x6+5x2 


34+4+9+6+2 
_3+84+27+24+10 
a 24 











12+4+0+6+8 
SsS= ss 
24-1 
- 2 
=1.1 
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Interval 
Boundaries 


When treating a sample of values for a continuously distributed 
variable we commonly group the data into classes and record fré- 
quencies for each class interval. The width and number of intervals 
depends on the number of values and the purpose of the analysis. To 
calculate the mean of grouped data we use the midpoint of the value’s 
class interval as an approximation of each value in the interval. If 
there are k intervals and m, is the midpoint of an interval and f, is the 
frequency then the mean for the sample is approximated by 


(m,Xf,)+(m2X f2)+...+ (my Xf) 
figalstearaly 


x= 





EXAMPLE 2. Determine the sample standard deviation for the fol- 
lowing set of data. 


Interval 
Boundaries Frequency 





Solution 


Interval 
Midpoint (m) 





When the mean and standard deviation are caiculated for a normal 
population distribution, it turns out that approximately 68% of the 
Ndata vaiues are within 1 standard deviation of the mean, approxi- 
Bmately 95% within 2 standard deviations and approximately 99% 
MH within three standard deviations. 


Frequency 
———————~—-~--t 





12% 


<— lo—<— lo +~<- lo ++ 10 ++ 10 ~<+ ig ~ Frequency 


i 
Z 
ls 





Se OG 0a 
ea hoe oa a oe 


eee 99% aa 








In order to facilitate calculations the distribution is simplified as 
N follows. 


Frequency 














lo lo lo lo lo lo Frequency 


EXAMPLE 3. A TV manufacturer advertises that the mean life of 
picture tubes in new TV sets is 10000h with a standard deviation of 
1000 h. A local hotel buys 200 TV sets. Assuming a normal distribu- 
tion, 

(a) what percent of the picture tubes should last longer than 11 000 h? 
(b) what percent of the picture tubes should last less than 8000 h? 
‘(c) how many picture tubes should last longer than 9000 h? 
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Solution 
Draw a normal curve. 


Frequency 








7000 8000 9000 10000 11000 12000 13000 


Picture tube life (h) 















The mean is 10 000 h and the standard deviation is 1000 h so we mark 
the horizontal axis accordingly. 

(a) 16% of the picture tubes should last longer than 11000h 
(b) 2% of the picture tubes should last less than 8000 h 

(c) 84% of the picture tubes should last longer than 9000 h 


0.84 x 200 = 168 
168 tubes should last longer than 9000 h 


EXERCISE 10-10 


1. Determine the sample standard deviation for the following sets of 
data. 
(a) (b) 





Interval 
Boundaries 












. An 10 test was given to all members of the armed forces. The 
wresults were normally distributed with a mean of 110 and a standard 
Mdeviation of 15. 

ia) What percent of the scores were greater than 125? 

Kb) What percent of the scores were less than 80? 

ic) If 75000 personnel took the test, how many scored higher than 


4. A turkey farm manager has determined the masses of his turkeys 
Hare normally distributed with a mean of 5kg and a standard deviation 
pot 0.2kg. A supermarket chain purchased 10 000 turkeys. 

N(a) How many will have masses greater than 4.8 kg? 

(b) How many will have masses between 4.6 and 5.2 kg? 


5. In order to decide whether or not to install a traffic light at an 
Hintersection the speeds of the vehicles using the intersection were 
recorded for a one month period. The results were normally distri- 
buted with a mean of 47 km/h and a standard deviation of 3 km/h. 
N(a) What percent of the vehicles had speeds less than 44 km/h? 

(b) If the speed limit is 50 km/h, what percent of the vehicles were 
speeding? 

H(c) If 12000 vehicles use the intersection each day, how many are 
Hspeeding? 


, 


6. The life of a toaster is normally distributed with a mean of 7a anda 
standard deviation of 1a. During one year a company sold 3000 
toasters. 

(a) How many toasters should last longer than 8 a? 

N(b) If the manufacturer will replace a toaster that lasts less than 5 a, 
fhow many will be replaced? 


7. The time required for a student to register at a university is 
Hnormally distributed with a mean of 33 min and a standard deviation 
Hof 6 min. What percent of the registrations will last 
(a) more than 45 min? 

(b) less than 27 min? 
(c) between 21 min and 39 min? 
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10.11 PERCENTILES AND z-SCORES 


We have seen how mean, median, mode, range and standard 
deviation are used to analyze the central tendency and dispersion of 
data. However quite often one is also interested in knowing the 
position of a term in a distribution. 

Suppose that Marie got 72 on her final mathematics exam. There 
were 120 students, including Marie, who wrote the exam. She knows 
that 20% of the students scored higher than 72, 6% scored 72 and 
74% scored lower than 72. 


Lower than 72 72. Higher than 72 


74% 6% 20% 


Since 
74+3(6)=77 


we say that Marie’s percentile rank ISe7ae 

What this means is that she did better than approximately 77% of the 
students and approximately 23% of the students did better than she 
did. 

The percentile rank of a term in a distribution is found by adding the 
percentage of terms below it to 5 of the percentage of terms equal to 
it. 

If X represents a given term, B the number of terms below xX, E the 


number of terms equal to X and n the total number of terms then the 
1 
2 


x 100 





percentile rank of X is 


EXAMPLE 1. Pete got 64 on a history test. The grades of the other 
students in his class were 59, 64, 48, 53, 78, 81, 60, 53, 62, 71, 40, 58, 
53, 59, 90, 30, 51, 65, 59, 70, 50, 45, 58, 62. Find Pete’s percentile rank. 


Solution 

There are 25 students, including Pete. 

There are 17-scores below 64. 

There are 2 scores (including Pete’s) equal to 64 
*. Pete’s percentile rank 


B+3E 
= x 100 
n 





aut 
pa 2h 
25 


=72 


We say that Pete’s grade is in the 72nd percentile. Approximately 72% 
of the class scored lower than Pete. 
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EXAMPLE 2. On a grade 12 English test Sam got 72. The marks for 
the other students in his class were 


607° 507542781, 35,38, 90, 94,°96, 75 
80, 43, 72, 70, 75, 76, 72, 84, 60, 91 
30,50. OOOO 8007.0 ),89 1,273; 71, 0 


Susan also got 72 on her grade 12 English test and the marks for the 
other students in her class were 


60, 66, 68, 80, 50, 48, 37, 50, 
72D ilb4 O24 O6m67.8 90) 100) 
55, 70, 71, 88, 40, 42, 70, 63 


Find the percentile rank of Sam and Susan. 


Solution 
There are 31 students in Sam’s class 
9 scored below 72 
3 scored 72 

-. Sam’s percentile rank 


9+3(3) 
31 
= SM! 





x 100 


There are 25 students in Susan’s class. 
20 scored below 72 
2 scored 72 

*. Susan’s percentile rank 


20+3(2) 
= —___—— x 
25 
=84 


100 


Although Susan and Sam both had marks of 72, Susan’s percentile 
rank is considerably higher. If we assume that the levels of competi- 
tion are equivalent in both classes, this may indicate something about 
their level of performance or the difficulty of the respective tests. 

However using a percentile rank alone can sometimes be mislead- 
ing. Another measure of the performance of an individual score in a 
population is called the z-score. The z-score measures how many 
standard deviations a score is away from the mean. 

The z-score of a term X in a population distribution whose mean is 
ww and whose standard deviation is o is given by 

x 
i te 
(ex 


Since a is always positive, z will be positive when X is greater than u 
and negative when X is less than uw. A z-score of 0 means that the 
term has the same value as the mean. 
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WORD LADDER 


Start with the word 
“tooth” and change one 
letter at a time to form a 
new word until you reach 
“brush”. The best solution 
has the fewest steps. 
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EXAMPLE 3. On a nationwide math test the mean was 70 and the 
standard deviation 10. Robert scored 86, Sharon 62 and Anne 70. 
Find their z-scores. 














Solution 
X=“ 
74 = 
oO 
86—70 
For Robert z= = 46 
10 
62—70 
For Sharon z= = -0.8 
10 
70-70 
For Anne = =0 
10 


EXAMPLE 4. On a college entrance exam the mean was 70 and the 
standard deviation 8. If Mary’s z-score was —1.5, what was her exam 
mark? 


Solution 





Z= 
oO 


zxao=X-w 
and X=uw+zxo 
=70+(—1.5)x (8) 
= 58 


.. Mary’s mark was 58. 


In the following section we shall see how z-scores are used to 
determine the probability of an event. 


EXERCISE 10-11 


1. Mary has a high school average of 86. The college that she wants 
to attend will not accept a student if the percentile rank is lower than 
90. Is it possible that Mary will be accepted by the college? Explain. 


2. The mean on a physics contest was 71 with a standard deviation of 
6. 

(a) If Sarah’s z-score was 1, what was her mark? 

(b) If Ed’s z-score was —2, what was his mark? 

3. Can a percentile rank of 60 have a negative z-score? Explain. 

4. Mark got 70 on an English exam. The grades of the other students 
in his class were 





60,469,182; 47475, 772 
7107°6666;,50;°30291 
55 CO MmO9nO2 O07 Ss 


Find Mark’s percentile rank. 


5. On a college entrance exam, the mean was 60 and the standard 
deviation 6. Sue scored 70, Bill 58 and Tom 61. Find their z-scores. 


6. For a national physical fitness test conducted on 18 year olds the 
mean was 72 with a standard deviation of 5. Jim had a z-score of —1.2 
and Shelly a z-score of 1.8. Determine their actual test marks. 

7. A brand of transistor radio battery has a mean life of 50h with a 
standard deviation of 5h. Find the z-score of a battery which lasts 
(a) 58h 

(b) 48h 

(Cc) 53ihs 

8. In order to help him decide what his major should be in college, 
Ralph took an aptitude test. The results of the test are as follows 


National Standard 
Subject Mean Deviation 


Pure Science 








Social Science 





: 
: 
ie a 

1¢ Sa a 


(a) Change Ralph’s scores to z-scores. 
(b) What should he major in? 
(c) In what subject is he least talented? 


10.12 THE STANDARD NORMAL CURVE 


A normal distribution is completely specified by its mean and 
standard deviation. Different means and different standard deviations 
will describe different bell shaped curves. However it is possible to 
convert each of these different normal distributions into one stand- 
ardized form. The following example illustrates the reason for doing 
this. 

It was stated in Section 10.9 that frequency polygons associated 
with binomial coin tossing distributions approach a normal curve as 
the number of coins and tosses increases to very large values. 

The following figure shows the bar graph and the approximating 
normal curve for the experiment of tossing 8 coins 2560 times. The 
random variable represents the number of tails obtained. 
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~ NUMBE 


Suppose we wanted to know the probability that exactly 3 of the 
coins turned up tails. We could use the method of Section 10.5. 


C 
P(3 tails) oe 


_ 56 
256 


= 0.2186 


Geometrically this probability represents the area of the shaded bar 
divided by the total area of the 9 bars. The area of the shaded bar is 
approximately equal to the area under the normal curve from 2.5 to 
So: 

Since areas under normal curves are related to probabilities, we use 
a special normal distribution table to calculate probabilities. Such a 
table is given in the Appendix at the end of the book. However, since 
the mean and standard deviation can take on many values, it would 
appear that we would need many tables. 

This is not the case. We need only one 
standardized table. To determine prob- 
abilities using areas under a normal curve 
we are interested in the ratios of areas and 
not the specific areas themselves. If approxi- 
mately 68% of the total area under a normal 
curve lies within 1 standard deviation of the 
mean for a distribution with a mean of 5 and 
a standard deviation of 1, then approxi- 








mately 68% of the total area lies within 1 
standard deviation of the mean for a dis- 
tribution with a mean of 50 and a standard 
deviation of 15. For this reason statisticians 
use a standard distribution. 








The standardized normal distribution is a normal distribution with a 
mean of 0 and a standard deviation of 1. 
If X is a random variable with mean wu and standard deviation oa, 


xX- 
then aoe has a mean of 0 and a standard deviation of 1. 
Oo 


The Table in the Appendix gives the areas under the Standard 
Normal Curve between z=0 and z=0.00, 0.01, 0.02,...,3.99. 


EXAMPLE 1. For a standard normal dis- 
tribution, find the area between z=0 and 
2 =e 


Solution 

We first draw a sketch. From the Table we 
see that the area between z =0 and z= 1.14 is 
0.3729. This means that the probability of a 
z-score falling between z=0 and z=1.14 is 
0.3729. 





EXAMPLE 2. For a standard normal dis- 
tribution find the area between z=0 and 
2—— P13. 


Solution 

We first draw a sketch. From the table we 
see that the area between z=0 and z=2.13 
is 0.4834. Due to the symmetry of the curve, 
the area between z=0 and z=~2.13 is also 
0.4834. A negative value of z just tells us that 
z is to the left of the mean. The probability of 
getting a z-score between O and —2.13 is 
0.4834. 
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=—1.87 —0:19'0 





EXAMPLE 3. For a standard normal dis- 
tribution, find the area between z=—0.19 
and z=~—1.87. 


Solution 

From the table the area between z=0 and 
z=0.19 is 0.0754. The area between z=0 
and z=1.87 is 0.4693. Subtraction gives the 
area between z=—0.19 and z=—1.87 as 
0.3939. The probability of getting a z-score 
between —0.19 and —1.87 is 0.3939 


EXAMPLE 4. For a standard normal dis- 
tribution, find the probability of getting a 
z-value less than 1.2. 


Solution 

The probability of getting a z value less 
than 1.2 means the area under the curve to 
the left of z = 1.2. The area from z = 0 to 
Z=1.2 is 0.3849. The area to the left of z=0 
is 0.5000. Therefore the probability of getting 
a z-value less than 1.2 is 0.3849+0.5000 or 
0.8849. 


For the standard normal curve 
P(a<xsb) is the area under 
the curve between a and b 








EXAMPLE 5. /n a normal distribution, 1» =20 and oa =5. What is the 
probability of obtaining a value 

(a) greater than 24? 

(b) less than 21? 








Solution 
(a) For X =24 (b) For X =21 
X- Ss 
oO Co 
24-20 21—20 
=0.8 =0.2 
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We are interested in the area of the curve to 
the right of 0.8. From the table, the area from 
z=0 to z=0.8 is 0.2881. 

.. the area to the right of 0.8 is 


0.5000 — 0.2881 = 0.2119 


.. the probability of obtaining a value greater 
than 24 is 0.2119. 





0.2 


We are interested in the area to the left of 


0.2. The area from z=0 to z=0.2 is 0.0793. 
.. the area to the left of 0.2 is 


0.5000 + 0.0793 = 0.5793 


-. the probability of obtaining a value less 


than 21 is 0.5793 


EXAMPLE 6. A manufacturer advertizes that his movie projector 
bulbs have a mean life of 25h with a standard deviation of 2h. 
Assuming a normal distribution, what is the probability that a bulb 


will 
(a) last longer than 28h? 
(b) last between 21h and 30h? 


Solution 
(a) For X =28 


_ 28-25 





Z 


2 








Zi= Oe 
The area from z=0 to z=1.5 is 0.4332. The 
area to the right of z=1.5 is 
0.5000 — 0.4332 = 0.0668 


The probability of a bulb lasting longer than 
28h is 0.0668 or approximately 7% of the 
bulbs last longer than 28 h. 








(b) For X=21 For X =30 
7 PAS, 30-25 
z= z= 
2 2 
=-2 =2.5 





2 O ENS) 


The area between z=0 and z=~—2 is 0.4772. 
The area between z=0 and z=2.5 is 0.4938. 

The area between z=—-2 and z=2.5 is 
0.9710. 

.. the probability of a bulb lasting between 
21 and 30h is 0.9710. 
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EXERCISE 10-12 


1. For a standard normal distribution, approximately what percent of 
the population lies between 

(a) z=0 and z=1.83? 

(b) z=0 and z=—0.56? 

(c) Z=1 and z=—1? 

(d)'z=2 and) z=—2? 

(e) z=3 and z=~—3? 

(f) z=1.12 and z=2.44? 

(g) z=—0.82 and z=-—2.41? 

(h) z=—0.73 and z= 1.98? 


2. For a standard normal distribution find the probability of getting a z 
value 

(a) less than 1.9 

(b) greater than —1.57 

(c) less than 2.41 

(d) less than 0.33 

(e) between 1.29 and 2.56 

(f) between —2.03 and —1.06 

(g) between 1.75 and —0.08 

(h) less than —1.66 or greater than 0.81 


3. For a normal distribution, 1 =30 and a =5. What is the probability 
of obtaining a value 

(a) greater than 35? 

(b) less than 28? 

(c) between 31 and 37? 

(d) between 19 and 29? 

(e) between 26 and 41? 


4. A supermarket has determined that the average waiting time at an 
express counter is 200s with a standard deviation of 40s. Assuming a 
normal distribution, what is the probability that you will wait longer 
than 3 min? 


5. The average “‘life’’ of a certain car engine is 110000 km with a 
standard deviation of 12000km. Assuming a normal distribution, 
what is the probability that the engine will last 

(a) longer than 120 000 km? 

(b) between 95000 km and 115000 km? 


6. The mean life of a certain brand of TV picture tube is 9000 h with a 
standard deviation of 600 h. Assuming a normal distribution, what is 
the probability that a tube will 

(a) last less than 8000 h? 

(b) last more than 9500 h? 


7. The label on a box of paper clips states that the box contains 100 
clips. The manufacturer has determined that the mean number is 102 
with a standard deviation of 3. Assuming a normal distribution, what 
is the probability that a box will contain 

(a) more than 100 clips? 

(b) less than 100 clips? 


8. The life of a blender is normally distributed with a mean of 7 a and 
a standard deviation of 1.5a. What is the probability that a blender 
will 

(a) last longer than 8 a? 

(b) last less than 5a? 


9. The neck size of men is normally distributed with a mean of 40 and 
a standard deviation of 1. A manufacturer is going to produce 10 000 
shirts with the following sizes: 37, 38, 39, 40, 41, 42, 43 and 44. 
Assuming a normal distribution, how many of each size should he 
produce? 


10. A manufacturer has determined that the life of his mixers is 
normally distributed with a mean of 10a and a standard deviation of 
3 a. If he guarantees his mixers for 7 a, what percent can he expect to 
replace? 


11. A car manufacturer has determined that the engines in the Python 
car have a mean life of 80000km with a standard deviation of 
10 000 km. For how many kilometres should he guarantee the engine 
if he does not want to replace more than 2% of them? 


REVIEW EXERCISE 


1. Evaluate. 

(a) oP, (b) 9C, (cp 12) (d) ,P2 
(e) () (f) a (g) (os (iy C3. 
e) (5 18! Q) \og 2) 


2. A store sells 25 flavours of ice cream. In how many ways can you choose 
(a) a double scoop cone? 

(b) a triple scoop cone? 

(c) a triple scoop cone if you decide to have 3 different flavours? 


3. The Cupid Computer Dating Service has cards for 194 boys and 110 girls. How 
many different dates can it arrange? 


4. In going through a maze there are 9 places where you can go to the left or to the 
right. How many different paths are there through the maze, if all paths lead to the exit? 


5. A club has 26 members. In how many ways can it choose 
(a) a president, a secretary, and a treasurer? 
(b) a committee of 3 members? 


6. There are 7 candidates for the office of mayor. In how many ways can their 
names be listed on the ballot? 


7. There are 48 people at a party. If everybody shakes hands once with everybody 
else, how many handshakes will there be? 


8. There are 12 players on a basketball team and all of them can play each of the 5 
positions. 

(a) In how many ways can the coach select 5 players to start the game? 

(b) Once he has selected these 5 players, in how many ways can the coach assign 
them to the 5 positions? 
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9. A new musical group called ‘The Birds” is being formed. It will consist of 3 
guitarists, 1 drummer, and 2 vocalists. Auditions are held and 12 guitarists, 5 drum- 
mers and 7 vocalists try out. How many different sets of musicians could be 
chosen for the group? 


10. How many poker hands are there which consist of 2 jacks, 2 queens, and a 


king? 

11. In how many ways can the letters of the following words be arranged? 
(a) mustard (b) unusual (c) Toronto 

12. Expand the following. 

(a) (a+b)? (b) (1—x)’ (c) (x*+2y)® 

13. Write out the first 4 terms in the binomial expansion of the following. 
(a) (a+b)"° (b) (x= 2)¥ 


14. Find (1.015)’ correct to 3 decimal places by using the Binomial Theorem. 
15. A single card is dealt from a deck of 52 playing cards. Find the probability that 


the card is 

(a) a jack (b) not a jack 

(c) a heart (d) a jack or a king 

(e) a jack or a heart (f) neither a jack nor a heart 
16. Six coins are tossed. Find the probability of getting 

(a) 6 tails (b) at least one tail 

(c) 2 heads and 4 tails (d) 3 heads and 3 tails 


17. A box contains 8 red balls and 6 blue balls. Four balls are drawn at random from 
the box. Find the probabilities of the following events. 

(a) All 4 balls are red. 
(b) 3 balls are red and 1 is blue. 
(c) 2 balls are red and 2 are blue. 
(d) At least one ball is blue. 


18. A box contains 2 white balls, 3 red balls, 4 brown balls, and 1 yellow ball. A ball 
is chosen at random from the box, it is replaced, and another ball is chosen. Find the 
probabilities of the following events. 

(a) The first ball is brown and the second is white. 

(b) The first ball is red and the second is yellow. 

(c) One ball is red and the other is white. 

(d) Both balls are brown. 

(e) Both balls are yellow. 


19. Do question 18 assuming that the ball is not replaced. 


20. At a charity bazaar 40 lottery tickets were sold. Dale bought 10 tickets and Bruce 
bought 5 tickets. There are 5 prizes. Find the probabilities of the following events. 
(a) Dale wins all 5 prizes. 

(b) Bruce wins all 5 prizes. 

(c) Dale wins at least one prize. 

(d) Bruce wins at least one prize. 

(e) Dale or Bruce wins at least one prize. 
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21. Determine the sample standard deviation for the following set of data. 








2 


22. Sandra got 73 on a geography exam. Frank got 68. The marks of the other 
students in their class were 


BOR GG22,07073 
68, 40, 52, 66, 81 
bs), Ws, S10), Wl, WS 
30, 52, 66, 70, 84 


Find the percentile rank of Sandra and Frank. 


23. On a national mathematics contest the mean was 80 and the standard deviation 
20. Al scored 66, Terry 82, and Sue 70. Find their z-scores. 


24. For a standard normal distribution, approximately what percent of the popula- 
tion lies between 

(a) z=1.03 and z=2.56 

(b) z=—2.13 and z=—0.49 

(c) 2=—1.72 and z=1.14 


25. For a normal distribution, 1. = 24 and o = 4. What is the probability of obtaining a 
value 

(a) greater than 26? 

(b) greater than 17? 

(c) less than 30? 

(d) between 25 and 31? 


26. A soda cracker manufacturer has determined that the masses of boxes of 
crackers are normally distributed with a mean of 250g and a standard deviation of 
4g. What is the probability that a box of crackers will have a mass 

(a) greater than 252 g? 

(b) less than 247 g? 

(c) between 245g and 255g? 
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REVIEW AND PREVIEW TO CHAPTER 11. 


EXERCISE 1 THE DISTANCE FORMULA 
AND MIDPOINT 


P,(X4, V1) 





d =V(x2— X)? + (yo— y1)7 


Xe a Se 
m( 1 2 “) 
Z 72 














PAXonYs) 


Find the distance between the following pairs of points. 








1. A(2, 5), B(4, 8) 22) Wy (5.4) Sr E( 3) 5) hilo) 
4. G(—2,—6), H(—7, —6) 5. |(—3, —4), J(—8, —6) 6. K(0, 7), L(—5, 2) 
7. Find the radius of a circle with centre (2, 9) if (8,12) is a point on the circumfer- 
ence. 
Find the midpoint of the line segment having the endpoints 
8. A(3, 4), B(9, 12) SMG (— 375) (5a) 10. E(4,—11), F(8, —5) 
hk G@; sap lak(—S, 3) (P2, (LH, @)). d= Sy, 8) 1S KO} 7) aiNons) 
14. Find the centre of the circle having A(2,5) and B(—3,7) as endpoints of a 
diameter. 


aegOmGa : 2 ; q 
al De is the midpoint of the line 





15. Use the distance formula to show that ( 


segment having endpoints (a, c) and (b, d). 


EXERCISE 2 CIRCUMFERENCE AND 
AREA 


Circumference: C=2ar=ad 


Area: A= ar? 
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Find the perimeter and area of the shaded region. 


t 2 
sie 
: 
5. 6. 
5 
6 6 


EXERCISE 3 CHORDS 





4 4 3 
7. 8. 
7, 
126° 
y 8 
7 8 





The right bisector of the chord passes 
through the centre of the circle. 


Find the value of the variables: 


Ya 3. 4. 
: D 
[ 
oo ‘> 
5. 6. 7. 8. 
e' 15 
al 
a 
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EXERCISE 4 ANGLES IN A CIRCLE 


Angles subtended by the An angle in a semicircle is In a Cyclic Quadrilateral 
same arc are equal 907 opposite angles are 
supplementary. 





Find the value of the variables. 


oS 
ie a 





EXERCISE 5 TANGENTS TO A CIRCLE 


i 
T Tangents drawn to a circle from 
Ee an external point are equal. 
o 
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Find the value of the variables. 


le 


@ @ 
Ge 


EXERCISE 6 TANGENTS, CHORDS AND 


SECANTS 
Tangent Chord Theorem: Tangent Secant Theorem: 

The angle between the tangent and the If a secant and a tangent are drawn from 
chord is equal to the angle inscribed in the the same external point, then 


circle on the opposite side of the chord. A 
PT~-=PAx PB 


T 
Pp 
: 
; , 
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CHAPTER 11 


Analytic 
Geometry 


Geometry will draw the soul toward truth and create the spirit of philosophy. 
Plato 





JOHANN KEPLER (1571 —1630) 


Kepler, an astronomer and mathematician, was born near Stuttgart in Ger- 
many. He had a readiness to look for new relations between familiar things. At 
the age of twenty-two he went to Gratz in Austria, where he was appointed 
professor, then on to join another astronomer, Tycho Brahe, at a new observat- 
ory near Prague. It was here that he also came under the influence of Galileo. 
He eventually published his great laws of planetary motion: 

1. (1609) The orbit of each planet is an ellipse, with the sun at a focus. 

2. (1609) The line joining the planet to the sun sweeps out equal areas in equal 
times. 

3. (1619) The square of the period of the planet is proportional to the cube of 
its mean distance from the sun. 

Kepler pointed out many details in abstract theory that his predecessors had 
missed—such as the importance of the focus of a conic. He was the first to use 
the word “focus” (meaning “hearth” in Latin). As well as working in algebra 
and logarithms, Kepler was also a geometer, finding the area of the ellipse to 
be sab. 








11.1 THE EQUATION OF A CIRCLE 


A locus is a set of points that obey a rule or satisfy a given 
condition. The locus of points‘in the plane that are a fixed distance 
from a fixed point is called a circle—the fixed distance is the radius 
and the fixed point is called the centre. 

In order to find the equation of a locus, we go through the following 
three steps: 

1. Name a point such as P(x, y) to represent a typical point in the 

locus. 

2. State the locus in geometric form. 

3. Express the law of the locus in algebraic form. 

These three steps are illustrated in the following example. 


EXAMPLE 1. Find an equation of the locus of a point equidistant 
from 
A(2,5) and B(6, 9) 
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1. Let P(x, y) be any point equidistant from 
A(2,5) and B(6, 9) 

2. P is equidistant from A and B if, and only 
if, AP = BP 

3. Using the distance formula | 




















d = V(x,— x,)?+(y2—y,)? 
AP =\(x —2)°+(y—5) 
BP = V(x —6)?+(y—9)” 


-: AP=BP 
V(x = 2)? + (y — 5)? = V(x — 6)? + (y — 9)” 


(x — 2)? + (y —5)? = (x—6)?+(y —9)7 
x?—4x +4+ y?—10y + 25 = x?- 12x + 36+ y?-18y+81 
8x +8y—-88=0 
x+y-11=0 















































an equation of the locus is x+y—11=0 
It turns out that the locus is the right bisector of AB. 


EXAMPLE 2. Find an equation of the circle having centre C(2,5) and 
radius 4 


Solution 


Let P(x, y) be any point on the circle. P is on 
the circle if, and only if, CP=4 


V(x —2)?+(y—5)/?=4 
(x —2)?+(y—5)?=16 


P(x, y) 


Since these steps can be reversed, a point 
belongs to the circle if and only if its coordi- 
nates satisfy (x —2)?+(y—5)?=16 





398 


x “. an equation of the circle is 
(x —2)?+(y—5)? = 16 
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We can use the method of Example 2 to find the general form of the 
quation of the circle having 








ae 





Centre 0(0, 0), radius r Centre C(h, k), radius r 
Let P(x, y) be any point on the circle. Let P(x, y) be any point on the circle. 
P is on the circle if and only if OP=r P is on the circle if and only if CP=r 
V(x=0)? +(y—0)?=r V(x—hP+(y—k)=r 
(x—0)*+ly-0)? = r7 (xn) ty =k) =r 
Me VA 7, 


An equation of the circle with radius r, and centre 


0(0,0) is tye r7 
C(h,k) is (x-—h)?+(y-—kP=r? 





EXAMPLE 3. Find the equations of the following circles 
(a) centre 0(0,0) and radius 5 
(b) centre C(—3,5) and radius 6 


Solution 
(a) Using the formula x?+ y? =r? 
Xo y= Se 
an equation of the circle is 
x?+y7=25 
(b) Using the formula (x —h)*+(y—k)?=r’, 
(x—(—3)?+(y 5)? =6? 
(x + 3)?+(y —5)? = 36 is an equation of the circle. 
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EXAMPLE 4. Find the centre and radius of the circles defined by 
(a) x?+y?=49 

(b) x?+y?—6x =7 

(c) x?+y?+4x-10y-7=0 


Solution 
(a) x?+y*=49 can be written 
x? a8 Va = Te 


the centre is (0,0) and the radius is 7 
(b) We wish to express the equation in the form 
(x=h)+l(y—ky=r. 


x*+y*—-6x =7 
x?-6x+y7?=7 
Completing the square 
x?—-6x+9+y7=74+9 
Factoring 
(x —3)?+(y—0)?=16 


the centre is (3,0) and the radius is 4 
(c) x*+y*+4x-10y—7=0 





x?+4x+y*-10y =7 
Completing the square, 
x?+4x+4 +y?—10y+ 25 =7+4+25 
Factoring 
(x +2)?+(y—5)* =36 
the centre is (—2,5) and the radius is 6 
EXAMPLE 5. Sketch the graph of the region defined by 


(a) x?+y?<25 
(b) x*+y?—6x—-8y—11=0 


Solution 


(a) We sketch the graph of the boundary 


first. 
x?+y?=25 
and Vx*+y*<5 


we shade the interior of the circle. 


(b) We sketch the graph of the boundary 
first. 


x*+y?—6x -8y—11=0 
x?—6x+y?-8y=11 
x?—6x +9+ y?—8y + 16=11+9+16 
(x —3)?+(y—4)? = 36 
V(x —3)?+(y—4)?=6 





we shade the exterior of the circle. 





EXERCISE 11-1 


1. State the location of the centre and the radius of the following 
circles. 


(a) x*+y*=1 (b) x*+y*=49 (c) x?+y?=81 

Mix t(v-2)=25 (e) (x+3)+y=36 (f) (x—5)-(y+4)*=100 
(g) x?+y?=20 (h) x?+y?=17 (i) x?+y?=50 

(j) 2x?+2y?=50 (k) 3(x —2)?+3(y+1)?=10 


(I) (x-a)?+(y—by?=c? 
2. State the equation of each of the following circles, given 


(a) centre (0,0), radius 3 (b) centre (0,0), radius 7 

(c) centre (0,0), radius V5 (d) centre (2,5), radius V7 
(e) centre (—2,3), radius 5 (f) centre (—3, —4), radius 5 
(g) centre (5, —2), radius 3 (h) centre (0,3), radius 6 

(i) centre (—4,0), radius 4V2 (j) centre (—3, —8), radius 10 
(k) centre (a, b), radius c (1) centre (a,—b), radius c 


3. Find an equation of the locus of each of the following. 

(a) points 5 units above the x-axis. 

(b) points 2 units to the left of the y-axis. 

(c) points 5 units from the origin. 

(d) points 7 units from A(2, 5). 

(e) points equidistant from B(0,5) and C(0, —1). 

(f) points equidistant from D(73, 2) and E(5, —6). 

(g) points on the right bisector of the line segment joining A(5, 2) to 
B(3, 8). 


4. Find the equation of each of the following circles. 
(a) centre (0,0), passing through (—3, 4). 

(b) centre (2,5), passing through (2, 8). 

(c) centre (—3, —2), passing through (—3, 8). 

(d) centre (0,5), passing through (3, —4). 

(e) centre (—3, 0), passing through (0, 4). 

5. Find the location of the centre and length of the radius of each of 
the following circles. 

(a) x?+y7+6x-—27=0 

(b) x7+y?—4y—5=0 

(c) x*+y?+10x—8y+16=0 

(d) x?+y?—2x-—2y—3=0 
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(e) x?+y*?—4x+2y—-4=0 

(f) x?+y?-10x+12y—3=0 

(g) x*+y?+5x—3y+3=0 

6. Find the equation of each of the following circles. 

(a) having a diameter with endpoints A(2, —5) and B(2, 5). 
(b) having a diameter with endpoints A(2, —5) and B(8, 3). 
(c) centre (0,0) and x-intercept 7 

(d) centre (0,0) and y-intercept —3 


7. Sketch graphs of the following relations, x, yeé R. 


(a) x?+y?<16 (b) x?+y?<9 (c) x?+y?—25>0 
(d) (x—2)?+(y—3)?<25 (e) (x+3)?+(y—5)?=16 
(f) x?+y?+6y<16 (g) x?+y?+6x-—8y>0 


(h) x*+y?—12x+6y—-4<0 


11.2 CHORDS AND TANGENTS 


tangent 


A chord is a line segment having its end- 
points on the circle. A tangent is a line that 


intersects the circle in only one point. 


In this section you will require the following formulas from your 
previous work: 


Equations of Lines Midpoint 





(* +X2 Vi ~*) 
2p Myke 


Distance between two points 


d= (X2— 4)? + (Yo yi)? 








EXERCISE 11-2 


1. Given the circle defined by x*+y?=25 and endpoints A(3, 4) and 
B(—4, 3) 

(a) show that AB is a chord of the circle. 

(b) find the equation of the right bisector of AB. 

 (c) show that the centre of the circle lies on the right bisector of AB. 


}} 2. Given the circle defined by x*+y*=40 and the points C(2, 6), and 
D(-6, 2) 

# (a) show that CD is a chord of the circle. 
§ (b) find the midpoint, M, of CD. 

(c) find the slope of OM. 

(d) find the slope of CD. 

§ (e) show that CD 1 OM. 


| 3. Given the circle x?+ y*=16 and the point 
® P(5,9) and T, the point of contact of a 
| tangent from P, 

i) (a) show that P lies in the exterior of the 
§} given circle. 

| (b) find the lengths of OT and OP. 

(c) find the length of the tangent PT. 


| 4. Find the length of the tangent to the given circle from the given 





® point. 
f(a) x?+y?=25, P(6, 8) (b) x?+y?=9, P(7, -6) 
Hl (c) x?+y?=16, P(O, 10) (d) x?+y?=40, P(5, —5) 
f (e) x?+y?=50, P(-8, 10) (f) x?+y?=1, P(8, 1) 
(g) (x—5)?+y* = 36, P(8, —8) (h) (x +3)?+(y—2)?=25, P(8, 8) 


5. Given the circle defined by x?+y*=25 and the point T(—3, 4), 
(a) show that T is a point of the circle. 

(b) find the slope of OT. 

(c) find the slope of the tangent at 7, perpendicular to OT. 

(d) find an equation of the tangent to the circle at T. 


6. Find an equation of the tangent to the given circle at the given 
point of contact. 


(a) x*+y?=13, T(2, 3) — (b) x?+y* = 34, T(3,5) 
(c) x?+ y’ =74, T(—5, —7) : (d) x?+ Ve = 20, T(2, —4) 
(e) x*+y?=36, T(0, 6) (f) x?+y?=34, T(—5, 3) 


(g) (x—2)?+(y—3)?=20, T(4,7) — (h) (x +3)? +(y—4)?= 25, T(0, 0) 

7. Given the circle defined by x*+y?=r’ and the points A(a, b) and 
B(—b, a) on the circle, 

(a) find the equation of the right bisector of the chord. 

(b) show that the right bisector of the chord AB passes through the 
centre of the circle. 


} 8. Given the circle defined by x*+y*=r’ and the points P(p, q) and 
= QO(q,—p) on the circle, 

(a) find the midpoint, M, of PQ. 

(b) find the slope of OM. 

(c) find the slope of PO. 

(d) show that OM 1 PQ. 
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9. Given the circle defined by x?+y*=r* and the point P(a, b) in the 
exterior of the circle, T is the point of contact on the circle of a tangent 
from P. 

(a) Find the lengths OT and OP. 

(b) Find the length of the tangent PT and write a formula for length of 
tangent from a point. 

10. Given the circle defined by x?+y*=r* and the point T(a, b) on 
the circle, 

(a) find the slope of OT. 

(b) find the slope of the tangent at T, perpendicular to OT. 

(c) find an equation of the tangent to the circle at T. 


11.3 THE PARABOLA: FOCUS-DIRECTRIX 
DEFINITION 


Suppose that a point P(x, y) moves so that 
its perpendicular distance from line L (y= 
—3) is always equal to its distance from point 
F(3, 2). We can find an equation of the path 
of P since 

PF=PD 


V(x-3)?+(y-2)/?=y+3 


Squaring both sides of the equation we have 





(x —3)?+(y—2)?=(y +3)? 
(x—3)?+y*-4y+4=y*+6y+9 
(x —3)?-5=10y 
Y =7i0(x —3)?—3 
Since the equation of the path of P is in the form y = a(x—h)?+k, the 


path of P is a parabola. This leads to a geometric definition of a 
parabola. 


A parabola is the set of all points 
which are equidistant from a fixed line 


(called the directrix) and a fixed point 
not on the line (called the focus). 





VERTEX 
AX'S ORaue ee 


SYMMETRY — | 
See 
| 
| 





DIRECTRIX 


Notice that the vertex of the parabola is midway between the focus 
and the directrix. 
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EXAMPLE 1. Find an equation of the parabola whose focus is (2, 1) 
and whose directrix is the line x =4. 





Solution 








Let P(x, y) be any point on the parabola. 
PF=PD 
V(x = 2)°+ (y= 1)? = V(x 47+ (y= y?? 
(x2)? +(y— 1)? = (x—4)? 
x*—4x+4+(y—1)?=x?-8x+16 
(y—1)?-12=—4x 
ee Verl) a3 





























is an equation of the parabola 





The method of Example 1 suggests the following method to derive 
a general equation of a parabola with focus on the x-axis. 


Let the focus be F(c, 0) and the equation of 
the directrix be x+c=0. If P(x,y) is any 
point on the parabola, then 








FP =PD 
V(x—c)*+y*=x+c 


Squaring both sides, 





x*—2cx+c7+y* = x*+2cx +c? 


VasAcx 








The general equation of a parabola 
with horizontal axis of symmetry is 


y* = 4cx 


where the focus is (c, 0) and the equa- 
tion of the directrix is x +c =0. 





Examination of the equation shows that the parabola opens to the 
right for c>0 and to the left for c<0O. For a parabola with a vertical 
axis of symmetry, the equation is of the form x*=4cy, where the 
focus is (0, c). 
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EXERCISE 11-3 


1. Find an equation of the parabola with the given focus and directrix. 
(a) focus: (0, 2); directrix: y=—4 

(b) focus: (0, —3); directrix: y=2 

(c) focus: (4,0); directrix: x =1 

(d) focus: (—3, 0); directrix: x =2 

(e) focus: (2,2); directrix: y=—1 

(f) focus: (—3, —2); directrix: x =—1 

(g) focus: (—5, —1); directrix: x =5 

(h) focus (—4, 3); directrix: y=5 

2. Determine an equation of the parabola whose vertex is at (4, 2) and 
whose focus is 3 units to the left of the vertex. 

3. Determine an equation of the parabola whose vertex is at (—3, —1) 
and whose directrix is 2 units above the vertex. 

4. Determine an equation of the parabola whose vertex is (a,0) and 
whose directrix is the line x =—a. 

5. Determine an equation of the parabola whose vertex is (1,3) and 
whose directrix is the line y = x. 


11.4 THE EQUATION OF AN ELLIPSE 


When the earth revolves about the sun it 
does so in an orbit which we call an ellipse. 
Also, when most satellites revolve about the 
earth they do so in elliptical orbits. 


: 


If we take two points F, and F,, and a piece of string longer than 
F,F, fastened at F, and F,, then we can draw an ellipse as shown 
below. 


From the diagram above we see that the sum of the distances 
F,P+PF,, namely the length of the string, is a constant for all posi- 
tions that P takes. This leads us to make the following definition. 


Ellipse 
An ellipse is a locus such that the sum 
of the distances from any point on the 


locus to two fixed points is a constant. 


F,P+ PF,=k 





Each of the fixed points is called a focus (the plural is foci) and the 
lengths F,P and PF, are called focal radii. The constant value must be 
greater than the distance between the foci. 


EXAMPLE 1. Find an equation of an ellipse 
with foci at (—4,0) and (4,0) and constant 
sum of the focal radii 10. 


Solution 
Let P(x, y) be any point on the ellipse. 


F,P+PF2=10 


Using the distance formula 





d= V(x2— x4)? + (Y2— y)* 
F,P=VK+ 44 (yp 
FP = VX 44 (v—0P 





The required equation for the set of points is 








V(x +4)? + y?4+V(x—4)? + y?=10 
V(x —4)*?+ y* =10—-V(x +4)? + y” 
Squaring both sides 
(x? —8x + 16) + y? = 100 — 20V (x + 4)? + y* + (x? + 8x + 16)+ y? 
5V(x+4)*+ y*=4x+25 
Squaring both sides again 
25x* + 200x + 400+ 25y* = 16x? + 200x + 625 
9x*+ 25y” = 225 
Dividing both sides by 225 we get the equa- 
tion in a convenient form. 
2 P2 
UY as: 1 
25.09 
Rewriting the equation 
72 2 
ten Aes 
oF 


we immediately see other important features 
of the graph—the x-intercepts are +5, and 
the y-intercepts are +3. 
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We use the method of Example 1 to derive the general equation of 
an ellipse. 


If P(x, y) is any point on the ellipse, then 
F,P+ PF, =2a 
V(x+e)?+y?+v(x—c)?+y?=2a 


J(x+e)?+y?=2a—-—V(x-—c)*+y” 





Let the foci be F,(—c,0) and F,(c,0), the x- 
intercepts +a, and the y-intercepts +b. We 
shall define the lengths (i) from (—a,0) to 
(a,0) the major axis, 2a; (ii) from (0,—b) to 
(0,b) the minor axis, 2b. 





F,P+PF,=2a 


Squaring both sides 
(x? + 2cx + c?)+ y? = 4a?—4av(x—c)? + y?+ (x?—2ex +c?) + y? 
4aV(x—c)’?+y? =4a?—4cx 
av(x—c)*+y?=a?—cx 
Squaring both sides again 
a*(x*—2cx +c”)+ a?y? = a*— 2a7cx + c?x? 


a?x* —c*x?+ a*y”? = a*—a?c" 





Factoring 
y 
(a?—c?)x?+ a2y? = a%(a?— c?) 
Substituting b? =a*—c?, 
bx? a-y-= a*b2 
x ; g 
Dividing both sides by ab”, 


a*=67+c?2 
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The general equation of an ellipse with centre at the origin is 


where 2a is the major axis 
2b is the minor axis 


and a?=b*+c" 


The foci are (—c, 0) and (c, 0). 





Ellipses can be long and narrow, or nearly circular. The amount of 
elongation of an ellipse is measured by a number called the 
eccentricity 


c 
e=— 
a 


(+) a 


EXAMPLE 2. For the ellipse 


x? 2! 

erie = 

9 
state 
‘a the x-intercepts : A driver sets out on a trip 
b) the y-intercepts : of 30km at 50 km/h. After 
(c) the length of the major axis 15 km he decides to 


(d) the length of the minor axis 

(e) the location of the foci what speed must he drive 

(f) the eccentricity in order to average 

and sketch the ellipse. 100 km/h for the whole 
trip? 


increase his speed. At 


Solution 
We write the equation in the form 


xy ie 
op Ge 
a=3, b=2, c*=a7-—b* 


c=4+V9-4=45 
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(a) the x-intercepts are +3 
(b) the y-intercepts are +2 
(c) the major axis is 2a = 2(3)=6 





(d) the minor axis is 2b = 2(2)=4 








(e) the foci are (—V5, 0) and (V5, 0) 
(f) the eccentricity is 
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_¢_V5 
aays 
=0.75 


























EXAMPLE 3. Find an equation of an ellipse with centre at the origin, 
x-intercepts +6, and eccentricity 3. 


Solution 
Eccentricity 


© 
ll 
9/90 














© 
ll 
WIN 


and 


$e) 
II 





II 
MIO Oo 


WIN 











12=3c 





c=4 
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b?= az—c- 
=67=4? 
= 20 








Substituting into the general equation 


2 


N 


x 
ait = 1, we have the required equation 
x? Ve 
36 20 


: aS i} 


EXERCISE 11-4 


1. State the length of the major and minor axes. 








xX 2 2 2 x? 2 
y Xe | y 
a) —+--=1 b) —+—=36 —+— 
(a) 3+ 36 a G (o) Set 16 
2. State the eccentricity of the following ellipses. I 
x? y* x? y? x? Va 
a) —+—=1 b) —+--=1 = 
a) 25 9 (b) 3e* 16 (0) 399 36 
3. Locate the foci and graph each of the following. 
x? y* x? Va x? y? 
Tee byt = — += 
) 46 9 IP) et ia (°C) 19 ‘16 
x? x? 2 2 2 
y* y 2 ME 
d) —+—=1 — 1 f) —+—= 
(a) 257 4 Lalerpiena ) 49°36 
4. Sketch the graph of the following and find the eccentricity. 
x? ee x? y* x? y? 
t= 1 iy eee | 
Ah 554 Ding ea () 679 
(d) 4x?+9y?=36 (e) 4x?+ 25y”= 100 (f) 16x?+4y?=64 


5. Find an equation of the following ellipses with centre at the origin. 
(a) major axis 10, minor axis 8 


(b) minor axis 6, one vertex (—5, 0) The vertices of an ellipse 
(c) foci (—4,0) and (4,0), sum of focal radii 10 are the end points of the 
(d) one vertex (5,0), one focus (—4, 0) major axis 


(e) one vertex (10,0), eccentricity 0.5 
2 2 


6. (a) Show that if (m,n) is a point on the ellipse eiepzee then 


(—m,n) and (m,—n) are also on the ellipse. 
(b) Describe the reflectional symmetries of the ellipse. 


2 2 
7. Show that the ellipse 52) Bk =1 is symmetric with respect to the 


Origin using the point (m,n) on the ellipse. 
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C8. Find the equation of an ellipse with 
(a) foci (0,0) and (6,0), and sum of focal radii 10 
(b) foci (2, 3) and (8, 3), and sum of focal radii 10 
(c) foci (—1,—2) and (7, —2) and sum of focal radii 10 
9. (a) Sketch the graph of (x —3)?+(y—2)?=9 

(x=3)" (y=2)?_ 


(b) Sketch the graph of 9 9 


1 
10. Write the equation 

4x?+9y?— 16x +54y+61=0 
in the form 


(BSUS 
a? Do 





1, 


and sketch the graph. 


11.5 THE EQUATION OF AN 
HYPERBOLA 


R A curve which is found in engineering and 
navigation is the hyperbola. If we take a 


eS length of string and attach it to a fixed point 
/ F, and the end of a ruler R, permitting the 
| ruler to pivot about a second fixed point F,, 
F, ' F, then the figure traced by the pencil at P 
\ along the ruler is one branch of an hyper- 
\ bola. 
N 
\ 
\ 
\ 
\ 
\ 
N 


Hyperbola 

An hyperbola is a locus such that the difference of the 
distances from any point on the locus to two fixed points, 
called foci, is constant. 


|F,P—PF.|=k 
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EXAMPLE 1. Find an equation of an hyper- 
bola with foci at F,(—5,0) and F,(5,0) and 
constant difference between the focal radii is 
8 


Solution 


Let P(x, y) be any point on the hyperbola. 
|F,P—PF,|=8 


Using the distance formula 





d = V(x2— x,)*+ (y2—y1)? 
F,P=v(x+5?+(y—0) 
F,P'=~(x—5)?+(y—0)? 








Without loss in generality, we assume F,P> PF, and substitute. 





V(x +5)?+ y?-V(x—5)?+y?=8 
V(x +5)? + y? =8+V(x—5)?—y? 
Squaring both sides, 
(x? + 10x + 25)+ y? = 64+ 16V(x — 5)? + y? + (x?— 10x + 25)+ y? 
20x — 64 = 16v(x—5)?+y” 
Dividing both sides by 4, and then squaring 


25x*— 160x + 256 = 16x* — 160x + 400+ 16y* 
9x*— 16y* = 144 


Dividing both sides by 144 we get the equation in a convenient form. 


2 2 


Xen: 


tf oy 


Some properties of the hyperbola follow from examination of the 
equation. Setting y = 0, we have the x-intercepts +4. When we let 
x = 0, we have 


07 2 

yee 

1659 
Varo 


so the hyperbola has no y-intercepts. 
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Solving the equation for y, 


KE Ve 
16° 9 
2 x? 
a alee 
pe olXeel 0) 
16 
y =+3Vx?-16 
y is real if, and only if, 
x*—16=0 
x?>16 
\x|=4 


Hence there are no values of y for -4<x <4 
and no part of the hyperbola lies between 
the lines x =—4 and x=4. The lines x =—4 
and x=4 form a rectangle with the lines 
y =3 and y =—3. The graph of the hyperbola 
lies between the diagonals of this rectangle. 
The diagonals of this rectangle are called the 
asymptotes of the hyperbola and their equa- 
tions are 


y=3x and y=-—3x 


The method of Example 1 can be used to find a general equation of 
an hyperbola. We begin in the same manner with 


The derivation is then similar to that for the ellipse, with b? = c?— a’. 


The equation of the hyperbola with major axis 2a and 
foci (—c, 0) and (c, 0) is 


ae 52 
where a?+b?7=c? 


and the equations of the asymptotes are 


b b* 
y=>>xpand y=—x 
a a 











2 2 


Our discussion has centred on the hyperbola defined by a ‘l. 
y* 2 
The graph of oak BZ P is also the graph of an hyperbola but with a 


vertical major axis. 
The eccentricity of an hyperbola is defined the same as for an 
ellipse. 


EXAMPLE 2. For the hyperbola 


2 2 


xy. 


25 16 


state 

(a) the intercepts 

(b) the length of the major axis 

(c) location of the foci 

(d) the equations of the asymptotes 
(e) the eccentricity 

and sketch the graph. 
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Solution 
We write the equation in the form 


x View 
ea 


a=5, b=4,/ ca +p 


c=+/25+16=4V41 


(a) The x-intercepts are +5 and there are no y-intercepts. 
(b) The major axis is 2a = 2(5)=10 

(c) The foci are (~/41, 0) and (41, 0) 

(d) The equations of the asymptotes are y=—2x and y =2x 
(e) The eccentricity is 


Ja 


5 


Cc 
e=-= 
a 













































































EXAMPLE 3. Find an equation of an hyperbola with centre at the 
Origin, major axis 8, and eccentricity 1.5 


Solution 
Eccentricity 
e =— 
a 
and 
2a=8 
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WORD LADDER 


Start with the word 
“lead” and change one 
a=6 letter at a time to form a 
new word until you reach 


1.5x4=c 


b? = Cc? — a? 4s m” 
gold’’. The best solution 
= 6?- 4? has the fewest steps. 
=20 lead 


Substituting into the general equation, = eye 


x? y? SS Se 
ab? we 


we have the required equation gold 


2 2 


eee: 


16 20 


22 2 
Hyperbolas such as x*—y*=9, i.e., Bic where a=b are called 


equilateral hyperbolas. The asymptotes of an equilateral hyperbola 
are perpendicular. 

The graph of an equation of the form xy=k, k#0 defines an 
hyperbola with the coordinate axes as asymptotes. 





EXERCISE 11-5 


1. State the length of the major axis. 





x? Va x? y? x? y* 
Su Lg bist See 1 a 
(a) 35 16 Oe Sed (c) 50 25 
2. State the eccentricity of each of the following hyperbolas. 
x? y’ x? Va x? y’ 
—-- = b) ee ce een 
(a) O46 (b) 35 144 (ce) 42 
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TWO 
TWO 


THREE 
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3. Sketch the hyperbolas defined by the following equations, showing 
(i) intercepts, (ii) length of the major axis (iii) location of the foci (iv) 


asymptotes. 

x? y? x? y? x? y? 

——-——=] b) —-—=1 c) —-—=1 
omic (b) 205 (c) 56 11 

x? 2 x? 72 re 2 
(a) —-* = (e) —-" a1 (f) —-~=1 

AmeZ 9 7 49 15 
(g) 3x?—10y?=30 (h) 2x?—5y”=10 (i) 7x?—18y7=1 
4. Find an equation of each of the following hyperbolas with centre at 
the origin. 


(a) major axis 10, eccentricity 2 

(b) foci (—5, 0) and (5,0), difference of focal radii 1 
(c) one vertex (5,0), one focus (6, 0) 

(d) one vertex (—3, 0), eccentricity 1.5 

(e) one focus (—3, 0), eccentricity 3 


5. Sketch the graphs of 


(a) xy=—4 (b) xy =0 (c) xy=4 
6. Sketch the graphs of 
(a) x?-y?=9 (b) x*-y?=0 (c) y?—x?*=9 
x? WA 
7. (a) Show that if (m, n) is a point on the hyperbola FS ae 1, then 


(—m,n) and (m, —n) are also on the hyperbola. 
(b) Describe the reflectional symmetries of the hyperbola. 
2 2 
8. Show that the hyperbola pea Lee is symmetric with respect to 


the origin using the point (m,n) on the hyperbola. 


9. Find an equation of an hyperbola with 

(a) foci (0,0) and (10,0), and difference of focal radii 3 

(b) foci (—3, 2) and (5,2), and difference of focal radii 1 

(c) foci (—2, —2) and (5, —2), and difference of focal radii 1.5 
10. (a) Sketch the graph of (x +2)?+(y—3)?=4 

(x +2)? WES ay. 


b) Sketch th h of 
(b) Sketc e graph o 25 5 








11. Write the equation 
7x?—2y?—14x+12y—101=0 
in the form 


Uc Deus Vie Ke 


Ga b? 








and sketch the graph indicating major axis, vertices, and asymptotes. 
2 2 
: : x . 
12. Derive the general equation of the hyperbola os 1 given the 


major axis is 2a, the foci are (—c, 0) and (c, 0) and c?=a*+b?. 


11.6 THE CONIC SECTIONS AND THEIR 
APPLICATIONS 


We can obtain the curves of this chapter—circle, parabola, ellipse, 
and hyperbola—by slicing a cone. Since these curves have this com- 
mon property—cross sections of a cone—they are appropriately called 
conic sections, 


The following figures show how a cone is sliced to obtain the conic 


> ee rs) FN Vy 
hes ZO 
ee, LC 


The extreme cases where we slice the cone and obtain a single 
point, a line, or a pair of intersecting lines are called degenerate conic 
sections. 


We define the conic sectiédns in terms of a Pp 
focus and a directrix, as in the case of the 
parabola (Section 11.3). The ratio of the dis- 
tances of a point on a conic to the focus and 
to the directrix is the eccentricity, 


peas 
PD 
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A conic section is a set of points each 
of whose distance from a fixed point, 
the focus, divided by its distance from 
a fixed line, the directrix, is the con- 
stant, eccentricity e. 













Circle: e=0 

Ellipse: O0<e<1 
Parabola: e=1 
Hyperbola: e>1 









The conic sections occur frequently in science and technology. In 
the sixteenth century, Galileo discovered that projectiles fired horizon- 
tally from the top of a tower fell to the ground along parabolic paths. 
Later both Kepler and Newton based their theories on the elliptical 
orbits of the planets. Today, many satellites are launched into elliptical 
orbits, while it is known that comets travel in parabolic, elliptical or 
hyperbolic paths. 


If we take a parabola and rotate it about its 
axis we have the surface of a paraboloid— 
the familiar shape of some automobile head- 
lights and also the parabolic reflector used in 
astronomy and in picking up _ field-level 
sounds at football games. 
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EXAMPLE 1. A parabolic arch supports a bridge across a stream. The 
bridge is 24m wide and the height of the arch is 9m. 

(a) Find the equation of the arch. 

(b) What is the length of a horizontal beam 4m below the vertex? 
(c) What is the height of the arch 4m from either end? 


Solution 

(a) Let P(x,y) be any point on the 
parabola. 
The equation of the arch is of the form 


oe ae ee vel a Se italia ties ea eel ee 


SSSVORONEERSs He Ne es eo Cee ee Sd EI ae 


Since (12, —9) is one point on the parabola, sii nai linia SESEEEESHEAUAAEEESHDE 


x =4cy 




















2. 
= 4c(— 

12 ( 9 sunEEET oz oie. 2 Ran mer 
a= 4 alee + + ipl soho s d ios Seo Scenes Snes See 
+ ta tea pp pe Se ered ones eee 

-. the equation of the arch is aimee oP oe See Oe we eee ee 
pe i sates pts vr Liem | 

re —16 + rt sie ff ec ae NE dines 

- YA te pe te - Sepp en cetera tN 

‘ eee ieee SB NL A I esi EL See Ge ee a 8 a Le oe 

(b) Let C(x, —4) be a point on the parabola cay AE OE Ss EE oe ae eee ee 

4 units below the vertex. {£42=B}-+ Se re ee eee eee) 
==—16(—4 sath Sa ie LS As Sed GU #2 DRS ati ee ee el Ne Ege es 

x*=64 2s CR ee 4 eo Se eM do 


be 3 Sete! 


*. the length of the beam is 16m. 
(c) Let D(8, y) be a point on the parabola 4m from one end. 


87= —16y 
Vira 


*. the arch is 9-4=5m high, 4m from the end. 


EXERCISE 11-6 


1. Find the equation and sketch the conic with given focus, directrix 
and eccentricity. 


(a) F(0, 2), y=—-2, e=1 (b) F(5,0), x=—5, e=0.5 
(c) F(4,0), x=8, e=0.5 (d) F(—3,0), x=3, e=2 
(e) F(2,0), x=10, e=1.5 (f) F(0O,4), y=—4, e=0.5 
(g) F(—5,0), x =3, e=1 (h) F(0,4), y=0, e=1 


2. Find the equation of the parabolic arch used to support a bridge. 
The arch is 80 m wide at the base, and the height of the vertex is 20 m. 


3. A ball is thrown horizontally from the top floor of a building 30m 
high. It falls in a parabolic path and reaches the ground 50 m from the 
foot of the building. Find the equation of the parabolic path. 
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4. The cross-section of a roadway 12 m wide is a parabolic curve. The 
sides of the roadway are 0.10 m lower than the crown which is in the 
centre. Find the equation of the cross-section. 


(8; 


5. The cross-section of a parabolic reflector 
is as shown. The bulb is located at the focus, 
4.2cm from the vertex and the opening at 
the focus is 10cm. 

V (a) Find an equation of the parabola. 
(b) Find the diameter of the opening, CD, 
11cm from the vertex. 


0 6. A parabolic reflector for picking up sound 
has a diameter of 1.5m and 20cm deep. 
(a) Find an equation of the parabola. 
(b) Where should the microphone be placed 


to pick up the sound that is reflected to the 
emit focus? 


7. Two LORAN (LOng RAnge Navigation) 
stations at A and B simultaneously send 
electronic signals to aircraft. The on-board 
computer can guide the aircraft by convert- 
ing the time difference in receiving the 
signals into a distance difference PA-— PB. 
This locates the aircraft on one branch of an 
hyperbola. : 









sending 
stations 
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(a) Find an equation of an hyperbola determined by the flight path of 
an aircraft 20 km closer to station B than station A, if the stations are 
100 km apart. 

(b) Find an equation of the hyperbola determined by a position 80 km 
from B and 140 km from A, if the stations are 100 km apart. 

(c) Find an equation of the hyperbola determined by a position 
120 km from B and 100 km from A if the stations are 80 km apart. 


8. Earth’s orbit around the sun is an ellipse with the sun at one focus. 
The major axis is 300 million kilometres and the focus is 2.4 million 
kilometres from the centre of the ellipse. 

(a) Find an equation that describes Earth’s orbit. 

(b) Find the eccentricity of the orbit. 


9. An arch in a domed stadium is in the form of a semi-ellipse with a 
200 m span and 40 m height. 

(a) Find the eccentricity of the ellipse. 

(b) Find an equation of the ellipse. 


10. The point in an Earth orbit nearest the 
surface of the Earth is called perigee and the 
point farthest from the surface is called 


perigee 
apogee. 


~ 


A spacecraft is in a circular orbit 800km 
above the Earth. In order to transfer the craft 
to a lower circular orbit 150km above the 
Earth, the spacecraft must be placed in an 
elliptical orbit as shown with the center of 
the Earth at one focus. 

Find an equation and the eccentricity of the 
transfer orbit if the radius of the Earth is 
6336 km. 


apogee 
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Astronomical unit 


1 AU= 149.6 


424 


million kilometres 


= earth's 
semi-major axis. 
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11. The point in a lunar orbit nearest the surface of the moon is called 
perilune and the point farthest from the surface is called apolune. 


(a) The Apollo 11 spacecraft was placed in 
an elliptical lunar orbit with perilune altitude 
110 km and apolune altitude 314km (above 
the moon). Find an equation of this ellipse if 
the radius of the moon is 1728km, and the 
centre of the moon is at one focus. 


(b) The Lunar Module of the Apollo 11 
spacecraft was placed in a lunar orbit with 
perilune altitude 14.4km and apolune al- 
titude 110 km prior to landing. Find an equa- 
tion of this ellipse and the eccentricity of the 
orbit if the centre of the moon is at one 
focus. 


12. The Sputnik | Earth satellite was placed into an elliptical orbit with 
eccentricity 0.06, reaching a maximum height of approximately 
1500 km. 

(a) Find the minimum height. 

(b) Find an equation of the orbit if the diameter of the Earth is 
12672 km. 


13. Find an equation and eccentricity of the elliptical orbit of the 
Vanguard | mission if the maximum height reached is 6350 km, and 
the minimum height is 1040 km. The radius of the earth is 6336 km. 


14. Comets are generally classified accord- 
ing to the type of orbit in which they move. 
Comets whose periods can be calculated 
move in elliptical orbits which are closed 
curves. Some comets are affected by the 
gravitational pull of large planets to the ex- 
tent that they move off into space in hyper- 
bolic orbits. 


(a) Halley’s comet (1910) appears every 76 years to move around the 
sun, One focus of its elliptical orbit. The major axis is 5370 million 
kilometres and the eccentricity of the ellipse is 0.97 

(i) Find the minor axis. 

(ii) Find the equation of the ellipse. 

(b) Faye’s comet (1947) appears about every 7.5 years. The major axis 
is 1140 million kilometres and the eccentricity of the ellipse is 0.56 
(i) Find the minor axis. 

(ii) Find the equation of the ellipse. 





11.7. LINEAR-QUADRATIC SYSTEMS 


In this section we shall consider the intersection of two loci, where 
one locus is represented by a linear equation and the other by a 
quadratic. The point(s) of intersection of the loci satisfy both equa- 
tions in the system. 

Substitution is one method of solving a system of linear equations 
in two variables. This method is illustrated in the following example. 


EXAMPLE 1. Find the point of intersection of the lines 











2x+y=7 
3x—4y=5 
Solution 
2x+y=7 ® 
3x-4y=5 @ 





Solve for y in @ 











y=/-2x 





Substitute in 2 








3x —4(7-—2x)=5 
3x —284+8x=5 


























11x =33 
x=3 
Substitute y =/-2x 
=7-2(3) 














=1 























‘x =3 and y=1 


You may use the substitution method to solve a system consisting of 
a linear and a quadratic equation. You do this by solving the linear 
equation for one of the variables and then substituting into the 
quadratic equation. 


EXAMPLE 2. Find the points of intersection of the line 
x-y=7 ® 


and the circle 


and illustrate with a graph. 
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Solution 
To do this we must solve the linear quadratic system. 


xty=7 @ 
x?+y?=25 @ 
From the linear equation 
Vmax 


Substituting in the quadratic equation 2 
x?+(7—x)?=25 
x?+49-—14x+x?=25 
x?—7x+12=0 
(x —3)(x —4)=0 


x—3=0 or x—4=0 
xs x 


Substituting in the linear equation 


fi Xe If x=4 

y=7-3 y=7-4 
=4 =3 

(x y)=(3,4) 9. (x y)= (4,3) 


.. there are two solutions (3, 4) and (4, 3). 







































































Steps in Solving a Linear-Quadratic System 


. Solve the linear equation for one of the variables. 

. Substitute in the quadratic equation. 

. Solve the quadratic equation. 

. Substitute all values obtained in 3 into the linear equation to find 
all solutions. 


AWN 


EXERCISE 11-7 


Solve and illustrate with a diagram. 


1. y=x° +x, y=x+1 2. y=x’-3, y=x-1 

3. y=x?+4x-5, y=x-7 4. y=x?+3x-5, y=4x+1 
5. y=x?-x-2, y=x-3 6. x*+y*=25, x+y=5 

7. x?+y?=25, y=3x-5 8. 2x+3y=6, 4x?+9y? =36 
9. y=x’, y=2x+3 10. x?+y*=25, 3x-—4y=25 
11. y?=4x, x-2y=-3 12. y?+2x=16, x+y=9 


13. x?-y?=8, y=x+2 

14. Find the value(s) of k making y=4x+k tangent to the circle 
x?+y?=25 

15. Find the value of k making x+y=k a tangent to the parabola 
2. 

y —4x 


11.8 QUADRATIC-QUADRATIC SYSTEMS 


In this section, we shall find the points of intersection of two conics. 


EXAMPLE 1. Find the points of intersection of the circle 
x?+y?=25 @ 
and the parabola Determine the pattern. 


, Find the missing number. 
K?7+4y=25 @ 


Solution 
From equation (2 


x? =—4y+25 





Substituting x? = —4y +25 into equation @ 
(—4y + 25)+ y? = 25 








y*—4y=0 
ViV-4)-0 
y=0 or y—-4+0 
y=4 
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Substituting y=0 and y=4 in turn into equation @ 


y=0 y=4 
x?+40)=25 x?+44)=26 

x?= 25 x9 

x =+5 x =43 


.. the solution set is 
{(=5, 0), (5, 0), (=3, 4); (3,,4)} 


The results of Example 1 are illustrated in the following diagram. 






















































































EXERCISE 11-8 


Solve the following systems and illustrate with a diagram. 


1. x?+y?=25, 4x+y?=25 2. x?+y?=1, y=x?-1 
3. x*+y?>=25, xy=12 4. 4x?+y?=17, xy =2 
5. x7*+y7=10, 9x*+y7 =18 6. x?+y?=6, y=x? 
7. Y=x?, Y=—x7-+2 8. y=5-x’, x*+y?=25 
x? y? 4 
Saya) ren! 10. ax?+by?=1, bx?—ay?=1 


11.9 THREE-DIMENSIONAL ANALYTIC 
GEOMETRY 


To locate a point in space, three coordinates are necessary. 


If we take three mutually perpendicular 
planes which intersect in pairs in the lines 
OX, OY, OZ, then these lines will also be 
mutually perpendicular. The three planes are 
called the coordinate planes (xy-plane, yz- 
plane, and xz-plane), the three lines are cal- 
led the coordinate axes (x-axis, y-axis, and 
z-axis), and the point 0 is the origin. 





Points in space are located by ordered triples of the form (x, y, z), 
where 


x is the perpendicular distance from the yz-plane. 
y is the perpendicular distance from the xz-plane, and 
z is the perpendicular distance from the xy-plane. 


Since the construction of  three- 
dimensional graphs is often inconvenient, 
and time-consuming, we must be able to 
represent these graphs in a plane. One con- 
venient way to represent, in a plane, a point 
in three dimensional space is to draw the z- 
and y-axes at right angles coinciding with 
the rulings on a sheet of rectangular graph 
paper and to draw the x-axis through the 
Origin along the diagonal of the squares. 

The unit on the y- and z-axes is taken as 
the side of one of the squares, and the unit 
on the x-axis is one-half of the diagonal of 
one of these squares. 
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To sketch without graph paper, we can 
represent three mutually perpendicular axes 
on a two-dimensional page by drawing the 
z-and y-axes perpendicular to each other. 
Then the x-axis will be perpendicular to the 
page. To make the x-axis appear perpen- 
dicular to the page, we draw it bisecting the 
angle formed by the other axes and reduce 


1 
the scale on the x-axis by a factor of pe 0.7 


and give the impression of three-space. 





EXAMPLE 1. Locate the points P(2,3,5), Q(—4,3,—4) on a set of 
three-dimensional axes. 


Solution 





1. Move +2 along the x-axis. 
P <2. Move +3 parallel to the yz-plane. 
3. Move +5 parallel to the xz-plane. 





1. Move —4 along the x-axis. 
Q <2. Move +3 parallel to the yz-plane. 
3. Move —4 parallel to the xz-plane. 





Sah & ecco 
kK-4, 3, 4) 
v 


Za 
Pa 





Notice that the points P and Q determine rectangular boxes when the 
planes through the point are combined with the coordinate planes. 
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We can use the theorem of Pythagoras to 
find the length of the diagonal of a rectangu- 
lar solid. Given a rectangular solid ABC- 
DEFGH with AB=3, BC=4 and AE=6, we 
wish to find the length of the diagonal EC. 
Using the theorem of Pythagoras, 


AC? = AB?-+ BC? 
=37447=25 

EC? = AC?+ AE” 
=25 +36 
=61 

EC = 61 


The method of finding the length of the diagonal is used to develop 
the distance formula for three-dimensions. 

If we draw through the point P,(x,, y;,2;) and P(X, y2, Z2) lines, 
parallel to the axes, forming a rectangular box, then P,P, is one 
diagonal of the box. The lengths of the edges of this box are a= 
|x.—x,|, b=|y2—y,|, ¢ =|Z2—2,| as shown in Figure 11-1. 

Using the theorem of Pythagoras, 








P,P=a*+b? 
P,P,? = P,P?+ PP,? 
=(a7+b*) +c? 
=a?+b?+c? 
P,P, =Va?+b?+c? 


Substituting a =|x.—x,|, b=|y2—-y;|, ¢ =|z2—2,| 





P,P. =V(%— x1)? + Ya— 1)? + 21)? 






P, 


— | 


Z “ily, / 








\\ 








OU 


“x 
Figure 11-1 
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For the line segment in space with end-points P,(x,, y;,Z,) and 
P2(X2, Yo, Z2), the length of the segment P,P, is 





d = V(x2— x1)? + (Ya— yi)? + (Z2—2,)7 


A(4, 0,5) bie EXAMPLE 2. Find the distance from 
A(4, 0, 5) to B(—2, 3, —5). 


Solution 
Using the distance formula 


d =V(x2— x1)" + (ya— va) + (za 2a) 
AB = V(—2—4)?+(3—0)?+ (—5—5)* 
= V(—6)? + (3)*+ (—10)? 
= /36+9+100 
= 7145 











SPHERE 


A sphere is the locus of points in space which are a constant 
distance, the radius, from a fixed point called the centre. 





We can use the distance formula to find the general form of the 
equation of the sphere having 


Centre 0(0, 0,0), radius r 
Let P(x, y, z) be any point on the sphere. 
P is on the sphere if and only if OP=r. 





V(x—0)?+ (y —0)?+ (z— OP =r 
x?+y?+4+27= 197 
Centre C(h,k, !), radius r 


Let P(x, y,z) be any point on the sphere. 
P is on the sphere if and only if CP=r. 





V(x—h)?+(y—kP+(z- IP =r 
(x —h)?+(y—k)?+(z—1)? = r? 


An equation of the sphere with radius r, and centre 


0(0,0,0) is x+y?4+z7=Pr? 


C(h,k,!) is (x—h)’+ly—k)?+(z-)*=r7 
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EXAMPLE 3. Find the equation of the sphere with 
(a) Centre (0,0, 0), radius 5 
(b) Centre (2,—3,4), radius 4 


Solution 
(a) Using the formula x*+y*+z?=r’, 


x? +y?+z77=5? 


“. x?+y?+z?=25 is the required equation. 
(b) Using the formula (x —h)?+(y—k)?+(z—-I)? =r? 


(x=2)4(y=(=3))? +(z—a)5= 4 


“. (x—2)?+(y+3)?+(z—4)? = 16 is the required equation. 


EXERCISE 11-9 


1. Indicate the following points in space on a set of three dimensional 
axes. 


(a) (4, 2,3) (b) (2, 3, 4) (c) (4, 2, 5) (d) (—2, 1, 4) 
felnonee, 3) (ft) .(2,.6,.8) (g) (=4,/—3,—2)" (h) (4,7, 2) 
(i) (4, a (j) (1, 0, 0) (k) (0, 1, 0) (1) (0,0, 1) 

2. How far is each of the following points from the origin? 

ta) (2,;3,.5) (a) (=2, 47) (¢)\(=37--5, 0) (cd) a(S Sepa) 


3. Find the distance between the following pairs of points. 
(a) A(3,5,7) to B(4, 8, 10) 

(bE G(ORO> 5) ston (Omi2=0) 

(C)RE(— 35, 4) sto. F(5e— 7c) 

(d) G(0,9, 12) to H(8, 9, 12) 

(e) 1(5,5,5) to J(6, 7, 8) 

(Ko, 5,4) to L(4, 5s 4) 

(g) M(5, 0, —3) to N(6, —5, 4) 


4. Prove that the triangle whose vertices are A(2, —1, 2), B(1, 2,0), and 
C(4,0,—1) is isosceles. 


5. Use the distance formula to prove that the points A(—1, 3,0), 
B(3, —5, 4) and C(—2,5, —1) are collinear. 


6. Find the equation of the sphere whose centre and radius are 


(a) (0,0, 0), 5 (b) (0, 3,0), 3 

(Cyn (5 1)01)) 06 (d) (©2,=3, —4), 5 

(e) (3,3, 3), 3 (f(a 42) ee 

‘O)xt—2,0,5), 7 (h) (3, —2, 4), 4 

7. Find the centre and radius of the following spheres. 

(a) x*+y?+z7=49 (b) x?+y*+z7=100 

(c) (x—2)?+(y—3)?+27=16 (d) (x+3)?4+ (y—5)?+(z+1)?=36 


8. Find the centre and radius of the following spheres. 
(a) x?+y?+z7—-8x+10y+4z+29=0 
(b) x?+y?+z7+12x+4y+6z=0 


Write 14 using five 4’s. 
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REVIEW EXERCISE 


B 1. State the location of the centre and the radius then sketch the graph of the 
following circles. 
(a) x*+y?=36 (b) (x —2)?+(y +3)? = 25 
(c) x*+y?7+8x —6y—11=0 
2. State the equation of the following circles. 
(a) centre (0,0), radius 8 (b) centre (0,0), radius V5 
(c) centre (—3,5), radius 7 (d) centre (4, —2), radius 10 
(e) centre (0,0), passing through (2, 7) 
(f) centre (3,3), passing through (0, 0) 
3. (a) Find the length of the chord AB if A(—2,4) and B(4,2) lie on the circle 
x?+y?=20. 
(b) Find the equation of the right bisector of AB. 
(c) Show that the right bisector of AB contains the centre. 


4. Given the circle x?+ y?=25, find the equation of the tangent at 


(a) (3, 4) (b) (—3, 4) (c) (4, -3) (d) (—4, —3) 
5. Find the length of the tangent to the circle x*+ y* = 36 from the points 
(a) (8, 10) (b) (16, 20) (c}) (5; =9) (d) (=7,2-11) 


6. Find an equation of the parabola with 
(a) focus (0, 4), directrix y=—4 

(b) focus (—3, 0), directrix y=3 

(c) focus (5,2), directrix x =—2 

(d) focus (—4, —3), directrix y=5 


7. Locate the foci, state the eccentricity and sketch the graph of the following. 
2 2 2 2 2 2 








faye 4 (b) +4 =1 (c) —+%=1 
25. 9 20 4 64 49 
(x= s)u (vez) 
d), 9x?+ 16y?= 144 + =1 
(d), 9x y (e) 36 25 


8. Find an equation of the following ellipses. 
(a) major axis 12, minor axis 10 

(b) major axis 10, one vertex (4, 0) 

(c) foci (—3,0) and (3,0), sum of focal radii 10 
(d) vertex (—8, 0), eccentricity 0.75 


9. Sketch the hyperbolas defined by the following equations showing 








(i) vertices, (ii) major axes, (ili) foci (iv) asymptotes 
x? y? x? y? x? y? 
—--= b) —---=1 —--_=] 
(a) te 9 (D) 16 12 () 25 16 
(x+4)* (y—2)? 
d) 5x?—4y?=20 = =1 
(d) 5x y (e) 5 16 


10. Find an equation of the following hyperbolas. 
(a) centre (0,0), major axis 8, eccentricity 1.5 

(b) centre (0,0), one focus (5,0), one vertex (4, 0) 
(c) centre (0,0), one focus (—4, 0), eccentricity 2 
(d) foci (—4,0) and (4,0), difference of focal radii 2 
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11. A toy rocket is launched and follows a 
parabolic path. Find an equation of the tra- 
jectory if the rocket reached a height of 80 m 
and returned to earth 240 m down range. 





12. The Sputnik II satellite was placed in an elliptical orbit with maximum height 
939 km and minimum height 215 km. If the diameter of the earth is 12 672 km, find 


(a) the major and minor axes. 
(b) the eccentricity. 
(c) an equation of the ellipse. 


13. Find an equation of an hyperbola deter- 
mined by the flight path of an aircraft 40 km 
closer to one of two LORAN stations that are 





A 
120 km apart. B 
14. Solve the following systems. 
(a) “x?+y7=25 (b) 2x*+4y*=8 
3x+4y =25 x-y+4=0 
x? y? 
=X d —+—=1 
(c) y=x (d) BR 
x?+y?=20 25x*+9y* = 225 
x? 2 x? Ve 
i) se (f) [4+ =1 
20 16 Sim 
¥ <2 y* 
2 Pn e —————— 1 
Xey —25 S14 
15. Sketch the graphs of the following. 
(a) x*+y?>25 (b) x?+y?<9 (c) x?+y?—-4<0 
(d) x?+y7+4x-—10y <0 (e) x*+y7+2y=0 
16. (a) Find the length of the tangent to x*+y”=r* from the point (m,n). 
(b) Find the equation of the tangent to x?+y*=r* at the point (p, q). 
i 5 5 ? (x—h)? (ve). 
17. Write the equation 4x* + 9y*— 40x + 54y + 145 =0 in the form Ee sf =1 


b? 


and sketch the graph indicating vertices, centre, major axis and minor axis. 


18. Write the equation 9x?—4y*— 36x + 24y — 


(x—h)? (y—k)?_ 


36=0 in the form = 5? 1 





and sketch the graph indicating vertices, major axis and asymptotes. 
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REVIEW AND PREVIEW TO CHAPTER 12 
EXERCISE 1 PLANE FIGURES 


b 
ie] [| a 
0 b a 


P=2(0+w) A=bh A=3(a+b)h A=3bh C=2nr 
A= lw A=? 


1. Find the perimeter and area of the following. 


1 
(a) — (b) (c) (d) 
3cm 
1.5cm Bom 
12cm nee 
1.5¢cm 
5cm 6cm 


3.5cm 


2. Find the area of each shaded region. 


(a) (b) (c) (d) 


1cm 2cm 


4cm 3cm 





4.5 cm 


(g) (h) 


ZeGimn 


(e) 


4cm 
6cm 


3cm 





4cm 4cm 
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3. Find the area of the shaded region and the perimeter of all edges. ; 6cm 


(a) (b) (c) 
120 cm 


7cm 





(d) 


20 cm 
80 cm 





EXERCISE 2 SOLIDS 


b 


A=4nr? A=2nrh+2nr? A=nr’+rs A = b*+2sb A=2( 0w+ 0h+wh) 
V =3nr° V=nr7h V=inr7h V=3b7h V= 0wh 





1. Find the total surface area and volume of each of the following. 


(a) (b) (c) (d) 
3cm 10cm 9cm / 13cm 
6cm 5cm 10 cm 





5m 10cm 
(e) (f) (g) (h) 
40 cm BOreT) 
30 cm 
10cm 60 cm 10cm 
10cm 80 cm 
80 cm 
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(i) (j) (k) 


6 cm N 10 cm 
3 
20 cm 
2zem 
12cm 12 cm 
(I) 10 cm (m) 
Sonne. 
5cm 
10 cm pal 
12 cm 
4cm cm 
6 cm 
2. Find the volume of each of the following. 
(a) (b) (c) 


3cm 


1cm 


Sich 





2.5cm 


(d) (e) 
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(n) 





8cm 


8cm 


CHAPTER 12 


Introduction 
ito Calculus 


@ Calculus is the most powerful weapon of thought yet devised by the wit of 
)} man. 


W. B. Smith 


SIR ISAAC NEWTON (1642-1727) 


=} \|saac Newton was born in the small village of Woolsthorpe, England, on 
Christmas day in 1642, the year of Galileo’s death. Newton was not a child 
prodigy. The signs of genius did not emerge in high school, but while he was a 
§ student at Trinity College, Cambridge, he read the works of Euclid and De- 
® scartes and these inspired him. In 1665 Cambridge was closed because of the 
i) plague and while at home on this enforced vacation Newton made four of his 
greatest discoveries: (1) the law of gravitation, (2) the nature of colours (white 
i light is composed of the various colours of the spectrum), (3) the method of 
§ calculus, and (4) the binomial theorem (not just the expansion of (a+b)" when 
n is a positive integer, given in Section 10-4, but the expansion as an infinite 
series when n is any real number.) 

It is often said that calculus was invented independently by Newton and the 
German mathematician Gottfried Wilhelm Leibniz. However integral calculus 
# (the problem of areas) goes back to the ancient Greeks in about 500 B.C. and 
§ differential calculus (the problem of tangents) was started by Fermat in the 
§ 1630’s. Newton’s teacher at Cambridge, Isaac Barrow, saw the connection 
between the two branches of calculus. What Newton and Leibniz did was to 
§ exploit this connection and organize calculus into a systematic and powerful 
method. 

Unfortunately a dispute arose between the followers of Newton and the 
followers of Leibniz as to who had discovered the method of calculus first. 
)} Later, Newton and Leibniz themselves were drawn into the priority con- 
§ troversy. It seems clear now that Newton had invented the method first, but 
Leibniz was the first to publish the method. In spite of the controversy, Leibniz 
fully recognized Newton’s genius. Leibniz said ‘Taking mathematics from the 
§ beginning of the world to the time of Newton, what he has done is much the 
better half.” 





12.1 WHAT IS CALCULUS? 


The beginnings of calculus go back 2500 years to the ancient Greeks 
who found areas using the ‘“‘method of exhaustion.”” Figure 12-1 
illustrates how this method works for the special case of a circle. 
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eOU9 


stage 1 stage 2 stage 3 stage 4 
stage 5 “ane stage 10 oe 
Figure 12-1 


As the number of sides of the inscribed polygon increases, its area 
gets closer and closer to the area of the circle. We say that the area of 
the circle is the limit of the areas of the inscribed polygons. We can 
also think of the circle as being the “limiting” figure of the polygons 
as the number of sides increases indefinitely. 


The notion of a limit is the central idea in calculus. Let us look at 
some other ways in which limits arise. 

In Figure 12-2 a sheet of paper is cut in half. One half is thrown 
away and the other is itself cut in half. The process is repeated 


indefinitely. 
stage 1 stage 2 stage 3 stage 4 stage 5 - 
1 sheet 3 sheet i sheet 3 sheet ie sheet 


Figure 12-2 


No matter how many times we repeat this process there will always 
be some paper left. But you can see that the area of the paper gets 
closer and closer to 0. 
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Suppose that we start with a large sheet of paper with area 1m’. If 
t, is the area of the paper at stage n, in square metres, then 


This is an infinite geometric sequence. We express the evident 
geometric fact that the area of the paper approaches 0 by saying that 


‘ules Ui a 
the limit of the sequence t, = 5 is 0 and by writing 


We read the symbol “lim” as “the limit as n approaches infinity of.” 


Limits also arise when we find tangents to curves. Figure 12-3 
shows a curve C, a point P on C, and a tangent t which touches C at P. 





Figure 12-3 





The tangent is the limiting position of the secant line PQ as OQ 
approaches P along the curve C. This means that as O moves closer 
and closer to P along C, the seéant line PO moves closer and closer to 
the tangent line t. 

In all three examples an infinite process is involved and the desired 
quantity is a limit. 


Calculus is that part of mathematics which involves limits. 


In the remaining sections of this chapter we shall use calculus to 
solve the following types of problems. 

1. The tangent problem. Given a curve C and a point P on C, we 
shall use the branch of calculus called differential calculus to find the 
equation of the tangent to C at P. This is closely related to the 
problem of finding velocities. 

2. Maximum and minimum problems. We shall see that the 
methods of differential calculus are the most efficient for finding the 
maximum and minimum values of various quantities. 
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3. The area problem. The branch of calculus called integral calculus 
is concerned with the problem of finding the area of a region in a 
plane. It can also be used to find volumes of solids and lengths of 
curves. 

4. The sum of an infinite series. Is it meaningful to talk about the 
sum of infinitely many numbers? For example do the infinite series 


Vtoat ats tee 
or 
1+3+4g+gtiet... 


exist? Using limits we can make these questions precise and answer 
them. 


12.2 THE LIMIT OF A SEQUENCE 


An infinite sequence is a function whose domain is N. If f is an 
infinite sequence and neEN, we usually write t, instead of f(n) for the 
nth term of the sequence and we denote the sequence by {t,}. For 
instance for the infinite sequence {t,} defined by 








te 
Fe 
we have 
= tie 4 t3=3, t=s, 
and so on. 


This sequence can be described simply by listing its terms: 


where the dots indicate that the sequence never ends. Thus a sequ- . 
ence can be regarded as a list of numbers given in a definite order. 
Part of the graph of this sequence is shown in Figure 12-4. 


























n<n-+1) but they get closer and closer to 1 as rn increases. In fact we} 
can make the terms t, as close as we like to 1 by making n large 
enough. 








aw. é n 
We say that the limit of this sequence t, = 
n 


is 1 and we indicate 
this by writing 1 


lim 
ne 1S 





We say that the sequence {t,} has the limit L and 
we write 


lim t, =L 


t,-Ll as n->o 


if the terms t, are as close as we like to the 
number L for sufficiently large n. 





GOOGOL 
PEXAMPLE 1. Find lim— Dr. Edward Kasner 
n>2 1) (Columbia) called the 
number 10'® a googol. 
§ Solution Which is larger 


1 
The sequence defined by t, Fe is 10°°°""' or googol"’? 





1 
You can see from the graph that as n becomes large, = becomes 
small. 


1 , : a, 
We can make — as close as we like to 0 by making n sufficiently 
n 


large. For instance we have 


1 1 
20 00 milan — 1000 
Fe OO Mee Fea Go] 


1 
As n>ow,——>0, 
n 
i.e., 
a | 
lim —=0 
n—-o 7) 


introduction to calculus 443 





EXAMPLE 2. Find the following limits if they exist. 


2n=—1 
li Z b) lim (-1)" lim —— 
(a) lim n (b) lim ) (c) lim BAe 


Solution 
(a) The terms of the sequence t, =n” are 
14705 |on2>, COM 
The terms become large and do not approach any limit. 


-. lim n? does not exist. 


nN—-o 


(b) The terms of the sequence t, =(—1)" are 


sar hl ale Lelie ross 














As_n increases the terms t, do not approach any particular number. 
co lim (—1)" does not exist. 

PAA) =" 

5n+4 





(c) Divide the numerator and denominator of t, = by n 


2 
7A ho n 
5n+4 4 
n 








5+ 


1 
From Example 1 we know that lim —=0 
neo n 





_ ah 
lim —=0 
n= 
1 
lim = =e 
n>~5N+4 nx 4 
near 
2+0 
5+0 
eae’) 
5 S 
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In Example 2(c) we used some of the following rules for finding limits. 


lim (a, +b,)= lim a,+lim_ b, 
no no no 


lim (a,b, ) = (1im a.) (tim ba) 


2 ime 
im—=-— 
n><b, lim b, 

no 


These facts are proved in advanced courses where more precise 
definitions of limit are given. 





The idea of a sequence having a limit is implicit in the decimal 
representation of real numbers. For instance if 


t,=3.1 

tp =3.14 

tz = 3.141 
tz=3.1415 
t, =3.141 59 


t. = 3.141 592 


then limt,=7 


The terms in this sequence are rational approximations to 7. 


EXERCISE 12-2 


1. State the limits of the following sequences if they exist. 


1 1 1 

(a) het tec ae Pair aes 
1 1 1 1 1 

(b) Bi Aa Aa Gar Corian Aca 


(Ci 727 SrA Oye, eer 
tA)ES, Sp Oyo iene «pone on 
(eyed, Ora, Ora) On, Olea. 
(yr 
(fy, 6a. 0. Oa) >. Os nO: et 
(g) Varies 1G, Wem 
2. Find the following limits if they exist. 











; 1 
feces iat 
(a) lim (by Te 
; 1 , 
fel ality (6+=5) Sel UL ese 
On he (Aim 5 
m 
i are lim 5n 
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ner _ (n+1/? 











li h) lim ———— 

(g) ha aa ML Roa 
=4 n+1 1 

(i) ney G) tim 

p= i= 

3 n ‘i n+1 
(k) MS tee, (1) lim (—1) n 
(m) lim 5° (n) lim (n?+1n7) 
co fees Fak ( lim 

im —————_ p) lim — 

nse J—n+n? noeJ/n 

oe Aad ube 2s as 
SU alec tein ene 
(s) lim ()° (t) lim 3)" 

n—-oco n-o n 
(u) lim sin mn (v) lim sin 


3. For what values of r does lim r” exist? 


4. lf t,=0.3, t,=0.33, t,=0.333, t,=0:3333 and so on, what is 
lim t,? 
n-o op 
5. Find lim — 
n> 2 
6. Find lim Yn 
7. Find the limit of the sequence 


2, V3, V2 29, V2 2/0N9, ... 


by expressing each term as a power of 2. 








12.3 THE SUM OF AN INFINITE SERIES 


Does it make sense to add infinitely many numbers? For instance is 
it possible for us to assign a meaningful sum to an infinite series such 
as 


(1) 14+2t+g+atiet... 


You may think of replying that to add an infinite number of terms 
would take an infinite amount of time and so infinite sums are 
impossible. But observe that in our decimal notation the symbol 
0.6 = 0.666 666... means 


Qt 6 6 
—+——+——_+ 
10 100 1000 10000 





and so, in some sense, 


6 6 6 6 2 





bony + Feee= 
10 100 1000 10000 3 


Thus some infinite series have a meaning, but we must define care- 
fully what the sum of an infinite series is. 


Let us begin by trying to see what the sum of the series (1) should 
be. If we let S, be the sum of the first n terms of the series 





poe er eee 

2 4°8° 16 2S 
then 

S,=1 

S,=1.5 

S3=1.75 

S4= 1.875 

S5= 1.9375 

S_6= 1.968 75 

S; = 1.984 375 


S,= 1.992 1875 


S12= 1.999 511 71875 


S17= 1.999 984 741 21 


Notice that as we add more and more terms, the partial sum of the 
series becomes closer and closer to 2. In fact by adding sufficiently 
many terms of the series we can make the partial sum as close as we 
wish to the number 2. It seems reasonable, therefore, to say that the 
sum of the infinite series is 2 and to write 


sd 
Vota a wet. = 2 


The nth partial sum of this series is 





Aline SV art 1 
Sin sis tah elect sae 
2 th 3} Z 
This is a geometric series with a=1 and r=3. Using the formula 
a(1—r" 
ry ius 
=F 


from Chapter 8, we have 


yp 1) 
5 2 
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Write 9 using four 7’s. 
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1 
Since Wage we have 


lim S, = lim 2(1 -=) 
noo no 2 


= 2(1—0) 
=2 
Thus the sum of the series is the limit of the sequence {S,} of partial 
sums. 
In general if we have an infinite series 
(2) tittot+tat---th+... 
we define the partial sums as follows 
S,=t, 
S,=t,+t, 
So— omtoaate 


S,=t+tht+t+t, 


Sy = elt eo oR 


S, is the sum of the first n terms of the series. 


If the infinite sequence {S,} of partial sums of the series (2) has a 
limit L, then we say that the sum of the series is L and we write 


Ger eta eee cieta ee 





Using sigma notation, this becomes 


ites Y 
n=1 
If a series has a sum, it is called a convergent series. 


EXAMPLE 1. Determine whether the following series have a sum. 
(a) 14714741+4...4174..: 
oC ee ee 


Solution 
(a) S,=14+141+...41=n 
a 


n terms 
a lim Se =lim n does not exist 
“. the series 1+1+1+...does not have a sum 
Series which do not have a sum are called divergent. 





(a) Se= I, Sa= 1 VS, See a 1 lS 1 Sa Ts a 
The sequence of partial sums is 








Oe Onan ON eer. 


which has no limit. 


.. the series 1—-1+1—1+... does not have a sum, i.e., it is divergent. 


EXAMPLE 2. Find the sum of the geometric series 


re=1 


a-artar t...tar +... 


when it exists. 


Solution 
The nth partial sum of the geometric series is 


n= 


S.=atartar+...+ar 
a(1—r") 


ones (r-1) 


If |r|<1, then lim r° =0 and so 


a(1—r" 
fies: = lim ouees 
noe" noe dor 

= a{1=0) 
—fe 
pera 
1=r 


; : a 
‘if |r|<1, the geometric series is convergent and its sum is foe 
=f 


If |r| >1, then lim r° does not exist. Therefore lim S, does not 
exist and the geometric series does not have a sum. 
lf r=1, the geometric series becomes 


a aadaind aaa. «- 


which does not have a sum.,(See Example 1(a).) 
lf r=—1, the geometric series becomes 





Gp #2) aE b= Glee GC) Glee de 


which does not have a sum. (See Example 1(b).) 
If —1<r<1, the infinite geometric series 


atart+ar?+...tar” '+... 


: : : a 
is convergent and its sum is S rary es; 
= |p 


a 
at+art+ar?+...t+ar" Pe em Ir}<1 


If |r|=1, the geometric series is divergent, i.e., it does not have a 


sum. 
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Using sigma notation we can write 


= a 
ae Ss, <a 
n=1 = 


EXAMPLE 3. Find the sum of the series 


25-54 1—3+55—is 7. -s 





Solution 


The given series is a geometric series with a = 25 and r=-—z. Note 
that |r| = which is <1. 
.. the sum of the series is 








6 25=54 1-61 os 7s 1 = 205 


EXAMPLE 4. Express the repeating decimal 1.103 65 as a fraction. 
Solution 


1.103 65 = 1.103 653 653 653... 


365 365 
ate ae Sasi 
100000 100000 000 


365° 3655, 365 
Bat Ski vate: 
Oe OnetO 


=1,10 





= 1.10+ 





After the first term the series is a geometric series with 





365 1 
Jes ey: and rey EU 


Since |r|<1 the sum of the geometric part of the series is 








a 
SSS 
1-r 
365 
eG; 
1—0.001 
_ 365 
~ 10° 0.999 
a. 365 
1.103 65 = 1.10+ 
99 900 
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_ 109 890 + 365 
99 900 


_ 110 255 
99 900 





_ 22051 
19 980 





EXERCISE 12-3 


1. Find the sums of the following series if they exist. 
(a) loa tis ns 

(Dil 3494-27481 2. 

(c) 44-14 44767 ea7 

(d) 34+2+3+§+3$+... 

(e) 100+10+1+35+a00+... 

(fH) Onte 005-1 0:025-,0: 01255 

(go) 1—2+4—8+16—... 

(h) 100—40+16-#+8-... 


(i) w—-awt+a-amin-ae... 





2. Express the following repeating decimals as fractions. 


(a) 0.8 (b) 0.17 (c) 0.64 
(d) 0.123 (e) 1.83 (f) 8.501 
(g) 0.1234 (h) 0.4395 (i) 20.1216 


3. Find the sum of the series 


1 1 1 1 
=—+ +——+,...+———+... 
WD PERRY Sead! n(n+1) 





which is not a geometric series. 





[Hint: Use the identity to find an expression for the 


1 
k(k4+1) k k+1 
nth partial sum.] 

4. Find the first 11 partial sums of the series 


1 1 1 (-1)""' 
- +...4—— 
Ge Sige 256 n 





Tienes 


Does it appear that this series is convergent? If so, find its sum correct 
to 3 decimal places. 


5. Find the first 10 partial sums of the series 





Bae ee 


Does it appear that this series is convergent or divergent? 
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(a) 
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x(n -1)xn 


(c) 


6. The number e (used as the base of natural logarithms) can be 
defined as the sum of the infinite series 





Compute e correct to 5 decimal places by finding the first 12 partial 
sums of this series. 


7. For what values of x are the following geometric series con- 
vergent? In each case find the sum of the series for those values of x. 
(a) 1+x+x74+ 384x744... 

(b) 1+(x—1)+(x-—1)?+(x—1)? +(x -1)*4+... 


x x? 3 
(C) eae ea 
2 ans 


(d) 1+2x+4x?+8x?+... 


aetna tl: 
e Sob es in 
Xa Xa 


8. A circular disc with radius R is cut out of 
paper as in Figure 12-5(a). Two discs with 
radius 3R are cut out of paper and placed on 
top of the first disc as in (b). Four discs of 

(b) radius 4R are placed as in (c). Assume that 
this process can be repeated indefinitely. 
Find the total area of all the discs. 


Figure 12-5 


9. The midpoints of a square of side L are 
joined to form a new square. This procedure 
is repeated for each square. 

Find 

(a) the sum of the perimeters of all the 
squares, : 

(b) the sum of the areas of all the squares. 


10. The midpoints of a square of length L 
are joined to form a new square and the 
process is repeated as in question 9. A por- 
tion of each square is coloured as shown. 
Assume thte pattern of coloured regions 
continues indefinitely. What is the total area 
of the coloured region? 


12.4 THE LIMIT OF A FUNCTION 





sin Xx 
The function f(x)= 7 is not defined when x=0, but we can 


investigate its behaviour as x approaches 0. Using a calculator or 
tables (and remembering that, if «eR, sin x means the sine of the 
angle whose radian measure is x) we construct the following table of 
values correct to 5 decimal places. 


0.841 47 : 0.841 47 
0.958 85 y 0.958 85 
OS7SID5 0.973 55 
0.985 07 ; 0.985 07 
O9Sss5 : 0.993 35 
0.998 33 : 0.998 33 
0.99958 - 0.999 58 
0.999 98 0.999 98 
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lim (f(x)+g(x)) 


x—a 


=lim f(x) +lim g(x) 


fmt: senior 


From the table of values and the graph it appears that as x gets closer 
and closer to 0, f(x) gets closer and closer to 1. We could make f(x) as 
near as we like to 1 by taking x near enough to 0 (but x#0). We say 
that the limit of f(x) is 1 as x approaches 0 and we write 





If the values of f(x) get closer and closer toa number L as x gets 
closer and closer to a number a (but x# a), then we say that the 
limit of f(x), as x approaches a, is equal to L and we write 


lim f(x)=L 





EXAMPLE 1. Find the following limits. 


(a) lim x? (b) lim (x?—2x +5) 


x2 


Solution 
(a) As x gets closer and closer to 2, the value of x* approaches 


Pes 


lim x°=8 


x2 


(b) As x approaches 3, x* approaches 37=9 and 2x approaches 
2x3=6. 


lim (x°— 2x +5)=3°—2x3+5 


=9-6+5 
=8 


In Example 1, we found the limits by substituting the value of a in 
the expression for f(x). This worked because the functions in Example 
1 are continuous functions which are defined at x = a. However not all 
limits are as easy to evaluate because sometimes the functions are 
not defined at x =a. 


EXAMPLE 2. Evaluate 


_ x*-6x+8 
lim —————_ 
xP ahi 2 
Solution 
Let 
?_6x+8 
i 





Then f(x) is not defined when x =2, but we can still find the limit of 
f(x) as x approaches 2. 


_ x?-6x+8 | (x—4)(x—2) 
hii} SS ha 
Ae2L Ka 2 x>2 Xi 2 

= lim (x —4) 

x2 

=2-4 

=-—2 


Remember that the definition of lim f(x) says that we consider values 
of x which are close to a but not. equal to a. Thus in Example 2 we 
have x # 2 and so we can divide by x — 2. 


EXAMPLE 3. Find 


_whGore es 
lim: ————— 
h—0 h 


Solution 
When h =0 the given expression is undefined. However in finding a 
limit as h > 0 we consider only values of h#0. 








_ (c+hy—c* ,.. e74+2ch+h?—c? 
lim =lim 
ho h ho h 
AT 2ch + h? 
Spel h Solve for n 
’ 23a) 
= lim (2c + h) sa A 
=2c+0 
=2c 


There are some functions for which lim f(x) does not exist. For 
example itt 


; 1 ee 
does not exist because the values of —5 become arbitrarily large as x 
x 


approaches 0. (Note that the line x =0 is a vertical asymptote.) Also 


a oan. 
lim sin — 
x—0 x 


: email : 
does not exist because the values of sin— oscillate between 1 and —1 
x 


indefinitely often as x approaches 0. 
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EXERCISE 12-4 


1. State the values of the given limits. 








(a) lim 3x (b) lim x? 
(c) lim (x?+5) (d) lim (x° + 5x) 
(e) lim —— (f) lim Vx 
x>03+%x x4 
(g) lim (3+ 6h) (h) lim b= iN) 
é : x 6 5 2 
(i) nae (j) lim (h +3h—5) 
2. Evaluate the following limits if they exist. 
x?+6x 
i 4 yt b) lim —————_ 
(a) lim (x°— x" +6) (b) lim SOLE 
x 2 
(c) lim —— (d) lim 
x1 =] see, Geel 
Xo xO 
lim ——— f) lim ——,; 
(e) lim oh (f) Ue mae 
F 2 , 
(g) Heer (h) lim (x° = x?+ x) 
. &k*=2x-3 | OM? = 2x-3 
UA eice = De act 
B Xo Q i 
ae a Tp T+ 12 
3. Find the following limits. 
(a) lim cos Xx (b) lim t cos t 
2 3 
PO aa Vers (sya 
(c) lim 2-8 (d) lin aaa 








(e) lim 2 (f) lim lOGio X 


ji omiass jis 

oT 80 3h + 2h? no heh 
1- 

4. Define Dye x#0, x in radians. 





Make a guess as to the value of 


el COS DX 
in|} 
x—0 xX 


by first evaluating f(x) for x =1, 0.5, 0.4, 0.3, 0.2, 0.1, 0.05, 0.01. 


x 





5. Define f(x)= XO: 





(a) Evaluate f(x), correct to 6 decimal places, for x =1, 0.5, 0.4, 0.3, 
0.2, 0.1, 0.05, 0.01, 0.005, 0.001, 0.0005, 0.0001. 
(b) Find 


_ 2*-1 
lim 


x—0 xX 





correct to 3 decimal places. 


12.5 TANGENTS 


The word tangent comes from the Latin word tangens which means 
touching. Thus a tangent is a line which touches a curve. How can we 
make this idea precise? 


For a simple curve such as a circle we 
could simply say that a tangent is a line 
which intersects the circle once and only 
once, as in Section 8.2. 


+ 


But for more complicated curves this definition is not good enough. 
Figure 12-6 shows a point P on a curve C and two lines / and t 
passing through P. 





Figure 12-6 
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The line | intersects C only once, but it does not look like what we 
think of as a tangent. On the other hand the line t looks like a tangent 
but it intersects C twice. 

To give a general definition of tangent we must use limits. Figure 
12-7 shows a point P on a curve C and a sequence of points 
Q,,Q;,Q3... which approach P along C. The secant lines PQ,, 
PQ,, PQ3,... are also drawn. 





Figure 12-7 


As the points OQ get closer and closer to P, the corresponding secant 
lines PQ get closer and closer to what we think of as the tangent line t 
at P. Therefore we define the tangent as the limit of the secant lines. 












The tangent to a curve C at a point P on C is the limiting 
position of the secant line PQ as QO approaches P along the 
curve. 


In order to find the equation of the tangent t to C at P we need to 
know the coordinates of P and the slope of t. Since the secant lines PO 
approach t, the slopes of the secant lines must approach the slope of 
t. Therefore we can calculate the slope of t as the limit of the slopes of 
the secant lines PQ. 


EXAMPLE 1. Find the equation of the tangent to the parabola y = x” 
at the point (1, 1). 


Q(1+h, (1+h)’) Solution 


If Q is another point on the parabola, let its 
x-coordinate be 1+h (h can be positive or 
negative but not 0). Since O lies on the 
parabola y=x?’, its y-coordinate is (1+h)?. 
The slope of the secant line PQ is 


Ay. (1+h)?-1 


eo a ahi A 


12h h?=1 
h 


/ 2h h? 
h 


=2+h 





Let the slope of the tangent at P(1,1) be m. 
Then m is the limit of the slope Mpg as OQ 
approaches P. But as QO approaches P, h 
approaches 0. 


m=limm 
A=sO PQ 








=lim (2+h) - 
=2 
The equation of the tangent to y=x? at 
P(1, 1) is 
Y—¥1= M(X—xX,) 
Viale) 
or y =2x-1 


From Example 1 we see that the general procedure for finding the 
equation of the tangent t at P(x,, y,) to a curve is as follows: 

1. Let x,+h be the x-coordinate of another point O on C. 

2. Calculate the slope Mpo. 

3. The slope m of t is the limit of the slope of the secant PQ. 


m=lim Meo 
h—-O 
4. The equation of t is y—y,=m(x-—x,). 


EXAMPLE 2. Find the equation of the tangent to the hyperbola xy = 1 
at the point P(2, 3). 7 


Solution 
If OQ is another point on the hyperbola, let its x-coordinate be 2+ h. 





1 1 
Since QO lies on the hyperbola Var its y-coordinate is rh The 


slope of PO is 


1 i 
_Ay_2+h 2 
EE Shes ha 
2—(2+h) 
_.(2+h)2 
eae aaa 
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—h 1 
x= 
(2+h)2 h 
ae 1 
4+2h 








*. the slope of the tangent at P is 


E 


1. 





m =lim Mpg = lim— 
HD) (iro a ap 


1 


=, 4 
The equation of the tangent to xy=1 at 
(2,3) is 
P(2,3) Y~¥1=M(x—x,) 
V—3— axe 2) 
4y—2=—x7 2 
x+4y—-4=0 


XERCISE 12-5 


For each of the following curves, 


(i) find the slope of the tangent at the given point, 
(ii) find an equation of the tangent at the given point, 
(iii) graph the curve and the tangent. 


(a) y=x? at (3,9) (b) y =x? at (—2, 4) 

(c) y= 4x? at (1,4) (d) y=1—x? at (1, 0) 
(e) y =x? +x at (1, 2) (f) y=x?+ x at (—3, —2) 
(g) y=x at (1,1) (hy). y=x- at (0) 0) 

(i) Vy =x-=x at (7, 0) (j) y=x?—x at (0, 0) 
(k) y=2x?—6x at (—1, 4) (1) y =~ at (-1,-1) 
(m) xy =12 at (3, 4) (n) y= at (4, 3) 
(0) y=x? at (x,, x,”) (p) y= x? at (x9.04°) 


12.6 DERIVATIVES 


In the last section we found the slope of the tangent to the parabola 


y =x? at the point (1, 1). 
Let us now find the slope of the tangent at a general point P(x, x’) on 
the curve. 


Let x+h be the x-coordinate of another 
point Q on the parabola. Then the y- 
coordinate of QO is (x+h)?. 

The slope of PQ is 





Ox hy ix +h)) 





Aves (x h)*= x" 
Pe (x+h)—x 


xt axhit ht = x? 


Mpa 





h 
_ 2xh +h? 
Lau, 
= PsP la 


.. the slope of the tangent at P(x, x”) is 
m =lim Meo = lim (2x + h) 
h—0 ho 


=2x 


Since the slope depends on x it is a function of x. This function 
g(x) = 2x is called the derivative of the original function f(x) =x’. 

In general if f is a given function, its graph is a curve C. If C has a 
tangent at a point P(x, f(x)), we denote the slope of this tangent by 
f'(x). Then f’ is a function called the derivative of f. 


If f is a function, its derivative is the function f’ such that f’(x) is 


the slope of the tangent to the graph of f at the point (x, f(x)). 





The preceding example shows that if f(x) =x”, then f'(x) = 2x. 


Let PO be a secant line of a general curve 
C whose equation is y=f(x). If the x- 
coordinate of QO is x +h, then since Q lies on y 
y = f(x) its y-coordinate is f(x+h). 


Ay =f(x+h)—f(x) 
Ax =(x+h)—x=h 
The slope of the secant line PQ is 


_ Ay f(x+h)—f(x) 
Ax h 





Mpa 





.. the slope of the tangent at P(x, f(x)) is 


f(x +h)—f(x) 
h 





, = tt = lr 
f'(x) lim Meo lim 
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Thus the value of the derivative function f’ at x is given by the formula 


f(x + h)—f(x) 


f'(x) = lim h 


d 
If y=f(x), other notations for the derivative are re and y’. 
x 


EXAMPLE 1. (a) Find the derivative of the function f(x) = x*—3x. 
(b) Use the derivative to find the equations of the tangents to the 
curve y = x°—3x at the points 


(i) (0, 0) (it), 34 Tye) 
Solution 
(a) 
f(x) = x°-3x 
f(x +h) =(x+h)?—3(x+h) 
f(x + h)—f(x) = [(x + h)P—3(x + h)]— De — 3x] 
= x°+3x*h+3xh?+ h?—3x—3h—x?+3 
= 3x*h+3xh*+h*—3h 
= h(3x*+3xh+h?-—3) 


f(x+h)—f(x) h(3x?+3xh + h?—3) 
h a h 





= 3x*+3xh+h?-3 


f(x+ h)= f(x) 


f'(x)=lim h 


=lim (3x?+3xh + h*—3) 
=3x?+0+0-3 
=3x*—3 
The derivative of the function f(x) = x°—3x is 
f'(x) =3x?-3 
(b) (i) 
f’(0)=3x0°-3=-3 


“. the slope of the tangent to y= x°—3x at (0,0).is m=-—3 and the 
equation of the tangent is 


Y—Y¥1=mM(x—x,) 
y —0=-—3(x —0) 
3x+y=0 


(b) (ii) 
f'(1)=3x1—-3=0 


.. the slope of the tangent at (1,—2) is m =0 and the equation of the 
tangent is 


Y—¥1=m(x-x,) 
y —(—2) =0(x—1) 
V+2—0 


The derivative of a function is useful not only in finding tangents to 
curves but also in determining where a function is increasing or 
decreasing. Figure 12-8 shows a curve y=f(x) with several tangents 
drawn to it. 





Figure 12-8 


You can see that on the intervals where the function is decreasing, the 
tangents have negative slopes, i.e., the derivative is negative. On the 
intervals where f is increasing, the tangents have positive slopes, i.e., 
f has a positive derivative. 


lf f'(x)<0, then f is a decreasing function. 
If f'(x)>0, then f is an increasing function. 


EXAMPLE 2. Use the derivative to find where f(x) = x*— 3x is increas- 
ing or decreasing. 


Solution 
From Example 1 we have f’(x) =3x?-3. 
f is increasing when f'(x)>0 
3x?-3>0 
3x?>3 
Xa 
\x|>1 


.. f is increasing when x>1 or x<—1 
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Also f is decreasing when f’(x)<0O 
3x?-3<0 
X21 
\x|<1 


.. f is decreasing when —1<x <1. 


EXERCISE 12-6 


1. (a) Find the derivative of the function f(x) = x*+ 2x. 
(b) Use the derivative to find the equations of the tangents to the 
parabola y = x*+2x at the following points. 
(i) (0, 0) (ii) (1, 3) (iii) (=1,=1) (iv) (—4, 8) 
1 
2. (a) Find the derivative of the function f(x)=~. 
(b) Use the derivative to find the equations of the tangents to the 
hyperbola xy =1 at the following points. 


1 
(i) (1, 1) (ii) (3, 3) ies, —2) (iv) (2,-) 
3. Find the derivative f’(x) of each of the following functions. 
(ay flx)= x (b) f(x) =x? 

(c) f(x)=x* (d) f(x) =x?+2x? 

(e) Flx)=x+2 (f) F(x) =(x-3)? 

(g) f(x)=6x?+1 (h) f(x)=7 


4. Copy the following table and fill it in using question 3(a), (b), (c). 





Do you see a pattern? Make a guess as to the derivative of the 
function f(x) =x°. Then calculate the derivative to see if your guess is 
correct. 


5. At what point on the curve y= x* does the tangent have a slope of 
1 

T 

2°: 


6. Use the rules 

(i) (cf)’=cf' [The derivative of a constant times a function is equal to 
the constant times the derivative of the function] 

(ii) (f+ g)'=f'+g’ [The derivative of a sum is the sum of the deriva- 
tives] ; 

together with the table of derivatives in question 4 to find the 
derivatives of the following functions. 


(a) f(x) =27x? (b) f(x) =—3x* 
(c) f(x)=x*+x? (d) f(x)=6x—x? 
(e) f(x) =16x*—3x?+9x (f) f(x) =2x?+3x?-8x* 


7. By the same method as in question 6, find the indicated deriva- 


tives. 
d 
(a) y=3x?+2x Rind=—% 
dx 
dy 
b) y=t?-t? Find —. 
(b) y WN 
ds 
=e 2t* Find —. 
(c) s in ar 
ds 
(d) S=4nr? Find —. 
dr 


(e) h=180t—7t? rind 22 
dt 
8. (a) Find the derivative of the function f(x) =3x?+2x—1. 
(b) Use the derivative to find the intervals on which f is increasing or 
decreasing. 
(c) Use this information to sketch the curve y =3x*+2x-—1. 


9. (a) Find the derivative of the function f(x) =1+12x —3x°. 

(b) Use the derivative to find the intervals on which f is increasing or 
decreasing. 

(c) Use this information to sketch the graph of f. 


10. A manufacturer of cartridges for stereo 
systems has proposed a needle with 
parabolic cross-section as shown. The equa- 
tion of the parabola is y = 4x? where x and y 
are measured in millimetres. The needle sits | 
in a record groove whose sides make an | 

| 





angle @ with the horizontal direction, where 
tan @=1.5. Find the coordinates of the points 
of contact P, and P, of the néedle with the 
groove. 
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12.7. APPLICATION: VELOCITIES AND 
OTHER RATES OF CHANGE 


lf you watch the speedometer of a car while travelling in city traffic 
you will see that the needle does not stay still for very long, i.e., the 
speed of the car is not constant. We assume from watching the 
speedometer that the car has a definite speed at each moment. But 
how is the “instantaneous” speed defined? 

Suppose that,a ball is dropped from a balcony on the 25th floor of 
an apartment building. If the distance to the ground is 80m and the 
ball lands there 4s later, then the average speed of the ball, in m/s, is 


distance travelled 80 _ 
time elapsed 4 





But it would be more important to know the speed of the ball at the 
instant it hits the ground. 


It is known that the distance y, in metres, 
that the ball falls in t seconds is 


2 


gt 
(9.8)t? 
=5t 


Yt 5 


Let us first try to find the velocity of the ball 
after 1 second. 

The average velocity in the time period 
from t=1 to t=2 is 


distance travelled change in distance 








time elapsed change in time 





_Ay 

At 

_ £(2)—(1) 
Ree 





eo 2 ie 
Ms 1 





=15 


Similar calculations give the average velocities over smaller time 
periods. 







As we take smaller and smaller time periods starting at t=1, the : 
average velocity approaches 10 m/s. Therefore we define the velocity 
(or instantaneous velocity) at t=1 to be 10 m/s. : 









2 
If we take the time period to be 1<t< Q(1+h, (1+ hy) 


1+h, then the average velocity over this time 
period is Ay 


A 
a slope of secant PO 


= Mpa 


o 


As h approaches 0, Mpq approaches the slope of the tangent to y = 5t? 


A 
at P(1,5). On the other hand a approaches the velocity at t=1. 


velocity after 1s =slope of tangent at P(1, 5) 


In general, suppose the distance in metres travelled in a straight line 
by an object in t seconds is given by a function y = f(t). The velocity at 
time t=t, is defined to be the limit as h approaches 0 of the average 
velocity over the time period t,<t<t,+h. The velocity when t=t, is 
equal to the slope of the tangent to the curve y=f(t) at the point 
(t,, f(t,)). Therefore it is equal to f'(t,), the value of the derivative 
when t=t,. 


If the distance function is given by y=f(t), 
then the velocity at time t is given by 


y 
ate t =_e 
vi (t) dat 





Now let us return to the ball which was dropped off the balcony. 
i(t)=6t 
E(t) =5< 20 10t 


When the ball hits the ground’we have 


f(t)=5t? =80 
t-=16 
ti 


f'(4)=10x4=40 


“. the ball hits the ground with a velocity of 40 m/s. 


EXAMPLE 1. A particle moves in a straight line according to the law 
s =t?—t?+t—1 where s is the displacement (signed distance from the 
origin) in metres and t is measured in seconds. Find the velocity after 
5s. 
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Solution 


$=t=t+t=1 


OS _ 347 2t41 
dt 
ds 5 
When t=5, = 3Xb =2x5441 
dt 
=75—10+1 
= 66 


.. after 5s the velocity of the particle is 66 m/s. 


A velocity is the rate of change of position with respect to time. We 
have seen that it is the derivative of the position function. 

In general, if a quantity y depends on another quantity x according 
to an equation y=f(x), then we can interpret the derivative f’(x) as 
the (instantaneous) rate of change of y with respect to x because 

Ay f(x + h)—f(x) 


Fx)= tim fig 


A 
and = is the average rate of change of y with respect to x. 
x 


EXAMPLE 2. When a balloon is being blown up its volume V de- 
pends on the radius r. find the rate of change of the volume with 
respect to the radius when r=10cm. 


Solution 
V=sar° 
dv 4 
— =—7 X3r?=4nr? 
Cis 
dV 
When r=10, Ge eas 


*. when r=10cm,. the rate of change of V with respect to r is 
4007 cm?/cm. 


EXERCISE 12-7 


1. The displacement in metres of a particle moving in a straight line is 
given by s=t?+t where the time t is measured in seconds. 

(a) Find the average velocity for the time period beginning when t = 2 
and lasting 

(i) 1s (ii) 0.5s (iii) 0.01s ~ (iv) 0.001 s 

(v) 0.000 01s 

(b) Find the velocity when t= 2. 


2. If a ball is thrown vertically into the air with a velocity of 50 m/s, its 
height in metres after t seconds is given by y = 50t—5t?. 

(a) When does the ball hit the ground? 

(b) What is the speed of the ball after 1s? 2s? 5s? 8s? 





(c) When the ball hits the ground what is its speed? 


3. If an arrow is shot upward on the moon with a velocity of 58 m/s, 
its height in metres after t seconds is h =58t—0.83t?. 

(a) What is the velocity of the arrow after 5s? 10s? 20s? 

(b) When will the arrow hit the moon? 

(c) With what velocity will it hit the moon? 


4. A particle moves in a straight line according to the following laws 
of motion, where s is the displacement in metres and t is the time in 
seconds. In each case find 

(i) the velocity as a function of t, 

(ii) the velocity after 6s. 

fajis=t-2 (b) s=t—2t? 

(c) s=10t?+3t (d) s=3at?+Vvot 

(e) s=t?+2t?+3 (f) s=8-2t+t° 


5. Find the rate of change of the volume of a cubic box with respect to 
the length of an edge when the edge is 6cm. 


6. Find the rate of change of the area of a circle with respect to its 
radius when the radius is 3cm. 


7. Find the rate of change of the total surface area of a cylinder of 
height 12 cm with respect to the radius of its base when the radius is 
4cm. 


12.8 APPLICATION: MAXIMUM AND 
MINIMUM PROBLEMS 


There are many practical problems which require us to find the 
largest or smallest value of some quantity. The derivative is very 
useful in finding such maximum and minimum values. 

Figure 12-9 shows the graph of a function which has 2 minimum 
values at the points A and C and a maximum value at B. The function 











Figure 12-9 


has an absolute minimum at A since A is the lowest point on the 
graph. If we are only interested in the part of the graph from B to D, 
then C is the lowest point and so we call C a local minimum. 
Similarly, if we are only interested in the part from A to C, then B is 
the highest point and we call it a local maximum. You can see from 
the graph that at each of the points A, B, and C the tangent is 
horizontal and so its slope is 0. Therefore the derivative must be 0 at 
these points. 
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If a function f has a maximum or minimum value 
when x =a and it has a derivative at a, then 


f'(a)=0 





To find a maximum or minimum value of a function f we find its 
derivative f'(x), then we solve the equation f'(x)=0. 


However we have to be careful because 
there are some functions whose derivatives 
are O at a point where there is no maximum 
or minimum. For example if f(x)=x°*, then 
f'(x)=3x? and so f’(0)=0, but you can see 
that the curve y=x* has no maximum or 
minimum. 





If we have a point a with f’(a)=0 and we are not sure if this gives a 
maximum or a minimum, we can look at the sign of f’(x) to the left 
and right of a. 

If f’(x) <0 to the left of a and f'(x)>0 to the right of a, f decreases 
and then increases, so it has a minimum at a. If f'(x)>0 to the left of a 
and f'(x)<0 to the right of a, f increases and then decreases, so it has 
a maximum at a. 


f'(a)=0 





f'(x)< 






f'(x)>0 
f'(x)>0 








EXAMPLE 1. An open box with a square base is to be made from a | 
square piece of cardboard with side 2m by cutting out a square from 
each corner and then bending up the sides. Find the maximum 
volume of such a box. 
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Solution 

We begin by drawing a diagram. Let x be 
the side of the square cut out from each 
corner (in metres). When the sides are folded 
up the result will be an open box with height 
x and a square base with side 2—2x. 

“. the volume of the box is 





V =x(2-2x)? 
= 4x(1—2x + x?) 
= A(x? —2x?+ x) : (59x —>| 
From the diagram we can see that 0< x <1. i 


“. the domain of V is {x |0<x<1} 
V(x) = 4(x?—2x?+ x) 

V'(x) = 4(3x?—4x +1) 

To find where V is a maximum we set V’(x)=0 and solve for x. 
V'(x)=0 

3x?-4x+1=0 

(3x —1)(x—1) =0 


X= OF X= | 


But x =1 is not in the domain of V. 
*. x =i is the only possibility. 
This is confirmed by the graph of V. 








[Instead of drawing a graph we could observe that since V’(x)= 
4(3x —1)(x—1) we have V’(x)>0 if x <3 and V'(x)>0 if 3<x<1] 
Since 


V (3) = 4[(3)? — 2) +3] 
= 4[ 3+) 
= 4x$ 


the maximum volume of the box is 3§ m°. 


EXERCISE 12-8 


1. Find two numbers whose sum is 68 and whose product is a 
maximum. 


2. Find two numbers whose sum is 68 such that the sum of their 
squares is a minimum. 
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5x+2y=10 


3. Find the maximum and minimum values of the following functions. 
(a) f(x) =5—16x —4x? (b) f(x) =2x?-—12x+17 
(c) f(x)=x—-x?,-1<x<1 (d) f(x)=x?-12x+1, -3<x<3 


1 
(e) f(x) =2x?-9x?4+12x+1, x=1 (f) F(x)=x+~, x>0 


4. If an arrow is shot upward on the moon with a velocity of 58 m/s, 
its height in metres after t seconds is h = 58t—0.8t*. Find the max- 
imum height reached by the arrow. 


5. A farmer wants to fence in 60 000 m? of land in a rectangular field 
along a straight road. The fencing that he plans to use along the road 
costs $10 per metre and the fencing that he plans to use for the other 
3 sides costs $5 per metre. 

(a) How much of each type of fence should he buy to keep expenses 
to a minimum? 

(b) What is the minimum expense? 


6. A farmer wants to fence in 60 000 m? of land in a rectangular field 
and then divide it in half with a fence parallel to one pair of sides. 
What are the dimensions of the rectangular field that requires the 
least amount of fencing? 





7. What is the area of the largest rectangle 
with base on the x-axis and one vertex at the 
origin that can be fitted inside the triangle 
whose sides are the axes and the line 5x + 
2a Ol? 


8. What is the area of the largest rectangle 
with its base on the x-axis and its other 2 
vertices above the x-axis and on the 
parabola y = 16— x7? 


9. A box with a square base with side x metres is open at the top. 
(a) If its volume is to be 4000cm*, show that its surface area is 


g = x24 18.000 
x 





(b) Find the dimensions of the box so that its surface area is a 
minimum. 


10. A cylindrical can is to be madé to hold 250 cm*. Find the radius 
and the height of the can which will minimize the amount of metal 
used. [Leave your answer in terms of 7.] 


12.9 AREAS 


In the first section of this chapter we saw how areas of regions can 
be regarded as limits of areas of inscribed polygons. Let us use this 
idea to find a formula for the area of a sector of a circle with radius r 
and central angle 96. 


We approximate the area of the sector by 
the area of a polygon P,, as shown in figure 
12-10. 





P., has been divided into n congruent triang- 


6 Figure 12-10 
les with central angle —. The area of one of 
n 
these triangles is C 
6 
A=i Zain 
ar sin . ms b 
.. the area of the polygon P,, is 
12 . 0 ¢ = Al * 
nA= SF nsin— A= 5ab sinC 
n 
Recall from Section 13.4 that 





_ sinx 
lim =1 
x—0 x 





(7) 
As n—~, we have ——0 
n 


& 
Silt 
n 





lim at 


nm—>oo 


introduction to calculus 473 


The area of the sector is the limit of the area of the inscribed polygon 
P,asn—>, 
area of sector = lim (area of P,) 


: in 8, 
= lim 3r?n sin— 
ne n 


5 
sin — 





= lim 3r? 


n-o 





The area of a sector of a circle 
with radius r and central angle @ 
is 


A=3r0 





When using this formula it must be remembered to express @ in 
radians. 

In particular when @ = 27 the sector is the whole circle and we have 
the familiar formula for the area of a circle of radius r: A= ar’. 


EXAMPLE 1. A sector of a circle has radius 
12cm and the central angle is 45°. 

(a) Find the area of the sector. 

(b) Find the area of the segment between 
the arc PO and the chord PQ. 


P Solution 
12 cm (a) r=12 and a=7 
A=3r70 
O ) 
= 3(12)? — 
_ 1447 
8 
= 187 


The area of the sector is 187 cm’. 
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(b) The area of triangle OPQ is 
AOPO =35r’ sin @ 
= 3(12) sin 45° 


pte r 


=3(144) 
V2 


2 
= 36 x—= 
/2 


= 36/2 

.. area of segment= area of sector— AOPO 
= 180 —36V2 
= 18(1 — 2V2) 

The area of the segment is 18(a — 2/2) cm’. 


Unfortunately the method we used for finding the area of a sector of 
a circle does not work for other areas. 


Let us try to find the area A of the region 
under the parabola y=x* and above the 
x-axis between x =0 and x =1. 


We can approximate the region under the 
parabola by rectangles. 





(a) 





Figure 12-11 


Figure 12-11(a) shows an approximation using 4 rectangles of equal 
width. Let A, be the sum of the areas of those 4 rectangles. Each 
rectangle has width 3 and the heights are the values of the function 
f(x)= x? at the points 4, 3, 2, 1, i.e., the heights are (3), (3), (3), (4). 
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Aamal(a) tala) sea Geet alal 
= 4(a) [17 +2°+ 37-447] 
t 430.215 


aa CA an 32. 


By using more rectangles we get a better approximation. Figure 
12-11(b) shows an approximation by 8 rectangles of width 3. Their 
sum is 


As=als) t+ala) tals) +... +a(s)> 
= 4(3)?[17+27+3°+...+87] 


1 wh 
= 9g SAU 
In general let us approximate using n rectangles as in (c). The /th 
1 h\2 
rectangle has width — and height (<) and so the sum of the areas of 
n n 
the n rectangles is 
al tdarniedie tab ere sat 
Ti vie + + +...+4+—(— 
n\n n\n n\n n\n 


1 Tye 2 2 2 2 
=— -) [1°+2°+3°+...4n°] 
n\n 





Using the formula for the sum of the squares of the first n natural 
numbers 





[See Example 4 = aS 5 _ na(n+1)(2n+1) 
+274+37+...4n7= 
in Chapter 13] be < 6 


we have 


He NA) 
Z 6n* 





A, 


You can see from Figure 12-11 that as n increases the approximation 
of A, to the true area A becomes better and better. The area A is the 
limit of the sequence {A,}. 





A=limA, 
. n(n+1)(2n+1) 
= lim = 
a 6n 


1 n n+1 2n+1 





= lim 


n>~6§ n n n 
| 1 1 
=11m (1 +~)(2+—) 
6 n n 

=%(1+0)(2+0) 


1 


3 


.. the area under the parabola y = x? between 0 and 1 is 3. 
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In general if f(x)=0O and R is the region 
which lies under the curve y=f(x) and 
above the x-axis between a and b (i.e., R is 
bounded by y=f(x), y=0, x=a, and x=b), 
then the area of R is defined as a limit of 
areas A, of approximating rectangles similar 
to the procedure for y = x’. 








The area of R is denoted by the symbol 


| f(x) dx or | fi 


and is called the integral of f from a to b 

(An integral can also be defined for a function f that takes on positive 
and negative values, but such an integral cannot be interpreted as an 
area.) In this notation, our calculation for the parabola becomes 


; 
| x? dx =§ 
[@) 


Integrals are much harder to evaluate than derivatives, i.e., areas 
are much harder to find than tangents. In fact until the 1660’s so much 
ingenuity was required to find areas that only a genius could do it. 
Then Newton’s teacher Isaac Barrow discovered that the processes of 
finding the derivative and finding the integral are inverse processes. 
Newton quickly exploited this discovery which is called the Funda- 
mental Theorem of Calculus and is proved in more advanced courses. 


Fundamental Theorem of Calculus 


lf f is a continuous function and F is 
a function such that F’(x)=f(x), then 


| Fix yie= Rip) etal 





In other words to find an area {?f all you have to do is think of a 
function F whose derivative is f, then evaluate F at b and at a, and 
subtract. 
EXAMPLE 2. Evaluate 
; 

| x? dx 

0 
using the Fundamental Theorem of Calculus. 


Solution 
If F(x) =4x?, then F'(x)=4x 3x? = x? 


F 
| x? dx = F(1)— F(0) =3x 17-4 0° =3 
0 
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This is much easier than the method we used earlier. In fact the 
Fundamental Theorem of Calculus is one of the most powerful 
methods in all of mathematics. 


EXERCISE 12-9 


B 1. Find the areas of the sectors or segments shown. 


(a) (b) 





(d) (e) (f) . 





9cm 3cm 


2. Find the area under the curve y = x° from 
0 to 1 using the method of approximating 
rectangles and the formula | 


oy 


4 243%+..-40%=| 5 








3. Find the area in question 2 using the fundamental Theorem of 


Calculus. 
4. Evaluate the following integrals using the Fundamental Theorem of 
Calculus. 
4 5 
(a) | x? dx (b) | x? dx 
2 3 
3 2 
(c) | x* dx (d) | (x?+x*) dx 
Be M4 
(e) | 5x? dx (f) { (4x? +3x?+2x +1) dx 
1 ‘0 
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5. Find the area of the region which lies 
between the curves y = x* and y=x°. [Hint: 
Subtract two areas.] 


REVIEW EXERCISE 


1. State the limits of the following sequences if they exist. 


(a) 5, 52, 83, 53, 3 Be ver 

(DYN ee mieten gy, Gb) aes 

(ey 2, an 6, Ba LOM 2heita 

tele 0: 9, 0:99 710:999, 0:9999710'999 99 22 


2. State the values of the given limits. 














(a) lim 3x +1 (b) lim x*—1 
x : 2 
(c) tim. == (d) lim (h+3h*—1) 
x=1 h—o 
3. Evaluate the following limits if they exist. 
1 
lita Ss b) li 
(a) mae n? ( ) oy 2n-—1 
1—n? 2\G 
c) li d) lim (=) 
CLL eee (d) lim 5 
(e) tim x +=; (f) lim sin x 
=-3°  x?+42 xo 
ens (h) Hi 3x*-7x+2 
ph Bo 
Sas x= 2 é x2 xX—2 


4. Find the sums of the following series if they exist. 

(a) 1+3+3t+at+ait... 

(b) 25-5+1—s+56+... 

(c) 1-343-F+% 

(d) 1+0.2+0.04+0.08+0.0016+... 

5. Express the following repeating decimals as fractions. 
(a) 0.15 (b) 1.136 (c)2.105 


6. Find the first 10 partial sums of the series 





ieee] 1 (-1)""" 


+...+¢-— 
64 | 729 4096 n 





alec 





Does it appear that this series is convergent? If so, find its sum correct to 5 decimal 


places. 
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tan x —sin x 
7. Define f{x) ee x#0, x in radians. Evaluate f(x) for x =1, 0.5, 0.4, 0.3, 
x 


0.2, 0.1, 0.05, and guess the value of 


Stan xa Sine 
ine 
x—0 x 
8. For each of the following functions, 
(i) find its derivative (from first principles), 
(ii) find the equation of the tangent to the curve at the given point, 
(iii) graph the curve and the tangent. 


(a) y=x?+1 at (2,5) (b) y=~ at (2, 8) 


(c) y=x* at (—1, 1) (d) y=x?—x? at (1,0) 

9. Find the derivatives of the following functions using the rules for differentiation. 
(See Exercise 12-6, questions 4, 6.) 

(a) f(x) =3x?+x (b) f(x) =8x*—-9x +12 

(c) f(x)=1+x-x* (d) y=t?—87t?+3t 

10. (a) Find the derivative of the function f(x) = x*—2x?+1 

(b) Use the derivative to find the intervals on which f is increasing or decreasing. 
(c) Use this information to sketch the graph of f. 

11. A particle moves in a straight line according to the law s =6+ 25t+32t? where s 
is the displacement in metres and t is the time in seconds. 

(a) Find the velocity of the particle as a function of t. 

(b) Find the velocity 

(i) at the start (ii) after 1s (iii) after 10s 


12. Find the maximum and minimum values of the following functions. 
32 
(a) f(x) =4x?+2x +63 (b) f(x)=2x+—, x>0. 


13. The pages in a book are to have 3cm margins at the top and bottom and 2cm 
margins at the sides. If the area of the printed portion is to be 200 cm’, what should 
the dimensions of the page be to use the least amount of paper? 


14. Find the area of the given segment. 
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15. Use the Fundamental Theorem of Calculus to find the areas of the shaded 
regions. 


(b) 





16. A right triangle ABC is given with ZA = 6 

and AC=b. CD is drawn perpendicular to D 
AB, DE is drawn perpendicular to BC, EFL 

AB, and this process is continued indefin- E 

itely. Find the total length of all the perpen- H 

diculars 


COe¢ DEER FG Fae 
in terms of b and 8. B G E Cc 


Determine the pattern. 
+ Find the missing number. 


EGC 
re[al=b 
mel 
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Problem-Solving 


A great discovery solves a great problem but there is a grain of discovery in 
the solution of any problem. Your problem may be modest; but if it challenges 
your curiosity and brings into play your inventive faculties, and if you solve it 
by your own means, you may experience the tension and enjoy the triumph of 
discovery. 

George Polya 


In this chapter we present a collection of problems from many 
different areas of mathematics. To solve them you will have to draw 
upon the facts that you have learned during the past years, but none 
of them requires calculus. 

Some of the problems are quite challenging and require a certain 
amount of ingenuity. However it is possible to improve your problem- 
solving abilities by following the steps outlined in Section 13-1 and by 
practicing on as many problems as possible. 


13.1 PRINCIPLES OF PROBLEM-SOLVING 


There are no hard and fast rules that will ensure success in solving 
problems. However it is possible to outline some general steps in the 
problem-solving process and to give some principles which may be 
useful in the solution of certain problems. These steps and principles 
are just common sense made explicit. They have been adapted from 
George Polya’s book How to Solve It. 


1. Understand the Problem. The first step is to make sure that the 
problem is clearly understood. Ask yourself the following questions. 
What is the unknown? What are the given quantities ? What are the 
given conditions ? For many problems it is useful to draw a diagram 
and identify the given and required quantities on the diagram. 


2. Introduce suitable notation. In many (but not all) problems it is 
necessary to give names to some of the unknown quantities. In 
choosing symbols we often use letters such as a,b,c,...,m, 
n,...,X,Y,..., but in some cases it helps to use initials as sug- 
gestive symbols, e.g., V for volume, t for time. 


3. Think of a plan. Find a connection between the given information 
and the unknown which will enable you to calculate the unknown. If 
the connection is not immediately seen, the following ideas may be 
helpful in devising a plan. 


(a) Try to recognize something familiar. Relate the given situation to 
previous knowledge. Look at the unknown and try to recall a more 
familiar problem having a similar unknown. 

(b) Try to recognize patterns. Some problems are solved by recog- 
nizing that some kind of pattern is occurring. The pattern could be 
geometrical, or numerical, or algebraic. If you can see that there is 


some sort of regularity or repetition in a problem, then you might be 
able to guess what the continuing pattern is, and then prove it. 

(c) Use analogy. Try to think of an analogous problem, i.e., a similar 
problem, a related problem, but one which is easier than the original 
problem. If you can solve the similar, simpler problem, then it might 
give you the clues you need to solve the original, more difficult 
problem. For instance if a problem involves very large numbers, you 
could first try a similar problem with smaller numbers. (See Example 
2.) Or if the problem is in 3-dimensional geometry, you could look for 
a similar problem in 2-dimensional geometry. (See Example 3.) Or if 
the problem you start with is a general one, you could first try a 
special case. 

(d) Introduce something extra. It may sometimes be necessary to 
introduce something new, an auxiliary aid, to help make the connec- 
tion between the given and the unknown. For instance in geometry 
the auxiliary aid could be a new line drawn in a diagram. In algebra it 
could be a new unknown which is related to the original unknown. 

(e) Take cases. You may sometimes have to split a problem into 
several cases and give a different argument for each of the cases. (See 
Example 1.) For instance in a question in algebra involving a variable 
x you might have to treat the three cases x<0, OXxS1, x>1 
separately. 

(f) Work backwards. Sometimes it is useful to imagine that your 
problem is solved and work backwards, step by step, till you arrive at 
the given data. Then you may be able to reverse your steps and 
thereby construct a solution to the original problem. 


4. Carry out the plan. In step 3 a plan was devised. In carrying out 
that plan you have to check each stage of the plan and write down the 
details that prove that each stage is correct. In checking your solution 
you may see an easier way of solving the problem. 


5. Let your subconscious work. If you have tried very hard to solve a 
difficult problem without success, do not give up. Take a rest and 
come back to the problem the next day or after a few days. You will 
often find that a good idea occurs easily to you. The reason for this is 
that, while your were resting or thinking about other things, the 
mental processes which occur in your subconscious mind have been 
working on the problem by sorting out the various possibilities inher- 
ent in the problem. When you return to the problem, the clearer ideas 
emerge from your subconscious and you are sometimes able to solve 
the problem. 


6. Imitate and practice. The best way to become proficient at solving 
problems is first to observe other people solving problems (e.g., a 
teacher or the following examples) and imitate what other people do in 
solving problems. Secondly one has to gain experience by solving a 
large number of problems. You will find that after you have solved 
some of the problems in Exercise 13-1 you will have the necessary 
insight and technique to solve many other problems. 


EXAMPLE 1. Find a positive integer which gives a perfect square if 
100 is added to it and another perfect square if 168 is added to it. 
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Solution 
Let x be the required integer. 
Then x+100 is a perfect square. 


x+100=m? ® 


where MeN. 
Also x+168 is a perfect square. 


x+168 =n? @ 


where neN. 
We can eliminate x by subtracting equation @ from equation @: 


68 = n*—m? 
68 =(n—m)(n+m) @ 


Remember that n—m and n+m are integers, and so equation @ 
must express a possible way of factoring 68. 
But there are just 3 ways of factoring 68: 


(a) 68=1x68 
(b) 68=2x34 
(c) 68=4x17 


Thus there are three possible cases. 


Case (1) 68=1%x68 gives 


n-m=1 
n+m=68 
2n=69 
n=34.5 


Case (1) is impossible since n must be an integer. 


Case (2) 68=2x34 gives 


n-m=2 

n+m=34 

2n =36 

n=18 

m= 16 

Case (3) 68=4x17 gives 

n-m=4 

n+m=17 

2n=21 
n= 10.5 


Case (3) is impossible since n must be an integer. 


Therefore the only possibility is 


= 18, m= 16 
x=m?*—100 (from equation (@) 
= 256— 100 
= 156 


The only number which satisfies the given conditions is 156. 


EXAMPLE 2. The positive integers are written down in order starting 
with 1: 12345678910111213141516... 
What digit is in the 319 468th position? 


Solution 
Since the problem looks complicated, we work by analogy and first 
solve an easier but similar problem: 


What digit is in the 68th position ? 


Since there are 9 1-digit numbers and 68—9=59, the 68th position 
must be in the 59th position among the 2-digit numbers. So we divide 
59 by 2: 


2 ys 
2 2 


.. the required digit must be the first digit of the 30th 2-digit number. 
Now the 30th 2-digit number is 9+30=39. So the required digit is the 
first digit of 39, i.e., 3. 

Now let’s try a slightly harder problem: 


What digit is in the 356th position? 


There are 99—9=90 2-digit numbers which occupy 2x*90= 180 
positions. So the 1-digit and 2-digit numbers occupy the first 9+ 180 = 
189 positions. Since 356—189= 167, the 356th position is the 168th 
position among the 3-digit numbers. So we divide 167 by 3: 

167 3 

cw 553 
*. the required digit must be the second digit of the 56th 3-digit 
number. But the 56th 3-digit number is 99+56= 155. So the required 
digit is the second digit of 155, i.e., 5. 

Armed with the clues from solving these two problems we are 
ready to tackle the original problem. 

We have seen that the 1- and 2-digit numbers occupy the first 189 
positions. There are 999—99=900 3-digit numbers which occupy 
3 x 900 = 2700 positions. There are 9999-999 = 9000 4-digit numbers 
which occupy 4x 9000=36000 positions. There are 99999-9999 = 
90 000 5-digit numbers which occupy 5x90 000=450 000 positions. 
Thus the 319 468th position must occur among the 5-digit numbers. 


analogy 


Try a simpler problem. 


Try another related 
problem. 
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The 1-, 2-, 3-, and 4-digit numbers occupy the first 
9+ 180+ 2700 + 36 000 = 38 889 
positions. Since 
319 468 — 38 889 = 280 579 


the 319 468th position is in the 280 579th position among the 5-digit 
numbers. So we divide 280 579 by 5: 


280579 
——~ = 56 1158 


*. the required digit must be the 4th digit of the 56116th 5-digit 
number. But the 56 116th 5-digit number is 
9999 + 55 116 =65 115 


.. the required digit is the 4th digit of 65115, namely 1. 


EXAMPLE 3. Each edge of a cubical box has length 1m. The box 
contains 9 spherical balls with the same radius r. The centre of one 


. ball is at the centre of the cube and it touches the other 8 balls. Each 


of the other 8 balls touches 3 sides of the box, i.e., the balls are tightly 
packed in the box. Find r. 


Solution 

Since 3-dimensional situations are often difficult to visualize and 
work with, let us first try to find an analogous problem in 2 dimen- 
sions. 

The analogue of a cube is a square and the analogue of a sphere is 
a circle. Thus a similar problem in 2 dimensions is the following. 

lf 5 circles with the same radius r are contained in a square of side 
1m so that the circles touch each other and 4 of the circles touch 2 
sides of the square, find r. 





The diagonal of the square is V2. 
The diagonal is also 4r+ 2x 
But x is the diagonal of a smaller square of side r. 





x=V2r 
J2=4r+2x 
=4r+2VJ2r 
=(4+2V2)r 
2 
4422 


Let us use these ideas to solve the original 3-dimensional probiem. 
The diagonal of the cube is /1°+1°+1°=V3 
The diagonal of the cube is also 4r+2x where x is the diagonal of a 
smaller cube with edge r. 








Kew (erat re =A Sr 
V3=4r+2x 
=4r+2V3r 
= (4+ 2V3)r 
Mp es Ae ZY SS 
Gh eke) 





The radius of each ball is /3—2m. 


EXAMPLE 4. Find the sum S of the squares of the first n positive 
integers. 


§$=17+27+37+...4+n’ 

Solution 

Start with the identity 
(n+1)?=n°+3n?+3n+1 

or (n+1)?—n?=3n7+3n+1 

This is true for any n€N; write it down for n= 1, 2,3,... successively. 
2A = 3X1+3k 11 
3°-2°=3x27+3x2+1 
4° —3°=3x37+3x3+1 


n?—(n—1)?=3(n—1)?+3(n—1)+1 
(n-eiy=n =3n +3n+1 
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If we add all of these equations, then most of the terms on the left side 
will cancel and we get 


(n+1)?—1=3(17+27+37+...+n7) 
+3(14+24+3+...4+n) 
3F A) 


n(n+1) 
a 


(n+1)?-1=3S+4+3 , 


Solve this equation for S. 
2(n°+3n?+3n)=6S+3n7*+5n 
6S =2n°+3n7+n 
=n(n+1)(2n +1) 
en(n+1)(2n+1) 
6 
2 WT Aen sel) 
6 





174+2°+37+...4n 


You may regard the solution of Example 4 as unsatisfactory because it 
depends on a trick that very few people would think of. But having 
seen that trick you are now in a position to use similar tricks in similar 
situations. (See question 43.) 


EXERCISE 13-1 


1. How can you bring up from a river exactly 6L of water when you 
have only two containers, a 9L pail and a 4L pail? 


2. Mary buys a hockey stick on sale for $4.33 (including tax) which 
she pays for with a five dollar bill. The clerk gives her 10 coins as 
change, consisting of pennies, nickels, and quarters. Did she get the 
correct change? 


3. If 3093 digits were used to number the pages of a book, how many 
pages are in the book? 


4. What is the final digit in the number 4567°°° (when multiplied out)? 


5. AABC is isosceles with AB=AC. P lies on AC and O lies on AB in 
such a way that BC = BP= PO = OA. Find ZB. 


6. A man must transport a goat, a wolf, and some cabbage across a 
river in a boat so small that he can only take one at a time. Further- 
more, he must be on hand to keep the wolf from eating the goat and 
the goat from eating the cabbage. How does he do it? 


7. Al gives Bob as many cents as Bob has and Cindy as many cents as 
Cindy has. Bob gives Al and Cindy as many cents as each then has. 
Cindy gives Al and Bob as many cents as each then has. Each of them 
ends up with 16 cents. How many cents did each have to start with? 


8. Suppose that you start at a point P on the earth’s surface and walk 
1 km south, then 1 km east, then 1km north and find yourself back at 
the same point P. Describe all points P for which this is possible. 
(There are infinitely many.) 


9. ABCD is a square with side 8cm. A circle is drawn through A and D 
and is tangent to the side BC. Find the radius of the circle. 


10. A clock has just struck 04:00. At what time in the next hour will 
the hands coincide? 


11. The population of the town of Elk Horn in 1976 was a perfect 
square. By 1978 the population had increased by 100 and was one 
more than a perfect square. With a further increase of 100 the 
population was again a perfect square in 1980. Find the population of 
Elk Horn in 1976. 


12. Show that the product of any 4 consecutive integers is one less 
than a perfect square. 


13. Five married couples had to cross a river in a boat that would only 
hold 3 people at a time. Each husband would not allow his wife to be 
in a boat or on either bank with another man unless he was himself 
present. What is the quickest way of getting the five couples across 
the river? (Being at a bank but still in the boat counts as being on the 
bank.) 


14. A point P is located in the interior of a rectangle so that the 
distance from P to one corner of the rectangle is 5cm, from P to the 
opposite corner 14cm, and from P to a third corner 10 cm. What is the 
distance from P to the fourth corner? 


15. If n men working n hours a day (at the same rate) for each of n 
days produce n articles, how many articles are produced by m men 
working m hours a day for each of m days? 


16. An aircraft makes a regular reconnaissance flight every day from 
the airport to Skull Island and back. Skull Island is 200 km from the 
airport. The flight is always made at the same airspeed. If there is no 
wind, the same amount of fuel is used each day. On a particular day 
the pilot starts his trip with a tail wind. If the wind does not change, 
will the total flight require more, equal or less fuel than on a day with 
no wind? 


17. Two circles are concentric and the area 
of the shaded region in 257 cm’. Find the 
length of a chord of the larger circle which is 
tangent to the smaller circle. 


18. A rhombus is given with one diagonal twice the length of the 
other diagonal. If the area of the rhombus is A, find the length of the 
side of the rhombus in terms of A. 
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19. The positive integers are written down in order starting with 1. 
What digit is in the millionth position? 


20. Suppose that in counting a set of n balls, some blue and some 
green, it was found that 49 of the first 50 balls were blue and of the 
remainder 7 out of every 8 were blue. If at least 90% of the balls were 
blue, find the maximum value of n. 


21. ABCD is a parallelogram, E is on AD 
Cc produced, BE intersects CD at F and AC at 
G. If EF=18cm and FG =6cm,, find GB. 


' 22. The integers from 1 to 1000 are written in order around a large 


circle. Starting at 1, every fifteenth number is crossed out 
(1, 16, 31, 46,...). This is continued until a number is reached which 
has already been crossed out. How many numbers are left? 


23. Three containers hold 19L, 13L, and 7L respectively. The 19L 
container is empty. The other two are full. How can you measure out 
10 L using no other container ? 


24. Find the number of solutions of the equation 2x + 3y =715 if x and 
y must be positive integers. 


25. ABCD is a square with area 256cm’. X 
lies on AD and BY is drawn perpendicular to 
BX meeting DC produced at Y. The area of 
AXBY is 200 cm’. Find the length of CY. 


26. Two poles with diameters 6cm and 
18cm are placed as in the diagram and are 
bound together with wire. What is the length 
of the shortest wire that will go around 
them? 


27. You are given 80 similar coins and are told that one of the coins is 
counterfeit and is lighter than the others. How can you locate the 
counterfeit coin using a balance 4 times? 


28. A sequence is given by 

10", 10%, 10%, 10%, ... 
Find the smallest value of n such that the product of the first n terms 
is greater than 100 000. 


29. How many positive integers less than 1000 are divisible neither by 
5 nor by 7? 


30. ABCD is a square whose side has length 4cm. If a point E on AB 
and a point F on AD are chosen so that AE = AF and the quadrilateral 
CDFE has maximum area, find this maximum area. 


31. A regular polygon with n sides is inscribed in a circle with radius 
r. The area of the polygon is 3r*. What is n? 


32. Let n be the product of the first 100 positive integers, i.e., n = 100! 
How many zeros are at the end of the number n? 


33. If S=1!4+2!43!44!+...+99! what is the last digit in the value of 
oe 


34. In how many ways can ten dollars be changed into dimes and 
quarters? 


35. (a) Three tangent circles of radius 10 cm are drawn. All centres lie 
on the line AB. The tangent AC to the right hand circle is drawn, 
intersecting the middle circle at D and E. Find the length DE. 


Co 


/ 2 en : 


(b) Given that the radius ofeach circle is r, find an expression for DE 
in terms of r. 


36. Find the value of x+y+z if 


logs (log, x) = log, (log, y) = log, (logs z) = 1 


n n 
37. Find an integer n such that 2 is a perfect square and 3 is a perfect 


cube. 


38. George has 44 quarters and 10 pockets. He wants to put the 
quarters into his pockets in such a way that each pocket contains a 
different amount of money. Can he do it? 
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39. Among 12 similar coins there is one counterfeit. It is not known 
whether the counterfeit coin is lighter or heavier than a genuine coin. 
Using a balance 3 times, how can the counterfeit be identified and in 
the process determined to be lighter or heavier than a genuine coin? 


40. The perimeter of a right triangie is 60 cm and the altitude perpen- 
dicular to the hypotenuse is 12 cm. Find the three sides of the triangle. 


41. Solve the following system of equations. 
x+5y+3z+7t=—16 

6x + 4y+8z+2t=16 
2x+8y+4z+6t=—16 

7X+3y+5z+ t=16 


42. Semicircles are constructed on diame- 
ters AB, BC, AC so that they are tangent to 
each other. If BD 1 AC, find the ratio of the 
area of the shaded region to the area of the 
circle with BD as radius. 


B c 


43. Use a method similar to that of Example 4 to find a formula for 
the sum of the cubes of the first n positive integers. 


44. A man walked across the city at a constant rate. If he had gone 
0.5 km/h faster, he would have walked the distance in 0.8 of the time. 
If he had gone 0.5km/h slower, he would have taken 2.5h longer. 
What is the distance from one end of the city to the other? 
45. Show that 

Waal a 1 1 1 1 1 1 

+ +o.a+ = + + +...+— 
72 8) tl 199 200 101 102 103 200 





46 In AABC, a=b=V3 and c>3. Show that ZC >120°. 


47. A paper rectangle is 10cm long and less than 8cm wide. It is 
folded so that two diagonally opposite corners coincide. The length of 
the crease is 2V6cm. How wide is the rectangle? 


48. Show that if a+b+c=O0, then a*+b*+c*=3abce. 


49. Express the length of the hypotenuse of a right triangle in terms 
of its area A and its perimeter P. 


50. Place 8 Queens on a chessboard in such a way that none of the 
Queens is attacking another Queen. All 12 solutions are required. 
(Solutions that are the result of rotations or reflections are considered 
equivalent.) 


51. The current in a river flows steadily at 3km/h. A boat which 
travels at a constant speed in still water goes downstream 4km and 
then returns to its starting point. The trip takes one hour. Find the ratio 
of the downstream speed to the upstream speed. 


52. Two people are seated at a square-topped table. One places a 
playing card flat on the table, then the other does the same, and so on 
alternately. The condition is that no card can touch another card. 
Assuming that each person plays in the best possible manner, and 
there are an unlimited number of cards, who should play the last 
card? 


53. Bob, Dave, and Ed, when working together, do a job in 6h less 
time than Bob alone, in 1h less time than Dave alone, and in half the 
time needed by Ed when working alone. How long does it take Bob 
and Dave to do the job together? 


54. Find the sum of the digits of all the numbers in the sequence 
ipl) Saat 100000! 


55. Five men and their pet monkey Sarah live on a desert island. One 
afternoon the men gathered a large pile of coconuts which they 
decided to divide equally among themselves the next morning. During 
the night one man awoke and helped himself to his share of the 
coconuts. He divided them into five equal parts and found there was 
One coconut left over which he gave to Sarah. He hid his share, left 
the remainder in a single pile, and went back to sleep. Later that night 
a second man awoke and had the same idea. He divided the pile into 
five equal parts, found there was one coconut left over which he also 
gave to Sarah, hid his share, left the remainder in a single pile and 
went back to sleep. That same night each of the other three men 
awoke and, not realizing what had happened, followed exactly the 
same procedure as the first two men. The next morning all five men 
went to the depleted pile, divided it into five equal parts and found 
there was one coconut left over. What is the smallest number of 
coconuts that the original pile could have contained? 


56. If the integers from 1 to 222 222 222 are written down, what is the 
total number of 0’s that have been written? 


57. lf c is the hypotenuse of a right triangle and a, b are the other two 
sides, prove that c°>a°+b" if neN and n>2. [Hint: Write 
C =c c=] 


58. Let P be a point outside-a given square, 
but in the same plane as the square. The / pe / 
smallest angle @ with vertex P and contain- lige -4 \ | 
ing the square is called ‘‘angle under which / 
the square is seen” from P. Find the locus of / 
points from which the square is seen under / 
an angle of / 
(a) 90° (b) 45° / 


59. Prove that the product of the first n positive integers is divisible 
by their sum if and only if n+1 is not an odd prime. 


60. Given a point P on one side of a triangle, construct a line through 
P which will divide the area of the triangle in half. 
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61. A rectangular floor is composed of square tiles of the same size. 
There are 84 along one side and 52 along the other. If a straight line is 
drawn diagonally across the floor from corner to corner, how many 
tiles will it cross? 


(Ja)s bas 62. A foreman noticed an inspector checking 


a 3cm hole with a 2cm plug and a 1cm plug 
and suggested that 2 more gauges be in- 
serted to be sure that the fit was snug. If the 
new guages are the same size with diameter 
d, find d. 


63. One way to write 100 in the form of a mixed number, using all the 
nine digits once and only once, is 
5823 


91=—= 
647 


Find the ten other ways of doing this. 


64. An escalator has n steps visible at any given time and it descends 
at constant speed. Sue and Ann walk down the escalator steadily as it 
moves, Sue taking twice as many steps per minute as Ann. 

Sue reaches the bottom after taking 27 steps, while Ann reaches the 
bottom after taking 18 steps. Find n. 


65. Find 2 BED. 


ANSWERS 


CHAPTER 1 


Exercise 1-1 








1. (a) —1 (b) —3 (c) 31 (d) —9 
(e) —2 (f) 0 (g) —21 (h) 197 
(i) 2a—3 (jp™=2a=3 
2. (a) 1 (b) 34 (c}) =1 (d) —3 
1 
(e) 
a —1 
3. (a) 24 (b) 10 (c) 5 (d) 10 
i 64 (f) 8 (g) 3 (h) 3 
) 46 
4. (a) {1, 2,3, 4}, {0, 3, 6, 9}, onto 
(b) {—2, —1, 0, 1, 2}, {2, 6, 8, 10} 
(c) {a, b, c}, {3} 
(d) {1, 2, 3, 4}, {1, 2, 3}, onto 
5. (a) {x |-4<x<4} {y|-4<y<3} 
(b) {x | x#0} {y | y>0} 
(c) {x |-3<x <3} {—1, 1, 3} 
6. (b) and (c) 
7. (a) 5 (b) 29 (c) 0.71 (d) 109 
(e) t?—3t+1 (f) x?-x-1 (g) t#—3t?+1 (h) x?2+3x+1 
8. (a) 0 (b) —4 (c) 104 (d) —1.248 
(e) 3V2-3 (f) —t?+2t?—2t (g) x®—x4+x?-1 (h) 3x?2+x+1 
9. (a) 1 (b) V17 (c) V17 (d) 5V2 
(e) 5 (f) Vx?74+1 (g)Vx7+1 (h) V9x?+1 
10. (a) 6 (b) 2 (c) 384 (d) % 
(e) 2 (f) 256 
11. (a) R (b) R (c) {x |x =0} (d) {x | x <8} 
(e) {x|x#3 (f) {x|x>—4} (g) {x | x#1, 3} (h) {x |-—2<x <2} 
(i) R (j) {x | |x| =2} (k) R (I) {x | x#-—3, 2} 
12. (a) R (b) {fy |O<y <25} (c) {y| y=5} 
(d) {y| y <0} (e) {y|—-27<y <8} (f) {yly=-1} 
13. (a), (c), (e) 
15. (a) 1 (b) 4 (c) 7 (d) 12 (e) 4 
16. (a) 5s (c) 30.625m 
17. (a) 146 (b) —52 (c) 171 (d) —27 (e) 25x?—30x+11 
(f) —5x?-7 ; 
18. (a) 3 (b) -3 (c) 0 (d) 1 (e) . oe if 
= x 
19. (a) (i) 0 (ii) 1 (iii) 1 
(b) (i) 1 (ii) O (iii) 1 
(c) (i) —1 (ii) —1 (iii) —1 
(d) (i) —1 (ii) 0 (iii) 1 
(e) (i) 0 (ii) 1 (iii) O 
(f) (i) 0 (ii) O (iii) O 
6t if O<xt<40 
= (b) $210, $285 
cena a las orate if t>40 
21. (a) 23.851 41 (b) 0.157 56 (c) 10.374 49 (d) 0.090 16 
Exercise 1-2 
1. (a) increasing when —5<x<~—2 and when 0Sx <2 
decreasing when —2<x <0 and when 2=x <5 
(b) decreasing when -6<x <—4, -2<x <0, and 2<x <4 
increasing when 4<x <8 
2. (a) odd (b) even (c) even (d) neither (e) odd (f) even 
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3. (a) and (d) 
6. (a) 
(b) 
(c) 
(d) 
(e) 


increasing when —1<x <3, decreasing when 35x <7 
decreasing when x $2, increasing when x=2 
increasing when x <~—2, decreasing when x =>—2 
increasing when —3Sx <1 and when 2<x 83, 
decreasing when 1=x <2 


8. (i) 2x?+5, even (ii) 2x?2+ x, neither 














decreasing when —5<x S~—2, increasing when —2=x <1 


(iii) x*, even 





(iv) —x?+-x, odd 


(v) x*+x?, neither (vi) 5 even (vii) —x®, odd (viii) |1—x?|, even 
9. (a) even (b) neither (c) even (d) odd (e) odd (f) odd 
Exercise 1-3 
1. (a) (i) x7+4x4+1 =~ (ii) x?+2x+1 (iii) —x?-2x—-1 (iv) x?+3x?4+x (v) eae 
(b) (i)4iv) R (v) {x | x40} * 
2. (ia) x?+x+1 (b) —x3+x+3 (c) B 
(ii)(a) 9x’?—x (b) 7x’7+x (c) {x|O0<x <4} 
(iii)(a) 2x*—x?+2x (b) —x?+2x—2 (c) {x|1<x<2} 
So ilalaxaaed (b) R (c) a (d) {x|x#1} 
= 
(iia) x*—4x (b) A (c) prey (d) {x |-3<x <3, x#2,—2} 
Xa 
(iii)(a) Vx?+x (b) B (@) «/——— (d) {x |x>0} 
x 
4. (i)(a) 2x?—3x+4 (b) 3x (c) —3x 
: x7+2 : 
(d) x*—3x?+4x?—6x +4 (domain = R) (e) =——~ (domain = {x | x# 1, 2}) 
Xe Xie 
(ii)(a) x?+x?+3 (b) x3—x?-5 (c) —x3+x?+5 
; xF=1 : 
(d) x°—4x?— x?—4 (domain = B) (e) x44 (domain = B) 
(iii)(a) 2x4+x241 (b) x?+1 (c) —x?-1 
1 1 
(d) x®+x&+x* (domain = R) (e) hay ee (domain = {x | x# 0}) 
(iv)(a) Vx2—1+V4— x? (b) Vx2-1—V4— x? (c) V4—x?-Vx?-1 
(d) V—x*+5x?—4 (domain = {x | 1<|x|<2}) 
22 
(e) i (domain = {x | 1<|x|<2}) 
(v)(a) x4*—3x3+2x?—-4x—16 (b) x*—3x? (c) —x*+3x? 
(d) x®°—5x®— x44 20x3— 12x?+32x +64 (domain = B) 
x4*—3x3+ x?-2x-8 / 
(e) A (domain = {x | —-2<x <4}) 
ae aa 
7. (i) 1+x,R (ii) x?+2x, R (iii) x?+1, {x |O<x <2} 
(iv) x + Vx, {x | x =O} (v) x?—x,R (vi) V16— x2+ x, {x | |x|<4} 
93253 
10. (a) {x |x#2, —2}, {x | x#2}, {x|x#2,-2} (b) —2.25 


11. (a) sinx+tan x (b) sin x—tan x 


(d) cos x (domain = {x | o<x<7}) 


Exercise 1-4 


1. (a) 2 (b) 5 (c) 4 (d) 5 (e) 4 

2. (a) Ken (b) Vera (c) Ken 
(f) Ann (g) Bill (h) Ann 
(k) Vera (I) Sue (m) Ken 

4. (fog)(x) (gof)(x) (fof)(x) 
(a) 40x -—39 40x +39 25x + 36 
(b) 2x3-—1 8x3—12x?+6x—-1 4x-3 
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sin* x 
(c) sin x tan x= 
COs x 
(f) 16 (g) 1 (h) 2 
(d) Sally (e) Don 
(i) Jim (j) Glen 
(n) Mary (o) Glen 
(g°g)(x) 
64x —81 


x? 


(c) x 


x 


49x — 48 


x+48 








49 
(d) 17 280 17 x4—18x?4+72 
(e) x? x? x x4 
(f) x?-x+3 —x?+x-2 x4—2x34+6x?-5x+9 x 
(a) 3 i 1 S216 x44+2x?74+1 
1 9x2 24x +17 * x44 2x242 
(h) x? es |x| x4 
(i) Vx?+1 x+1 Vx x44+2x?2+2 
G) 3x?+10x+9 2x?+6x+5 3x?+8x+6 2x?+6x+5 
Y 2x2+6x+5 3x2+8x+6 2x2+6x+5 3x2+10x+9 
5. (a) f: domain=R, range={y | y=2} 
g: domain = {x | -1<x <1}, range={y |O<y<1} 
(b) feg is defined but gef is not since the range of f is not contained in the domain of g. 
7. g(x)=4x-5 
8. g(x)=x?+x-1 
9. g(x)=4x—-17 
x443x724+1 x84 7x84 13x4+7x72+1 
OM P Aueeeee rie wee OX0Aiixteoetl 
11. (a) sin(5x) 5 sin x sin(sin x) 25x 
(b) cos?x +3 cos (x?+3) x4*+6x74+12 cos(cos x) 
12. (a) f: domain = {x ||x|=V2}, range ={y | y=0} 


g: domain=R, range={y|—-1<y<1} 
(b) gef is defined but fog is not. 


Exercise 1-5 


1. (a) shift 6 units upward (b) shift 6 units to the left 
(c) shift 8 units downward (d) shift 8 units to the right 
(e) vertical stretch (f) reflect in x-axis 
(g) stretch and reflect in x-axis (h) vertical shrink 
(i) shrink and reflect in x-axis (j) shift 2 units to the right 
(k) shift 3 units upwards (I) shift 1 unit to the left 
(m) vertical stretch (nm) vertical stretch, then shift 1 unit upward 
(o) shift 1 unit to the left (p) shift 1 unit to the left, then stretch vertically 
(q) stretch and reflect in x-axis (r) stretch and reflect in x-axis, then shift 3 units 
downward 

(s) vertical shrink (t) vertical shrink, then shift 1 unit downward 

Sa (aynOm2e2, 4, 4.1282) 0 

11. (a) reflect in y-axis 
(b) shrink and reflect in y-axis if c<—1 

stretch and reflect in y-axis if -—1<c<0 

12. (a) vertical stretch, then shift 2 units upward 
(b) reflect in x-axis, then shift 1 unit upward 
(c) shift 5 units to the left 
(d) horizontal shrink 4 
(e) horizontal shrink, then vertical stretch 
(f) horizontal stretch, then shift 1 unit downward 
(g) reflect in x-axis 
(h) reflect in y-axis 
(i) reflect in both x-axis and y-axis 
(j) horizontal shrink, then vertical shrink, then shift 3 units upward 

13. (a) shift : units to the left, then shrink horizontally 


\d 


(b) shift Ia units to the right, then shrink horizontally 


d 3 
shift — units to the left, then stretch horizontally 
c 


(c) 
\d| 


(d) shift — units to the right, then stretch horizontally 
C 
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Exercise 1-6 


. (b), (c) 
. (b), (c), (f) 


WN =a 


ae fm (xa) 
yess 


(b) 
(c) 
(d) 
(e) ¥x 

(ae 





. (a), (c), (d), (g), (i), (i), (k) 








(m) y =v 


7. (a) 





(SoS) 
x?- 


9 


+8 
Fan(s yon 





domain range 
R R 
R R 
{x | x =O} {y|y=0} 
{x | x #0} {y | y# 0} 
R R 
{x |—2<x <10} {fy |0<y<4} 
3/x +6 
(b) y=36—5x (c) y= : 
1 
(e) y=x?7+3,x=0 (f) y= 
Xeooal 
1-x F g=2xa) 
Stes Ui anaxes 
(k) y= 4x (1) y= feet 


(b) fax) xe 


(n) y=V25—x?, x=0 


ox 





(c) f- (x)= ro 


In each case (fof—')(x)=x =(f 'of)(x) 


x= 








1 





9. (iii)(a) (b) Vx —2 (c) ¥x (d) ris: 
Review Exercise 
1. (a) 7 (b) 0 (c) 14 (d) 10 (e) —1 (f) 98 
(g) —10 (h) —6 (i) —12 (j) —2 (k) 62 (I) mw?-2 
2. (a) {1,0, —1}, {5, 6, 7}, onto, 1—1 (b) {1, 2, 3, 4}, {a, 27, 377}, onto 
(c) {1, 2, 3}, {5, 7,9}, 1-1 (d) {2, 4, 6}, {1, 3} 
3. (a), (c), (d) are functions. (c) is 1—1. 
4. (a) 5 (b) 3 (c) 7 (d) 7 (e) 2 (fi 2 (g) 1 (h) 10 
5. (a) shift 4 units downward (b) shift 4 units to the right 
(c) vertical stretch (d) horizontal shrink 
(e) reflect in x-axis 
(f) shift 1 unit to the left, then stretch vertically 
(g) shift 1 unit to the right, then shift 2 units upward 
(h) shrink vertically, then shift 5 units downward 
6. (a) 52 (b) 2.5 (c) —1.971 (d) 0 
2 
(e) 8.125 (f) 1.3 (g) t?—3t (h) hse 7anp 
8. (a) odd (b) even (c) neither (d) even 
10. (fog)(x) (gof)(x) (fof)(x) (g°g)(x) 
(a) x?-4x+4 x?-2 Xe x-4 
(b) x*—2x?+2 x44 2x? x44+2x?24+2 x4— 2x? 
(c) |x| x x x4 
3K 1 x+1 
(d) —— aa x 
2X1 x x+2 
—9 ; 1 
11. (a) y= (c) y=x?—-1,x20 (d) y=91-x (f) y=Vx -2 (g) y=5- 
REVIEW AND PREVIEW TO CHAPTER 2 
Exercise 1 
2x—10 
1. (a) y=—3x-1 (b) y=2x-6 (c) y=—3x+1 (d) y= 


fmt: senior 


2. (a) 2,-3 (b) —2,1 (cles, (d) -3,3 (e) -3,3 in 3,-3 

3. (a) y=3x-9 = (b) yi (c) y= (d) y=x+2 (e) y=4 (f) x=—5 

4. (a) y=mx+2 (b) y=3x+b (c) y=-2x+b (d) y=—3x+b 
(e) y—5=m(x—2) (f) y+5=m(x—2) (g) y+3=m(x+1) (h) x=k 
(i) y—3=m(x—-1) (i) y=-2x+b (k) y=mx 

Exercise 3 

1. (a) x+6 (b) 1-2xy (ce) 3c-2_— (d) 2x4 ~— (e) —3+2m_— (AN ice) (a) (x2—2x) 
(h) (x2-gx) (I) x-¢4 (i) (¢—x) (k) x2+6x = (I). x2-6x — (m)x2-6x s(n) x2 + 6x 

Exercise 2-1 

1. (a) (0,0) (b) (0, 3) (c) (0, 0) (d) (0,5) (e) (—1,0) (f) (4, 2) (g) (—6, 0) 
(h) (0, —6) (i) (1, —6) (j) (0,7) (k) (3, 0) (1) (—5, 0) (m) (0, —7) (n) (—6, —10) 
(o) (3, —3) (p) (3,0) (q) (3,-0.7) (r) (0,-3.4) (s) (0,0) (t) (—5,—-10) (u) (1,8) 

2. (a) y =4x2 (b) y=—3x2 (c) y=—ix2 (d) y=x2+4 
(e) y=—2x2-3 (f) y=6x2-4 (g) y =2(x-5)2 (h) y =—3(x + 4)2 
(i) y=3x+6)? () y=(x—3)2+2 (k) y=—2(x+3)2+5 (I) y=4(x—4)?-3 
(m) y = —3x?+6 (n) y =—5(x+6)?—7 (0) y =3(x +5)? (p) y =—3x? 


(q) y =—i(x —6)2+6 (r) 
(u) y=—11(x +6)? 


y =—5(x+7)2+2 





(s) y=4x2-7 


(t) y=—7(x+3)2-4 





4. (a) y=(x—3)2+2 (b) y=—2(x +1)2—-3 (c) y=4(x+3)2+6 (d) y=—3(x—2)2—4 
(e) y=3(x—2)?-6 ie ¥= = (07.4)2 73 
5. (a) 5 (b) 3,-1 (c) —4 (d) 1,3 (e) 2,6 (f) —7 
6. (a) a=2,k=2 (b) a=-2, k=5 (c) a=3, k=5 
Exercise 2-3 
1. (a) (3, —25) (b) (—3, 31) (c) (1,-1) (d) (1, —2) (e) (6, 15) 
(f) (—5, —4) (g) (3, —2) (h) (1,3 (i) (—10, —9) (j) (—1, 0.2) 
2. (16, 16) =} (8h Ss) 4. 500 5. 150 150 6. 200 x 400 7. $700 
8. $30 9. 200 x 300 10. $29 11. 30 12. 54m 
Exercise 2-6 
2. (a) (3, —49) (b) (—1, 2) (c) (1,—3) (d) (—1,6) (e) (3, —39) 
(f) (73) (g) (2,—1) (h) (6, 8) (i) (0, —7) (j) (3, -9) 
3. (a) y=x2-—x+2 (b) y=x2-—5x+4 (c) y=x2+3x-2 (d) y=x2-—3x+2 
4. (a), (c), (e), (f) 
Review Exercise 
5.(a) (1, 4) (b) (2, 6) (c) (1, —2) (d) (—1, 43) (e) (—1, —2) (f) (—2, —6) 
6. 300 x 600 
7. 300 x 600 
REVIEW AND PREVIEW TO CHAPTER 3 
Exercise 1 
1. (a) —22 (b) —14 (c) —3 (d) 19 (e) 1 (f) 4 (g) —5 (h) 
(i) 6 (i) 17 (k) 0 (1) % (m)18 (n) —2 (0) 33 (q) % 
2. (a) x>1  (b) w<6 = (c) t<5 (d) x>-12 (e) t<2 (f) x<-6 (g) x<} (h) x <8 
Exercise 2 
1. (a) 4/2+3V3 (b) —V2 (c) 2V3—18/5 (d) 16/10—7V3 
(e) 19/7—12V/6 (f) —2V17-13V13 (g) 53V3 (h) 6V5 
2. (a) 15V6—20V3—8/2+12 (b) 14—4V6 (c) 147 
(d) —14 (e) 2V/15—18V3 (f) 67 
3/2 3V6—V3 2V5+15—V10 
3. (a) aay (b) as (c) TSE ae 
2 J16+12—-2/5— 
(d) 2V3+2V2 (e) a n° eile 2 ae 


answers 499 





2/5357 42/30 —3./42 
(g) 
—43 
4. (a) x+2Vx-3 
(d) x+7+5Vx+1 


(g) x-—2-—2Vx-3 
Exercise 3-1 
1. (a) —4,2 (b) —5,1 
(g) —5,4 (h) —5,-1 
72,6) Woe) (b) 3,-3 


3. —4<x<-3,3<x<4 


Exercise 3-2 


1. (a) (x +4)(x +3) 
(f) (s—7)(s+3) 
(k) (x —7)(x -7) 
(p) (w—9)(w+5) 
(u) (x +9)(x —3) 

» (a) =473 
(h) —10, —2 

3. (a) (2x+1)(x+3) 

(e) (3y—1)(2y +1) 
(j) (2x—3)(2x+3) 
(n) (3w+5)(4w+3) 


(b) 5,2 


Exercise 3-3 








1. (a) —3,1 (b) 1,4 
(g) 3,-3 (h) 2,5 
2. (a) 4,-3 (b) —6, —3 
(g) 9,14 (h) —4 
3. (a) 1,—2 (b) —3, —2 
(SAN (g) —2,4 
(k) 5, -$ (1) —3,7 
4. (a) -3,4 (b) —2,3 
(f) —2,2 (g) 30 =e 
5. (a) 8,1 (b) —3, 2 
6. (a) —3,2 (b)) —3, 2 
7. (a) x?-7x+12=0 
(d) 6x2—5x+1=0 
Exercise 3-4 
1. (a) 0,-3 (b) -4,4 (c) O 
(i) +3 (j) +9 (k) 0, § 
Exercise 3-5 
1. (a) 9 (b) 16 (c) 25 
(i) 3 (j) 5 (k) * 
2. (a) -7,-1 (b) 2+V3 
14+V3 
iq) 2a Ne (h) = z 
3. (a) 4,-2 (b) 243 
-5+V65 . 
(g) 10 (h) 3 
Exercise 3-6 
2. (a) —2,-4 (b) 5,-3 
500 ~=fmt: senior 


(i) —1,-1 
(b) (2x—5)(x—1) 
(g) (2x+3)(2x+3) 
(k) (6t+5)(5t—4) 
(o) (4t —3)(3t—4) 


(h) 


(b) 
(e) 
(h) 


(c) 
(i) 
(c) 


(b) (x +2)(x +5) 
(g) (x +5)(x—2) 
(I) (w+10)(w—7) 
(q) (t—1)(t—1) 
(v) (t—5)(t+4) 


(c) 
(i) 
(c) 
(i) 


(c) 
(c) 


(b) 


(e) 


(c) 


{c) 


(i) 


(c) 


~3V/35- V7 
44 

x —8/x+16 

XG aN Xe 

x+7—-4Vx+3 


(i) 
(c) 


(f) 
(i) 


(d) 2,—1 
(d) 3 


(e) 
(k) 
(e) 


(c) (y—5)(y —2) 
(h) (x —4)(x +4) 
(m) (x +5)(x —3) 
(r) (x +10)(x —3) 
(w) (x + 11)(x —8) 
(d) 10, —5 

(j) 6,—3 


(e) —9,4 

(k) —6,6 
(c) (2w—3)(3w+1) 
(h) (2w—1)(5w+ 2) 
(I) (7s+3)(2s+5) 
(p) (2x+5)(2x +5) 














—5,4 (d) 7,—9 (e) 
ee eee (D=a-=3 (k) 
5, -4 (d) —5,-3 (e) 
5, -8 ate 
(c) 3, 1 (d) >> 
(h) 8, —2 (i) —1, - 
(m)2,—§ Des 
(c) 2,8 (d) —3,5 
(h) 2,2 (i) 2,-6 
5,—5 (d) —5,3 (e) 
—13 2 (d) —30, 15 (e) 
x?—3x-—10=0 (c) 
20x2+19x+3=0 (f) 
(d) +2 (e) 0,2 (f) +5 
(I) +2 (m) 0, 4 (n) 0 
(d) 1 (e) 4 (f) 36 
UN (m)2 (n) Fc 
Sey (d) 5+2/2 (e) 
1475 ( 34/7 a 
3 Bee 
Baa 6 
=34/11*, (d) = (e) 
34/13 
; () -t203 (k) 
21 (d) 2,3 (e) 


(d) (w—5)(w-3) 
(i) (x—5)(x+5) 
(n) (t—4)(t+3) 
(s) (x +7)(x +4) 
(x) (x —10)(x + 10) 


=8y6- 6734-4243 





23 
2x —7Vx+3 
9x+19-6Vx+2 
4x-3+4Vx-1 
—3,-1 (f) 4,2 
fh 9) (1) 5,1 
=2 4 (f) 1,5 


(e) (x—4)(x+2) 
(j) (x +5)(x +5) 
(o) (r+6)(r—4) 
(t) (w—10)(w—4) 


(g) 11,4 

(I) —4, —4 
(d) (3w+4)(w—5) 
(i) (2w+5)(w+2) 
(m) (6x —7)(4x —3) 
(q) (5—3x)(2—x) 


Anleey, (f) —7,-8 
25 w= 
= 7 (f) —9,-13 
: (eles 
6 (i) anes 
lo) = 2 
(e) —3,—4 
41 (f) —3,1 
44 (f) —3,2 
x?+11x+28=0 


x?—(r+s)x+(rs)=0 




















(g) 0 (h) 0,¢ 
(o) 0, —2 
(g) 81 (h) 121 
(0) 725 
-7+3V3 (f) 642V3 
2410-216 * 4+VJ2 
4 3 
4+ V10 a4°)3 
5 (f) 3 
494/10. 14V15 
en (1) 5 
0,3 (f ae 










































































1421 44/22 14V15 
(g) -3 (h) 14-5 ie (eer Pe (hie We 
qa7 _4+V/22 1x 11 
3. (a) 3,-1 (b) -34V11 (ce) : (d) 44+V2 OMe UP as 
14V11 a7 eay 5 4 19) ie 1 V5 14/15 
(g) (h) ——— (i) (j) (k) +— (I) 
5 2 3 6 5 2 
Aa(a).0-3°—0:2 a | (b) i2.3.1-2 (c) 26,-5.6 (d)3.3,-0.2 (e) 4,05 (j) -9.5,3 
14V7 3+/29 3+/29 T2033 2.65 34/5 
5. (a) 1+ V6 (b) —— —(e) d) lel (f) (g) 
74105 3+/57 ~5+V37 
(h) 2477s) () 72v58. {k) ) 5 (m)Z,-1 (n) 44V21 
6. (a) 3.4, —-1.4 (b) 2.2, —0.7 (c) 1.7, -1.2 (d) —0.9, —3.4 (e) 1.3, —0.8 (f) 4.5,—1.6 
3V2 MOA Td J6+V22 
tala\e == (b] (c) (d) (k—1),1 
2 4 
Exercise 3-7 
1. (14, 16), (—14, —16) 2. (17, 19), (—17, —19) 3. 16,-17 
4. 15, 16 5. (11, 12, 13), (~11, —12, —13) 6. 21, —20 
7. 4,16 8. 11,19 9. (22, 24), (—22, —24) 
10. 13,15 412-12 12. 9 
13. (4,6, 8), (—4, —6, —8) 14. 21,-18 15. (10, 17), (~10, —17) 
16. 9,12 17. 10,24 18. 7x13 
19. 3.1 20. 11.0 2122.3 
22. 20 23. 10 24. 20 
25. 60x40 26. 500 27. 90 
28. 50 29. 600 30. (a) 45 (b) 6.3 (c) 7.4 
31. 6 
Exercise 3-8 
1. (a) 54+3/ (b) 5+3/ (c) 8+2i (d) 1+2i (e) 3—7i (f) 5 
2. (a) 2i (b) 5i (c) iv2 (d) 10/ (e) iv5 (f) 21/5 
(g) 2iV3 (h) 31/2 (i) 4i (j) —1 (k) —2 (1) —3 
(m)—5 (n) +5 (0) —i (p) 1 (q) —7 (r) —10 
(s) 21 (t) i 
3. (a) —5 (b) 2 (c) 2i (d) 7+i (e) 4 (f) 7-3! 
(g) 15 (h) 1 (i) 0 
EAei 2 
4. (a) 14iV3 (b) 1+/V5 (c) 14iV6 (d) 147 sligaas (f) +37 
hh Te eS a da tM Ft oS Pree 
2 3 7 4 
S1+iy7 
5. (a) —1+i (b) 1+i (c) 347 SS 
Exercise 3-9 
2. (a) 2 (b) O (c) 1 
3. (a) 0 (b) 21 (c) —31 (d) —24 (e) 0 (f) 64 
(g) —47 (h) 41 (i) 49 (j) 289 (k) —11 (I) 25 


4. (a) Real, distinct 
(f) Real, distinct 


5. (a) 4 (b) k<-2 (c) k<1 (d) k>3 
(f) +3 (g) k<-$ (h) 2 (i) —1,—5 

6. (a) O or 4 (b) k<O or k>4 (c) 0<k<4 

Exercise 3-10 

1. (a) 8 (b) 17 (c) @ (d) 6 (e) 6 (f) -3 
(i) 3 


(b) Real, distinct 
(g) Real, distinct 


(c) Imaginary 
(h) Real, distinct 


(d) Real, distinct 
(i) Real, distinct 


(e) Real, equal 


(e) k>8 or k<-8 
(j) k<-lork>3 


(h) 2 
answers 


(g) 6 
501 


502 


2. (a) 26 (b) 9 (c) 21 (d) © (e) 3 (f) 8 (g) © (h) 25 
3. (a) 2 (b) 10,15 (ce) 12 (d) 1, 2 (e) 10 (f) 2 (g) 5 (h) @ 
4. (a) 1 (b) 2, 6 (c) 0 (d) 1 (e) © (f) —5 
5. (a) 28 (b) 10 (c) 3 (d) 16 (e) 2 (f) 1,-3 (g) 0 (h) 3 
6. (a) 14/2. (b) 14+ V3 
Exercise 3-11 
3. {a) x<-—5 or x>-1(b) 2<x<4 (c) -5<x<3 (d) x<—20r x>2 (e) x<-—2 or x>0 
(f) © (g) x<—-4 0r x=3 (h) 35x<4 (i) -5<x<-—4 (j) x<-7 or x>2 
4. (a) x<-4 0r x>-3(b) x<20rx>3 (c) xS10rx=4 £(d) -35x<4 (e) -3<x<3 
(f) x<Oorx>5 (g) x<-30rx>3 (h) 3<x<5 (i) -3<x<4 (j) x<1o0r x>§8 
5. (a) —3<x<8 (b) x<1—V3 or x >1+V3 (ce) x<1—V2 orx >14+V2 
(d) -1<x<4 (e) -Yxx<4 (f) x<-3 or x>1 


(g) x<-2 or x>6 


Review Exercise 


1. 


2. 


10. 


11. 


14. 
16. 


17. 
18. 


19. 


. (a) 


(a) (x+5)(x +3) 
(g) (z+12)(z—9) 
(a) 6,—-7 

(e) 3, 


(i) 


AIM ier 


. (a) 3 


(e) —6 


. (a) Real, distinct 


(e) Real, distinct 
(a) 7 

(a) (3x +1)(2x +3) 
(e) (14t+3)(2t+3) 


aoe 
(e) 8, 


(i) 


fo?) 


DION! 


—5 
2 


sla) O07 


S) 


Piya 





i) 


. (a) 1,—4 


E4413 
(e) 3 


(a) 1410 


i 5+iV47 
(d) 

4 
(-9, -8) or (8, 9) 
18.4 
(a) Real, distinct 
(d) Real, distinct 
(a) 2 
(a) 3 
(d) 7 
(a) -3<x<4 
(d) xS-5 or x>-3 








(h) 2<x< 











(b) (4x —3)(4x +3) (d) (t—7)(t+5) 

(h) (t—10)(t—7) (i) (x +13)? 

(b) —5,-—11 (c) 10,-3 

(f) —Z,-¥ (g) 0,3 

(b) 2iV2 (c) —3 

(f) —14 (g) -1 

(b) Real, equal (c) Imaginary 

(b) 17 (c)=1 

(b) (6t+1)(t—7) (c) (5w+6)(3w +4 2) 

(f) (8x +3)(x —4) (g) (6x —5)(2x —7) 

(b) +2 (c) 4,2 

(f) —3,-5 (g) =s75 

5413 

(b) = (cl en 

im ozivs8 (q) -1,2 
4 

~1+iV3 

tb) (ce) 8-1 

(f) ~1+iV23 ( ) 2#ivs 
r se ale 
(b) 0.4, -—0.5 (c) 
(e) —5,2 (f) 
12. (9, 10, 11) or (—9-—10, —11) 13. 
15. 100 km/h 
(b) Real, equal (c) 
(e) Imaginary (f) 
(b) k<¥ (c) 
(b) @ (c) 
(e) 10 (f) 
(b) x<0 or x>6 (c) 
(e) —3<xor x>3 (f) 


REVIEW AND PREVIEW TO CHAPTER 4 


Exercise 1 


i 


(a) (2x +3)(x—5) 


fmt: senior 


(f) (w+ 15)(w+ 12) 


(d) 3,4 
(h) 0, —4 


als 


(d) —i 
(h) —10 
(d) Real, distinct 


(d) 7 

(d) (10x —3)(2x —5) 

(i) (2t+7)(4t+5) 
6 3 





(d) -1+iV5 


(h) 
—34V11 


3+ 105 
24 
8 








Imaginary 
Imaginary 
k >-33 

3 

'@) 
—2<x<5 
—2<x<4 


(b) (4x—1)(2x—3) (ce) (8x—5)(x—7)  (d) (2x+5)(3x+4) (e) (6x+7)(x—1) 


(f) (2x +7)(3x + 4) 


Exercise 2 
Ta(abi—3,5 (hb) 2-2 
3325/13 
(g) 0,3 hie 
2 
Exercise 3 


1. (a) 2x3—x?-17x4+12 
(d) 8x?—13x + 156 
(g) —x?+25x+81 
(j) 4x3—11x?—26x —22 
2. (a) x?-—2x+3 


(g) 2(2x—1)(3x—4) (h) 3(3x+5)(2x—5) (i) x(x —6)(2x +7) 














(j) (6x —1)(3x —8) 
(c) 5,3 (dj. (e)een (f) +8 
Leal At —1+3i V£iv7 

pal ae (Kj =s2N3 he 

2 20 
(b) x*+4x?—4x?-—37x—42 (c) —2x?+48x-—110 
(e) 6x3+x?-8x+6 (f) 2x4—x34+x?-3x-15 
(h) 5x?+39x+6 (i) 3x°+x4—-6x3+2x?+2x—-1 


(k) —4x?+16x—16 
(b) 2x?—3x?+5x 


(1) 
(c) 





3x4+8x3-—17x*-2x+8 
—3+ 5xy —6x*4 





(d) 4xy —2y7z—5yz (e) —9x?y + 12xy?+6 (f) —6x4z?2+5x3z+1-8x 
Exercise 4. 
1. (a) (0, —4) (b) (1,5) (c) (—3, —2) (d) (—1, —2) (e) (2,5) 
(f) G4 (g) (3,6) (h) @, 22 (i) @ 2%) (i) Gs 
(k) (—1, 0.8) (1) (—1, 0.2) (m) (2, “1) (n) (-3,3 
Exercise ee 
3. (a) 2 (b) 1,—11 (c) —2,-—3 (d) —3 = 
4. (a) e ere 0 (b) x?+3x—18=0 (c) 2x?+7x-4=0 (d) 1224 1x+2- 0 
(e) 5x?—3x =0 (f) x?—36=0 (g) x?—2x-2=0 (h) x?—6x+1=0 
(i) x?+4=0 (j) x?—2x+10=0 (k) 4x2—-8x-1=0 (I) 9x?—18x+11=0 
ch 7 6. x?-x-8=0 th LP 
8. x?+4x+9=0 6027) — 10. 5x2+3x+2=0 
11. (a) —2 (b) 3 (c) 6 (d) —10 
12. x?—-12x+4=0 
Exercise 4-2 
e She 
a: (FE) ees} Sen (b) +1, +2i (c) 1,2,4 ; (e) 4 (f) +2,+1 
2\ae—la les (b) 2,3,-1,6 (c) 4, -—1, 2,1, (d) +2, +/ (e) +V6, +2i (f) 1,2 
2 
3. (a) 17,1 (b) +3, +2 (c) -2,3 (d) +, +31 (e) #2, +1 ()45-22—1 
4. (a) +V2+V3—(b) +5482 
Exercise 4-3 : 
2. (a) 0, +3 (b) —1, 2, -3 (c) +1,+3 (d) 0, —2, —4 (e) —1 
(f) 1,-1 (g) +1 (h) 0, -2 ((}) =s) 
3. x3+2x?-11x-12=y 4. x?-3x+2=y 5. y=x?+x?-6x 
6. y=x74+3x3-—8x?-12x+16 7. y=x*—-9x?4+ 4x +12 8. y=x*—6x?+9x? 
9. y=x3—x?+x-1 
Exercise 4-4 
1. (a) x?+x+5, x#3 (b) x?—x—5, x#—4 (c) x?—x-2, R-1, x#-3 
(d) w?2+6w+2, w#1 (e) x?+5x—4, R2, x#-6 (f) t7+3, t#2 
(g) x?-—2x-4, R4, x#5 (h) x?—4, x#-—5 (i) x3+2x?-2x+1, x#—-2 
(j) 2w?+w2-w-1, w#3 
2. (a) x+x+1, x#3 (b) w2—3w+5, R3, w#4 (c) 2t?7—t+2, t#-3 
(d) 3z7+2z—3, z#-3 (e) 4x?2+x-2, R—4, x#-2 (f) 2x?=3x+7, x#-3 
(g) 3x?+2x+2, R3, x#2 (h) x?—2x+13,R—16 
3. (a) x?-x-12 (b) w?2+3w+2 (c) t?+3t+2 
Exercise 4-5 
1. (a) 18 (b) 11 (c) ae (d) —58 (e) —3 (f) 13 (g) 35 (h) 257 


2. Yes a, b, d, f 
3. (a) (x —1)(x +2)(x +3) 


(b) (x +1)(x + 2)(x +3) (c) 


(x + 2)(x —3)(x +3) 


answers 503 


504 


(d) (t—4)(t+5)(t+3) 
4. (a) (W—2)(w—1)(2w+ 1) 
(d) (x —2)(x+3)(x-—1) 


(e) (x +2)(x*+x+1) 
(b) (t+3)(t+2)(2t—1) 
(e) (x —3)(x?+x +5) 


if) (x3) (xe x a) 
(c) (x—1)(2x + 3)(3x —1) 
(f) (w—2)(2w?+ 2w+3) 


5. 
7. 
8. 


(g) (x+3)(2x —1)(2x + 1) 
-14 

(a) (x +1)(x + 2)(x—2)(x +3) 
a=1,b=—2 


Exercise 4-6 




















(h) (x —4)(2x +5)(3x — 1) 

6. —2 

(b) (x +3)(x —3)(x + 2)(x — 4) 
9. 2x?—5x?-3 





(c) (x +3)(x —3)(x?+x+1) 























1. (a) -2,2,3 (b) -1,2,3 (c) -2,5 (d), -1,1, -3 
(e) 2,-3,3 () 3,-2,3 (g) 1,5, -3 (h) 3,4, —4 
34V5 
2. (a) 2, -14V2 (b) —1 : (cy) 22a 
er 14V21 
(d) 1, igh (e) —2, 1+iV¥3 (f) —3 = 
3 (aye=1, 2,23 (b) 4, -3, +1 (c) +1, +i (d) —3, -2, 8 
4. (a) 0, 3, =3£3iv3 (b) —2, 3 
5. (a) 2, —2, —3 (b) +1, +2, —3 
Review Exercise 
3. (a) x?+13x+40=0 (b) 12x?-x-—1=0 (c) x?-4x-8=0 (d) x?—4x+13=0 
4, 3) 4 5, X*—-2x 5-0 
. BINT 
6. (a) +1, +3 (b) —2, 4, -1, 3 (c) 1, 2+V3 (d) —1, 4, > 
8. (a) x?+4x-2, R1, x#2 (b) 3t?+2t—2, t#-3 
(c) 2w?—3w+2, R2, w#—3 (d) 2x*—3x2—x+2, x#—3 
9. (a) 3 (b) —4 (c) —39 (d) 37 
10. (a) (w+2)(wW—2)(Ww—3) (b) (x + 1)(x —3)(x + 4) 
(c) (x —2)(x +3)(2x —1) (d) (x —3)(x +3)(2x —3) 
11. —14 
12. (a) —3,-1,-4 (b) 2, 3,4 (c) 3, —2,-3 (d) 1, -2, 3 (e) 2,-14+V3 
3213 1+iV3 214/138 34+3/V3 
(ee ey ee = (h) 2, 1, -8 De == ieee, ee 
2 2 2 2 
REVIEW AND PREVIEW TO CHAPTER 5 
Exercise 1 
qo ee ee Py es aes sete ele: Pea 
~ (x +1)(x—1)  OeE Wha) ~ (oe Wee a} xen 
Ix=7 2x+5 —10x 2b 
5. —_—__—__—_ Sy SS Yo SSeS Gh Se 
(x —3)(x +4) (x —5)(x — 2) (2+3x)(2—3x) (a—b)(a+b) 
é 1 XeZo ye 3x?+ 20x — 32 or x?—2x-1 
” ab3c “Rye " (7—x)\(7+x) " (x +2)(x-1) 
x x-2 4(2x —3) 
13. 1 ek 15. 16. 
x+7 3x-1 (3x —5) 
—8x—5 2x?+6x4+3 i a? 
17. i ae 24 b3 => 
(x —1)x + 1)(x—2) Te = 1)? x Fell eee 20. 3? +b? 
21. 3ab2+b? 22. —s 23. x2—x 24. —1 
34+2x 10x3+3x?+8x+3 
25. 2433 Ss 
2+x 5x?+4 


fmt: senior 





Exercise 5-1 
































Tata) a22 (b) 2" (ch 222 (d)i2'= (e) 2° (fei 
(g) 2?’ (hig2° (i) 27, A) e2ger (ky 232 (De Zan 
2elalice am (blige. Uc) (a) 3° felige = Hh.> (g) 3°" (h) 3” 
18 5 
3. (a) 9*x 134 (b) 9*x* (c) 5 (d) = (e) 63° (f)” 6°<772> 
10 x® 
(h) xy (i) 7° (i) 7° (K) 3 Oho (m) (2.78) 
9 a\8 
(n) (-2)” (0) = (n) (=) (r) 8x° (s) x"° () x? 
(u) x3n (v) x3tn (w) «27 (x) xn? 
4. (a) —27x"® (b) —12x° (c) 378 , (d) amare (e) 274 
(f) amre (g) 44 (h) x3™ oR (i) x4"-3 
5. (a) 7 (b) 3 (c) 256 (d) 16 (e) 5 (f) 1 
6. (a) —a**9 (b) xe"? (c) ‘S10 kid (d) 3° (oe) #27 
7a) xy? (e) 3x8®— (d) —x9"?(e) 2 (nes (a) 4y* (nh) 
: - 6x4 b4 4y? 
(OM 3 ies (exes (k) a (I) b” (m)1 (n) —8x®y®z’ 
8. (a) 6 (b) 3 (c) 3 (d) 16 (e) 2 
(f) 4 (g) 6 (h) 2 (i) xeN (j) xeN, x even 
9. (a) 7° (b).3(37) # (e)\3° (d) 3? 
Exercise 5-2 
1. (a) 1 (b) 3 (c) 3 (d) 3 (e) —1 (f) 1 
(4G) cod (h) 25 (i) 8 ae (k) 36 Zé (1) 32 
1 1 1 3 b 
ec cy ted a th (2) tg) th) x7" 
35a) (b) 2ab + (c) ax?y (d) 3a *b* (e) 2x 'y ? (fi xey 2z2 
4. (a) & (b) 1024 (c) 2 (d) 4 (e) 9 (fie (g) 49 
(h) 36 P (i) 3 ee () at (k) 2 (I) 625 (m) 43 (n) Z 
343x a°b 64a%c? a? ee es 
5. (a) ye (b) Bag (c) eq? (d) 53 (e) a*b*x*y 
(f) eT pC kai (g) a®+a°—5a? (h) 2 2 ess (i) ay (j) = 
b2 b gia 2 a 2s x2 : p2° J 2n Van 
[eee - 1 1 y= : 
(kee to (ein ee 
Gi (5 yx x xy x xy 
(o) x2+y? Gy ab? (a) a?*b*+a*b—ab? 
o xe=y2 Path Ged 
6. (a) 2 (b) —7 (c) 5 (d) x=0,+2,+4,+6,... 
Exercise 5-3 ¢ 
1. (a) 2x 10° (b) 3.63 10? (c) 7.234 10? (d) 1x 10-9 
(e) 7.2x 104 (f) 3.5 (g) 2.46 x 10° (h) 4.5x 10-2 
(i) 1.984 10? ()1.23x10"" (k) 8x 10-5 (I) 1.2345 x 104 
(m) 1.4061 x 10? (n) —1x 10? (o) 8.3410? (p) 3.7x 10° 
2. (a) 2000 (b) 740 (c) 0.23 (d) 0.0037 
(e) 1000000 (f) 12300 (g) 0.0999 (h) 0.000 545 6 
3. (a) 9.4110"? (b) 3x 1077 (c) 5.97 x 1074 (d) Sage 333% 10° 
(e) 1.5 10° (f) 4x10°19 
4. (a) 6.9 x 10"° (b) 6.34 x 1021 (c)e778ho 105° (d) 1.983 10°° 
(e) 1.835 55 x 10® (f) 2.635 84x 10? (g) 6.8x 10 © (h) 1.234 567 89 x 1014 
(i) 1.7x 10-5 (i) 8.32 10-6 
5. (a) 312000 (b) 0.008 57 (c) 0.000 000 026 7 (d) 68 530 000 000 
(e) 0.0000000001495 (f) 9000000 000 000 (g) 0.000 000 001 111 1 (h) 433 700 000 000 


(i) 0.000 000 65 


answers 505 


506 





6. (a) 2.96x10'? (b) 5x10 ® (c) 2.73 x 10° (d) 1.8x 10-3 (e) 9x 109 (f) 6.4x 10"! 
(g) 8x 108 (h) 1.1 108 (i) 3x10°5 (j) 8x10 14 (k) 5.49 x 10® (I) 2x10 
7. 4.3x 107 8. 3.20 101 9. 2.213 10" 
Exercise 5-4 
1. (a) Y2 (b) V37 (c) Yx (d) 74 (e) V8=2V2~—s (ft): 27 
g) Sa? or (Ya)? th) Yx4 or (Yx)4 (i) (hee {k) = a) Vai 
(g) (Va)? (h) (7x)* ( ws j 85 ar 
2. (a) 32 (b) 192 (c) 237 (d) x4 (e) 73 (f) 73 
(g) 6 (h) 138 (i) a8 (j) a8 (k) 5-2 (i) 78 
3. (a) 2 (b) 4 (c) 27 (d) 1 (e) 3 (f) 4 
(g) 3 (h) 3 (i) 3 (i) 3 (k) —2 (I) 4 
4. (a) 16 (b) 128 (c) 100 (d) 4 (e) 27 (f) 435 
(g) 256 (h) 3 (i) 36 (j) 343 (k) 2 (I) 162 
(m)3 (n) (O}ne (p) 96 (q) 0.08 (r) 3 
(s) 8 (t) 0 (u) 7 (v) 8 (w) 3 (x) 38 
5. (a) 28 (b) 33 (c) x2y2 (d) a°b* (e) ab2c? (f) x+3x3 
Aye 16x®  40V5x3y2 WPF a2x y# : 
(g) 2x?y (h) 2 (i) a (j) b°y8 (k) a (I) a 
6. (a) 32 (b) 74 (c) 32 (d) 14°3 
Exercise 5-5 
1. (a) 3.2 (b) 4.6 (c) 8.1 (d) 8.1 (e) 5.0 (f) 0.7 
(g) 1.4 (h) 0.2 (i) 3.2 (j) 5.2 (k) 0.4 (I) 8.6 
2. (a) 2.6 (b) 0.8 (c) —1 (d) 2.1 (e) 0.6 (f) S13 
(g) —0.1 (h) 0.5 (i) 0.8 (j) -1 (k) 0.5 (1) 0.7 
3. (a) 3.7 (b) 56 (c) 2.7 (d) 832 (e) —0.3 (f) 4.6 (g) 4.9 (h) 6.6 
4. (a) 7.2 (b) 470 (c) 147 (d) 630 (e) 1.2 (f) 2.4 (g) 3.3 (h) 2.0 
Exercise 5-6 
1. (a) 25a (b) 50a (c) 100 a (d) 75a 
2. (a) 3 (b) 3 (c) + (d) & 
3. (a) 10000 (b) 40000 (c) 80000 (d) 320000 
4. (a) 12000 (b) 24000 (c) 48000 (e) 96000 
5. (a) 5000 000~x 23 (b) 320 000 000 (c) 327 680 000 000 (d) 12600 000 
6. (a) 1250 (b) 320 000 (c) 5120000 
7. 45min 8. 12min 
9. (a) 7 290 000 (b) 10 000 x 34 
10. 72 billion 
11. (a) (i) 1g (ii) 4x2-%g (iii) 4g (iv) 2V2g=2.8g 
(b) 90 (c) 20 
3V2 
12. (a) 12g (b) 6V2=8.5g (c) Ti Ne 
13. 5h 14. 270 days 15. 17 280 years old 
Exercise 5-7 
1. (a) log, 9=2 (b) log, 16=4 (c) log, 216=3 (d) logy (3)=—1 
(e) log,c=b (f) logg1=0 (g) log, 1024=5 (h) logyg 7 =3 
(i) log, 4=2 (j) log, (4:)=—2 (k) log,,. (10 000) = 4 (I) log, (0.125) =—3 
2. (a) 77=49 (b) 3°=729 (ce) 4*°=512  {d) 10-4=0.1 (e) 2¢=-4 (ff) a°=b 
(g) 12°=1728 (h) 10°=1 (i) 5'=5 (Ges 4 (k) 8=4 (I) 2'*= 4096 
3. (a) 2 (b) 5 (c) 3 (d) 3 (e) —1 (f) 0 (g) —2 (h) 1 
(i) 3 (j) 9 (k) 87 () V3 (m)1 (n) 19 (0) 4379 
4. (a) 7 (b) 4 (c) —4 (d) —3 (e) 4 (f) — 
(g) —2 (h) -5 (i) 3 (j) 3.5 (k) 3 (1) -3 
5. (a) —1, 0, 0.6, 1, 1.3, 1.6, 1.8, 2, 2.2, 2.3, 2.5, 2.6, 2.7, 2.8 
6. (a) 1000000 (b) 256 (c) 5 (d) 5 (e) 16 (f) 3 
(g) —1 (h) —2 (i) 36 (j) 8 (k) 243 (I) 3 
10. (a) 35 (b) Z (c) 343 (d) 3 
11. 2L 12. M+N 


fmt: senior 


Exercise 5-8 











1. (a) log,,8+10g,, 13 (b) log, 9.1+log, 6.3 (c) log, 14+log, 8.1 (d) log, 11—log, 37 
(e) log, 104—log, 97.2 (f) log,,2—log,) 7 (g) log, 2+log, 7 (h) log, 19+log, 97 
(i) log, 16—log,2 65 (j) log.) x+logioy (k) 1094. X —l0gy9 v (I) log, A +log, B 

2. (a) logo (89X14) (b) logs (12.22.79) (ce) log, (38 (d) log, ($38) (e) log, 18 
(f) log, 6 (g) logy, (xy) (h) log, (”) (i) 109,99 (j) log, 60 

3. (a) 2l0g,,68  (b) 5109,3.9 (c) 10log, 7 (d) $10g,,7 (e) Slog, 5 (f) Zlog,3 
(g) —log,.8 (h) -log,,12 = (i) 9log,, x (j) 1og,, 37? (k) log, 218% (I) log,8 
(m) log, 9/97 (n) log,,3 (0) logy, (3) (p) log,o(3) (q) y log, x (r) log, A™ 

4. (a) log,,82+1log,, 28 (b) log, 9+ log, 13+log, 14 (c) 20log, 9 
(d) log, (22 (e) log,,. 36 (f) log, L+log, M+log, N 
(g) log,,7 (h) log, 937—log, 1005 (i) —log,. 67 
(j) 3 log, 83 (k) log, 5+log, x (1) logs (g) 

(m)log, 42 (n) log,,7 

5. (a) 0.7781 (b) 1.1761 (c) 0.6020 (d) 1.2552 (e) 2.0970 
(f) 0.3980 (g) 0.1761 (h) —0.2219 (i) 0.8751 (j) 0.3495 
(k) 0.1193 (1) —0.3010 (m) 2.3010 (n) 4.6990 (o) —2.5229 

6. (a) 3 (b) 2 (c) 3 (d) 4 (e) 2 
(is (g) 3 (h) 81 li) G2 (j) 

7. (a) 15 (b) 3 (c) 2 (d) 20 (e) 3 
(f) 6 (g) 3 (h) 2 (i) 343 (ves 

8. (a) 3.6 (b) aia 

ab avb ab? be ac? 
9. (a) log. —— (b) 10910 a (c) 1010 a (d) logs \ (e) log, (sins) (f) loge oa 
Exercise 5-9 

1. (a) 10 (b) 10 (c) 100 

2. (a) 1000 (b) 10 000 000 (c) 10000 000 000 

3. (a) 3.45x10° (b) 0.894 (c) 0.0393 (d) 0.0937 (e) 949 
(f) 8.42 (g) 3.61107 (h) 3.68 x 107 (i) 9.00 (j) 8.03x 10'S 

48 29 
4. 25log, 10 5. 30 log, 20s 6. log, (1.25) : log, (32) 8. log, 100 
9. 40log,6 10. ce 11. 3160 2. 8.9 13. 4000 
log, 2.5 
_ab(2:—1) 
14. ‘ara 
Review Exercise 

1. (a) 2° (b) 275 (c) 2° (d) 2" (e) 23 (f) 2% (g) 2° (h) 2"? 
ti) =2P (j) 2° (k) 277 (i) 2° 

2. (a) 1 (b) 3 (c) 3 (d) 3 (e) 2 (f) 7 (g) 27 (h) 3 
(ives (py 1 (k) 3 (1) 125 , 

3. (a) 8°x 179 (b) 45° (c) 74 (d) (¥7)? or ¥343 — (e) ae 
(f) 4° (g) x3 (h) 7° ti) fe" (j) 3% 

(k) 16x® () 53 (m) x®" (n) x8'" (0) — 
(p) gis (q) 525 (r) xatbt+e (s) 62 (t) nts 

4. (a) 2.3410? (b) 1.8 104 (c) 1.6 10°? (d) 6.2x10 © 
(e) 1.25 x 10® (f) 1.938 x 10? (g) 6.34 10° (h) 7.1x 1071 

5. (a) 2 (b) 4 (c) 3 (d) 3 
(e) O (f) =1 (g) 3 (h) 7 

6. (a) log,, 14+10g,, 29 (b) log, 11+log, 13+log, 15 (d) log,,61—l0g,, 43 
(e) 3 log, 37 (f) —log,,.6 (g) log, 3+log, 7 
(h) log, 5 (i) log, 6 

7. (a) 25 (b) x® (c) 3 (d) a” (e) —27x"*y?— (f)_ x8 y4 

y?z’ b® 
(g) x3 (h) — (i) a® 


answers 507 


508 








8. (a) 2% (b) 729 (c) 27 (d) 32 
(f) 3 (g) 1000 000 000 (h) 2 (i) 3 
(k) 3 () 3 (m)§& (n) 2.7 
5 64 3y b* 
9. (a) x2y3 (b) x3 (c) ee (d) = 
7 5 3 2 1 ab 
(f) x7+xo+x (g) a sr (h) b2-a2 
10. (a) —3 (b) 6 (ce) 3 
41. (a) 1.8610°7° (b) 2.685x10'© (c) 3.06x10'® (d) 84x10 '* (e) 
12) 221541 0g0e 
14. (a) —5 (b) 3 (c) —7 (d) 3 (e) 3 
(h) 97 (i) 2 (j) 3 
15. (a) 32768 (b) 6 (c) i (d) a5 (e) 3 (f) 32 
16. (a) lodio— (b) log, x?y® (c) log; MNVP 
y 
17. (a) 3460 (b) 0.009 42 (c) 8.38 
18. (a) 4000 (b) 4000 x 220 (c) 11315 
19 eat 
"log, 3 
20. (a) (i) 120x2-% (ii) aes (iii) 15V2 
(b) 16 log, 120 
21. 31600 


REVIEW AND PREVIEW TO CHAPTER 6 





1 V3 1 
4. (a) eB (b) = (c) 3 (d) 5 
Nee) 
(f) —3 (g) 1 (h) —1 (i) S 
Exercise 2. 
1. (a) 16 (b) 17 (c) 14 (d) 16 (e) 10 (f) 31 
2. (a) 37° (b) 36° (c) 50° (d) 52° (e) 37° (f) 49° 
3. (a) 57, 43°, 47° (b) 196, 220, 27° (c) 38°, 12, 19 
4. 7.2 
5. (a) 102 (b) 17 (c) 63.7 
Exercise 6-1 
1. (a) 25.600° (b) 54.900° (c) 33.700° (d) 40.300° (e) 50.421° (f) 
2. (a) 35°18’ (b) 47°36’ (c) 53°48 (d) 72°6’ (e) 
(g) 48°12'58" (h) 83°54’50” 
3. (a) 53°36’ (b) 42°21’ (c) 40°24’ (d) 36°36’ (e) 
(g) 75°36'24” (h) 73°38’ (i) 70°37'10” 
5. (a) 0.882 95 (b) —1.0000 (c) —0.173 65 (d) 0.669 13 (e) 
(g) —0.741 98 (h) —0.615 20 (i) 0.977 78 (j) —0.9472 (k) 
6. (a) 77°32’ (b) 54°30’, 125°30’ (c) 144°24’ (d) 51°42’, 
(f) 139°18' (g) 12°24’, 167°36' (h) 102°36’ 
10. (a) —0.709 57 (b) 0.773 84 (c) 2.7929 (d) 0.878 82 (e) 
(g) —0.634 73 (h) —0.168 49 (i) 0.821 15 (j) —1.7054 (k) 
Exercise 6-2 
1. (a) 16.6 (b) 8.49 (c) 176.6 
2. (a) 78°30' (b) 42°18’ (c) 99°12’ 
3. (a) 44.7 (b) 73.3 (c) 52°42’ (d) 94°42’ (e) 
Exercise 6-3 
1. (a) 44.8 (b) 26.2 (c) 38.1 cm (i) 27.5 (e) 
fmt: senior 


_— 
® 
— 

Ni+ 


7x 10° (f) 8x10 '% 


(2:5 (g) 3.7 


(g) 3 
(d) log, 


(h) 3 
JB 


(d) 1048 576 000 


(e) 1 

q ime 

“ey 
27.425° (g) 47.492° (h) 17.613° 
53°8'35" = (f).-:25°22/16" 
59°3110" —(#)._:4°52'54” 
-3.8667 — (f)._ 0.45709 
—1,4442 
128°18' (e) 31°36’ 
0.63217. (f). —0.92254 
5.8164 (1) —0.713 29 
20:4 em 
19.2 (f) 64.8 


2. (a) 50.2 (b) 172 (c) 41.6 (d) 6.92, 4.61 

3. (a) 80°, 14.6, 13.4 (b) 126°42’, 85.5, 38.2 (c) 58°54’, 106, 119 (d) 62°48’, 11.2, 13.5 
(e) 40°48’, 16.9, 8.19 

4. (a) 63°54’, 81°, 6.40 (b) 21°48’, 47°54’, 15.2 (c) 94°42’, 57°30’, 6.08  (d) 80°24’, 46°6’, 21.2 
(e) 32°30’, 23°16’, 128 


Exercise 6-4 


a. (A) 1 (b) 2 (c)e2 (d) 1 (e) 0 

2. 50<a<100 my faye AAS) 4. c=60.4 or c]125 
5934724 4100-36 a4 7 G914530)1382°486 73:3 

Tee One CAO 2 Oo 4OLOrcmmaso Cima 4e lec 


Exercise 6-5 


1. 13.4 2. 37.4 ej, GPiltey 4. 509 km 
Ses 6. 57°42’, 76°24’, 45°54’ = 7. 56°18’ 8. 413.4 
S267 10. 53 or 86 

11. (a) (i) 1.414 (ii) 1.176 (iii) 1.00 

12. 22.6 cm 13. 122 14. 120 m, 59m 15. 12:06.5 


Exercise 6-6 


1. (a) 250 (b) 60 (c) 21 

2. (a) 7824 (b) 777 (c) 141.0 (d) 134.0 (e) 481.5 
3. (a) 1310 (b) 4264 (c) 235.4 (d) 1342 (e) 29910 
4. (a) 26.8 (b) 3.80 (c) 419.5 (d) 121 (e) 771.9 
577.02 

6 


. estes (b) 2.614 


Review Exercise 


ue (EWA (b) 14.71 (c) 49.50 (d) 64.09 

2. (a) 69°6’, 79.44, 122.6 (b) 39°30’, 63.83, 50.18 (c) 87°6’, 43°54’, 27.20 (d) 110°42’, 60.19, 29.78 
(e) 117°6’, 26°42’, 36°12’ 

3. (a) 67.3, 23°12’, 124° (b) 21.4, 45°42’, 22° 
(c) 63.2, 77°12’, 50°24’ or 102°48', 24°48’, 34.41 (d) 73°30’, 21.58, 11.98 
(e) 67.53, 26°30’, 31°42’ 


4. (a) 78.78 (b) 149.2 (c) 513 (d) 544 (e) 872.8 (f) 933.5 
5. 7° 6. 52.61, 33.77 7. 38.79 8. 4°48’ 
9. (a) 10 (b) 9°30’, 7.6 cm (c) 63°24’ 


10. (a) 32.63, 22.92 No 


REVIEW AND PREVIEW TO CHAPTER 7 


Exercise 2 Breer nc 
2. (a) 3 (b) § (c) 3,-2 (d) 3,1 (eC) 20) 


* 


(g}*=42 (h) 6,—4 


Exercise 7-1 


3. (a) 20° (b) 71°36’ (c) 36°6’ (d) 28°36’ (e) 143°12' 
(f) 358°6’ (g) 100°18' (h) —43° (i) 180° (j) —69°18' 
4. (a) 0.70 (b) 1.45 (c) 2.53 (d) 4.01 (e) 5.67 
(f) 0.62 (g) 0.92 (h) 2.24 (i) 4.46 (j) 5.43 
5. (a) 2.4 (b) 2 (c) 7a (d) 3.18 (e) 36 (f) 9.62 
6. (a) 15.71 (b) 3534 
7. (a) 0.209 (b) 3896 
8. (a) 95.5 (b) 960 
9. (a) 53.3 min (b) 14.14 km/s 
10. (a) 77.2 rad/s (b) 2315 rad 


Exercise 7-3 
1. (a) 1 (b) 3 (c) 2 (d) 1 (e) 2 (f) 2 (g) 0.5 (h) 1.5 (i) 3 


2. (a) = (b) 7 (c) 47 (d) 67 (e) 27 


answers 509 


510 


3. 


27 2a 


(f) a (g) may 
7 
(a) 7 (b) ‘> 
2 
(g) 7 (h) =a 
amplitude Period 
(a) 2 2a 
(b) 1 7 
(c) 1 Qa 
(d) 1 4a 
(e) 3 7 
(f) 7 2a 
2a 
(g) 22 3 
(h) 1 2a 
(i) 1 7 
(j) 4 2a 
(k) 1 2a 
(I) 2 2a 


Exercise 7-4 


ue 


2. (c) Answer is y=6.9 sin (2/2)(t-9) +22 
3. 
i). 


(a) y=7 Sin rt 


(d) y=12 Sin at 


y = 20 sin (1/12)(t-6) 
(a) 12 (b) y=17 sin 507rt 


7. y=2 sin (x/6)(t-3.86) + 1.8 
ORV lilasinnl 2 Ong 
11. y=8 sin (1/6)t+9 


14. (a) y=10 sin xt/6 


Exercise 7-6 


1. 


2. 


12. 

15. 
T 

18. 


21. 


(a) O, x, 27 


(a) 0, a, 27 
57 


‘ gt kn. + 2km 


3 


Tv TT 


eke 


4 2 


: ee 
3 


ka, ae 2kar 


5 3 
De a Bok Oke 
6 6 2 


63° 107° 
7 +k360°, 5 +k360° 








(h) 27 

ORR Tv 

es d =e 
(c) 3 (d) 6 

7 T 

. pastes i) ee 
(i) 5 (j , 
shift translation 

0 0 

0 3 

7 
ss 0 

2 

0 0 

0 2 
a5 0 

3 

0 0 

= 0 

6 

7 

= 0 

4 

0 —5 

0 0 
—1 0 


(b) y=170 Cos 120zt 


(e) 


(b) y=10 sin (/6)(t+ 2) 


10. = 
6 
7 

13. 
2 
3 

16. 


19. 


y=1.5 Sin 27t+ 1.5 


(i) = 


(d) (i) 15.3 (ii) 28.7 (iii) 22.9 


4. y=7.5 sin (1/6)t 
6. y=10 sin (57/2)t 
8. y=12 sin xt 


10. y=6 sin (7/6)(t-3) + 16 


12. (a) 155 v 


aw Ot aw 27 


(d) = 


3 3 3 


(2n-1) For 2(n=1) 7 


22. 194.5°+ k360°, 345.5°+ k360°, 90° + k360° 


fmt: senior 


(c) y= 10 sin (x/6)(t+ 3) 


5 (j) 3a 
7 7 
pee f ss 
(e) 4 (f) 4 
7 7 
k) = I) = 
(k) rs (I) 3 
_ at 
(c) y=12 Sins 
(f) y=4 Sin 5t+2 
(b) y=155 sin 120nt 
27 4 
le) ay = (f) 0, 2, 2m 
3ar Sa 2a 47 
= ee (e) ra Se a 
4 4 4} 3) 
5. wie 
4 
3a kar 
Siete 
8 2 


11. ee kape-+ 2kar 
4 2 
5 
14. — Poi, M4 Dhar, a ok 
3 3 
17. ka 


5 
20. qt ake, take 


23. 52° 14'+ wk; 127° 46'+ 7k 


24. 210°+k360°, 330°+k360°, 49°+ k360°, 131°+ k360° 
25. 90°+k360°, k90° 
Exercise 7-7 
7 7 7 2a 7 
1. (a) Z (b) — (c) = (d) — (e) a (f) a (g) = (h) =3 
7 Te 7 
2. (a) 0 (b) 0 (c) ia (d) — (e) 0 (f) A (g) a (h) 2 
1 1 
3. (a) —= (b) 1.7321 (c) — (d) 1 (e) —0.5774 
V2 V2 
(f) 0.4472 (g) 2 (h) 3 (i) 0.8 (j) 0.8 
Exercise 7-8 
7. (a) & (b) 2 (c) § (d) —22 (e) 2 () —-2 (g) 22 (h) & (i), #% 
11. 2.4m 
Exercise 7-9 
3/3 3 Bv2 5/2 opie 
1. (a) = 4 (b) BS =) (c) (0, 4) (d) (= 4 (e) (-2, -2V3) 
2 "2 ETD, 
5/3 5 5V3 5 
(f) (3, 0) (g) (-v2, -v2) in) (= 5) (i) as, (i) (3, 0) 
59 pi 
5V2 5V2 By 95 3y2 5/2 -5V2 
(k) (0, -3) ) > a (m) (=, a (n) eS | (o) (V2,-v2) 
(p) (2, 0) 
2. (a) (4, 45°) (—4, 225°) (b) (3, 180°) (—3, 0°) (c) (4,90°), (-4,-90°)  (d) (1, 30°), (-1, -150°) 
(e) (5, 53°) (f) (13, 67.5°) (g) (13, 112.5°) (h) (10, 307°) 
(i) (1, 210°) (j) (5, 240°) (k) (3, —45°) (1) (10, 37°) 
6. (a) rCos é—rSin@—1=0 (b) 2r Cos 6—5r Sin 8@-—2=0 (c) r27=4 


(d) Sin @=2 Cos? 6 





7. (a) x?+y?=2y (b) x?+y?=3x 
Review Exercise 
1. (a) (Be ae (ch ae (d) 0.4747 (e) (0.72677 
2. (a) 135° = (b) 330°— (ec) 1020° = (d) 252° ~—S (e) 240° 
3. (a) 62.83 (b) 188.5 
6. (a) y=Sin2(6+2) (b) y=3Sin (0-2) idy=osing 
The =e Sin = (t- an 
8. (a) 28 as (b) y = 28 280 Sin 12 000znt 
1 
9. (a) (i) AO aA K ii) BM OAD (b) 3.54 
11. (a) 2+ 2kn, + 2ke tb) + 2k, 2 + Oke (c) 
Sar 
(d) re kor (e) gt ake, ake (f) 
(g) (k =A), 4 2k, + 2k (h) a ka (i) 
12. (a) 60° (b) 135° (c) —45° (d) 90° (e) 
7 
13. (a) poe “A (b) (5/2, 135°) 
14. (b) r2=25 


(d) y=3Sin 4n(o—> ) 


3 
Se eae 
4 


uae anes. kar 
4 4 


7 1 
Bt ake, + ke, = + Oke 


2 
120° (f) 45° 


answers 511 


512 


REVIEW AND PREVIEW TO CHAPTER 8 


Exercise 1 








1. (a) 6a® (b) 4x3 (c) 8y'? 
2. (a) 15x~' (b) 2xy? (c) a®b? 
3. (a) x® (b) 1 (c) x? 
4. (a) a2+2ab+ b? (b) 1.0404 (c) 1.0609 
5. (a) 5 (b) 18 (c) 26 
(e) 8 (f.=5 (g) 3 
(i) 4 
6. (a) 2 (b) —2 (c) —3 
(e) 3 (f) 6 {g) —3 
(i) 2 (j) 3 (k) 0 
Toisiiledee ieltiog 
. (a) log F 09 Gp 
azc xhY 
(d) log 2 (e) lod arp 
Exercise 2 
1. (a) $10 (b) $405 
2. (a) $635 (b) $909.38 
3. (a) $19.75 (b) $24.89 
4. (a) 8% (b) 9% 
5. (a) 2a (b) 3.5a 
Exercise 8-1 
3. (a) 3,6, 9, 12, 15 (b) —3, —1, 1, 3,5 
(c) 0, 3, 8, 15, 24 (d) 3, 32, 3°, 34, 3° 
(e) 1,3, 32, 3%, 34 (f) 2,8, 26,80, 242 
(g) —1,1,=—1, 1, —1 (h) 3, —6, 9, —12, 15 
(i) —1,1,3,5,7 () 0,4,3,3,2 
(k) 1,3, 6, 10, 15 () 0,2,8,3,% 
4. (a) 1,3,5,7,9 (b) 2, 4,6, 8,10 
(c) —2, 4, -8, 16, —32 (d) 2,4, € $19 
(e) 1,3,3a°5 (fl 3) aro ter 52 
(q)ie2apul 222 (h) 1, 4,9, 16, 25 
(i) 2,4, 8, 16, 32 (i) 0,3,3,2,2 
(k) 0, 1,3, 6, 10 (1) 0,3, 8, 42, 2 
5. (a) n (b) 5—n (c) 2(—3)?! 
(e) 2”*? (f) 7—3n (g) f= 1)0" 
(i) (2)(3)° (Dax: (k) (4-—n)a+nb 
6. 3,1, -3, -—11, —27 
7. t, =4n+1 
8. (a) 2,5,8,11,14 (b) t,=3n-1 
9. (a) 3, —2, -7,-12, —17 (b) 8—5n 
10. (a) 3,5,7,9, 11 (b) 1,6, 16, 36, 76 
(d) 0,2, 4,6,8 (e) 2,6, 12, 20, 30 
Exercise 8-2 
1. b,c,e,h, j, | 
2) (ale 5 ONS hati7 (b) 3,8, 13, 18, 23 
(c) —8,—11,—14, —17, —20 (d) x,x+y,x+2y,x+3y,x+4y 
(e) x+1,2x+3,3x+5,4x+7, (f) 5,5+x,5+2x,5+3x,5+4x 
5x+9 
(g) 5m, 8m, 11m, 14m, 17m, (h) 3,4+~x,5+2x,6+3x,7+4x 


(i) 
(k) 
3. (a) 
(d) 
(g) 
()) 


03572:073.5)5.0; 6:5 
26, 94 

—78, —414 

21x, 201x 

289, -17+6n 


fmt: senior 


54+x,8+x,11+x, 144+ x, 17+x 


(j) 2a, a, 0, —a, —2a 

(I) 3a,2+2a,4+a,6,8-—a 
(b) 70, 210 

(e) 4, 232 

(h) a—6b, a—103b 

(k) 205,-—5+7n 


(c) 


(f) 


(c) 
(c) 
(c) 
(c) 
(c) 


(c) 
(c) 
(c) 
(f) 


(c) 
(f) 
(i) 
(I) 


(d) 1 
(d) 3b 
(d) 2ab2 
(d) 1.0816 
(d) 9 

(h) 2 


(d) 2 
(h) 4 

(I) 4 
a*b? 

c® 
(a+b)?b? 


2 





log 


log 
a 


$847 
$2400 
$61.72 
10% 

110 days 


(d) 2"~4 
(h) 4n—2 
(1) at "pH" 


(i) 74 (ii) 2999 

(i) —242 (ii) —2492 
a eal eo ts, 

Th Uy? Sh 


52, 703 

a+12b, a+184b 
67,1+3n 
a+138,a+(n—1)6 




















4. (a) a faa i 
4 3 1+3n 
(b) —3 5 —8+5n 
(c) 42 Z 40+2n 
(d) -19 We —26+7n 
(e) 67 —5 72-—5n 
f —128 =e ~95 33n 
13 13 13 913 
Lae 10, _ 821 _ 10n 
(9) 2 3 3 3 
9 53 
(h)  3-22x ee esl 
2 Ome 2 
5. (a) 64 (b) 56 
(e) 165 (f) 27 
6. 146 
7. 89 
8. 55 
9. (a) 1090, 1180, 1270, 1360 {b) $4600 
10, 1821 
11.5 
12. 0or4 
13.5 
14. (a) 7,9, 11,13, 15 (b) 2k+5 
15. (a) 14 
(c) 18, 21, 24, 27, 30, 33, 36 
(Ae eae oe 
eS ees a y 
16. 6,12 
17. 7m 
18. 18a 
19. 5 
20. $7.20, $1.50 
Exercise 8-3 
1. b, 6; f,'g;. 1), k 
2. (a) 32,2" (b) 3125, 5°" 
(e) 32, 2°(-1)-' GH wei 2 
x 7: x n-1 
a wr 2 n . es (= 
(i) (2x)"®, (2x) i (>) (>) 
3. (a) 6 (b) 9 (c) 9 
(g) 15 (h) 14 (i) 7 
4. a r i 
(a) 4 By ((4)(35) 
(b) 3 2 (3)(2)"-" 
(c) +7 SEA (7) (4) eee (1) 207) (4) a 
(d) 256 = Ye 
(e) —243 CT Gh arate laa 
(f) +3 +A (3)4"— or (= 1)" (3) (4)" 
(g) +4 +3 4(-1)1 (3) 
(h) 3 Deel 2e>) 
(2)(3"°) 
tht ze 
(j) 5x? xe 5 xee 
(k) 1 2x | (2x) 
1 
(I) +128k"° oT 7p oe nn 
5. (a) 5 (b) 7 (c) 9 (d) 7 
6. 41,25 
7. 14:6 
8. $1512.63 








(c) 32 (d) 31 
(g) 129 (h) 28 
(c) 2k+3 (d) 2 
(b) 11,17 
la) 9 —45 -99 -153 —207 —261 
Tes) Me 7k 7) 7 
(c) 96, 3(2)*' (4) 1,22 
(g) —3), (-3)®" (h) ga, 3)" 
(kiexss x2? (l) —3x-*) —3x-% 
(d) 10 (e) 7 (f) 8 
(j) 11 (k) 6 (1) 19 
(e) 6 (f) 10 (g) 8 (h) 13 


answers 513 


9. $327, $356.43, $388.50, 300(1+0.09)" 

10. $680.24 

11. 1024 

12. (b) exponential 

13. 10617 

14. 50% 

15. 10% 

16. (a) 35, 245, 1715 or —35, 245, -1715 
(b) 81, 243, 729 or -81, 243, -729 
(c) 24,12, 6,3 
(d) 486, 162,54, 18,6 

17. (a) +4 (b) +30 (c) +/mn 

18. a=x+y,r=2 

19. 64 

20. (a) 523.3 (b) 350 (c) 2 


Exercise 8-4 








2a) EO ete S 5 (b) —1+4-—-9+16=10 
(c) 3—8+15—24=—-14 (d) 2+5+8+11+14=40 
(e) -1—2-—3-—4=-—10 (f) 1+4+9=14 
(gis —1=2—3-—4——_10 (h) —9+16— 25+ 36—49=-—31 
(i) 14+2+4+8+16=31 () 34+34+34+342=8 
(k) 3+34+1+2+2=62 (l) 0+1+$+3+8+8=2 
6 in 4 
3. (a) } 2n : (bye (c) } 3+2n 
n=1 i=1 n=0 
(d}e att (e) } 3k-2 (Nie -3(2)oa 
k=1 k=A k=1 
3 7 5 5 
(g) 5x’ (h) >) (k+1)x i eee 
i=0 k=2 k=1 
W 5 that Ce ee 
j a pene | as 
k=1 aa Kos % 2, xk 
Exercise 8-5 
2. (a) 1001 000 (b) 1000000 (c) 500500 (d) 5 t+n] (e) 33975 (f) 100500 
3. (a) 1499500 (b) —989 000 (e) 1503500 (d) —999 000 
4. (a) 495 (b) 1350 (c) 350 (d) 1638 (e) 50 (f) —225 (g) 1250 (h) 488 
5. (a) 20200 (b) 7155 (c) 0 (d) 42 (e) 399 (f) —3630 (g) 130.5 (h) —62.5 
6. (a) 10000 (b) 4002 000 (c) 9560 
7. (a) 12 (b) 30 (c) 20 (d) 25 (e) 6,10 (f) 15 
8. 78 
9. second, $7.50 
10. 925 
11. $132 000 
12. (a) sin +4] (b) 5050 (c) 500500 (d) 2001 000 
13. (a) k? (b) k(k+1) 
14. 93 
15. (a) 120 (b) 5 (chaip 
16. —[3n-1] 
2 
17. n[—2n—-1] 


18. 2,5,8, 11, 14 
19. (a) 45 (b) 360 
20. 816 


514 fmt: senior 


Exercise 8-6 


. (a) 2550 

. (a) 511 
126 

341 

. (a) 333 
175 

. $19 687.50 
. (a) 150 


OY ATRYN > 


Exercise 8-7 


. (a) $8 144.47 
. (a) $7764.85 
. (a) $1430.77 
(a) 9 (b) 8 
6 

$1693.85 

. $6381.54 

. 4.44% 

. $53 053.80 


SCODNDUNLWN 


—_> 


Exercise 8-8 


. (a) $6219.64 
. $4419.36 

. $14 213.60 

. (a) $698.92 
$1385.22 
$3280.48 
$3193.84 

. $8151.36 

. $7651.41 

. $6453.43 


SCHOMNDAUAWN= 


_ 


Exercise 8-9 


. (a) $14 889.04 
. (a) $165.56 
$255.36 

. (a) $7512.90 

. $362.03 

. $28 750.90 


SLAWN= 


1 


Exercise 8-10 


1. (a) $4077.10 
. (a) $505.23 

. $3782.79 

. (a) $42 023.81 
$358.94 

. (a) $42 855.07 


SONWN 


1 


Review Exercise 


1. (a) Arithmetic, 5n-—3 


(d) Arithmetic, 
2. Type 
(a) Arithmetic 
(b) Geometric 
(c) Arithmetic 
(d) Arithmetic 
(e) Geometric 
(f) Geometric 
3. (a) 24 (b) 9 


4. (a) —144, —88, —32, 24 


(b) 242 
(b) 3280 


(b) 8935 


(b) —109 


(b) $9 766.95 
(b) $2764.85 
(b) $1425.76 


(c) 7a 


(b) $1 682.43 


(b) $701.38 


(b) $5814.07 

(b) $232.48 
4. $1007.46 

(b) $12 655.19 


(b) $16 935.54 
{b) $803.70 
4. $166.07 
(b) $39 023.81 
9. $17 866.35 


(b) $162 658.71 


x+(n—-1)a 

3 terms Sum 
5,8, 11 124 
22,6 21864 
4,7, 10 116 

18, 15, 12 60 

10, 20, 40 2550 
333 765 

214°8 256 

(b) 3,6, 12, 24 


(c) 2343 
(c) 342 


(b) Geometric, 2” 
(e) Arithmetic, 9—4n 


(d) —3280 
(d) 2735 


(c) 36333 (d) 


4 


(c) $2745.58 


(c) $1418.52 


(c) $393.79 


(c) $704.96 


(c) $2153.84 
(c) $118.64 

5. $68 666.25 6. $2148.92 
(c) $41 689.20 


(c) $2 258.06 


(c) $263.61 
5. $3069.58 


(e) 504 
(e) 364.5 


5 (51080 ~~ 1 ) 


(d) $53 065.95 


(d) $1104.67 


(c) Geometric, x 
(f) Geometric, 3(—2)"’ 


(f) 1698 
(f) 3000 


(e) 1—(3)% 


(e) $357.69 


(e) $14 167.43 


(d) $12 577.89 
(d) $394.45 

7. $1352.56 
(d) $4727.60 


(d) $38 608.68 


(d) $867.08 
6. $65.039.68 


(c) $162 658.71 vs $225 000 


2neal 


answers 515 


516 


5. (a) 46,3125 (b) 75,4850 

6. (a) 24,94.5 (b) 1250,7812 

7. 9523 

8. 9714 

9. 2-1 

10. (a) 2+3+$+8+8+2Z, 8.45 (b) 0+3+3+2+2, $3 
11. (a) $8479.40 (b) $405.66 
12. (a) $7366.92 (b) $6191.79 
13. (a) $30 503.54 (b) $3042.19 
14, (a) $318.76 (b) $321.90 
15. (a) $1788.50 (b) $7721.74 
16. (a) 683.04 (b) $32.72 
19. (b) b? 

20. 1,3,9, 27,... 


REVIEW AND PREVIEW TO CHAPTER 9 


Exercise 1 


1. (a) (5, 11) 
(e) (3, 1) 
(i) (—5, 6) 
(m) (—3, —4) 
(q) (12, —18) 
. (a) (2, —2, 3) 
(e) (—3, 0,5) 
(i) (—1, 2, —2, 3) 


Exercise 9-1 


wa (229 


Exercise 9-2 


(59 20) 


(3) 


SOMO 
0 (5 1 2) 
4 3 0 


2. 


(c) 1+2+4+8+16, 31 


(b) (—1,7) (c) (3,8) 
(f) (—4, 2) (g) (1, 1) 
(j) (—5,—1) (k) (3, —5) 
(n) (0.4, 0.3) (0) (0.2, —0.3) 
(r) (—3,4) 
(b) (5, —3, —2) (ce) t=3, 24) 5) 
(f) (5,3, 4) (g) (0.1, —0.2, -0.5) 
(i) (2, —1, 0, -2) 
9 3 @ Ante 
teh ( 1 5) i : 0 “I 
14 6a 7 At bt 
Mt ie -2 4 & (o 11 a) 
Co ees 54 32 —34 
W i 19 “el J la 6 a 
-2 
(b) (14-16 15 13) o ( a 
53 
>? -8 11 
(bl (, s) 1) ( 9 
Fh = 
‘sl : -) 9 (4 
21 7 22 —16 
wh les a) s2 be a 
53 -12 28 3 13 -13 
(f) ( 19 -1) o( a7 -«) 
26 -32 46 11 51 —20 
3 58 
(k) (5 in (1 
2 46 


2250 Sees 165 
(n) ( A614 2) (o) ( 1 -4 
Sey 7 a 7h =) 32 


3. (a) $1250, $1650, $2200, $1350 


fmt: senior 


(d) (10, —3) 
(h) (—2, —3) 
() (-3,2 
(p) (3,5) 


(d) (0.5, —1, —3) 
th) (es 


| | 
kh Oo 
| 
© NO 
of 
Sas 


=] ea 

133856 
et 

=), 


We. ay 
| 
10 


Oe 
ab W0 A 


Se EE ae 
elm Prag 
Ny W-=— 

| 

Co — 


42 123 
fe ( 12 ei) 

7-24 -12 -18 
) ( giernd s) 


36) | 
43 
53, 


(b) $350, $450, $600, $400 


4. $945, $1065, $630, $1095, $1095 





6. (a) (2,1) (b) (2, —3) (c) (2,3) (d) (2, 1,3) 
Exercise 9-3 
2. (a) 5 (b) 1 (c) —22 (d) —54 (e) —21 (f) 84 (g) 22 (h) 13 
3. (a) —18 (b) 84 (c) 8 
4. (a) 26 (b) —1 
5. (a) —4,2 (b) 5,-2 
Exercise 9-4 
2 ot -2. 3 -§,-3, re Ba 
ee es Me 4) NE 8) ee) Gig 
a = 3 (b) 3 4 (d) es A (e) real (#) - 
20-2 aE be : ¥ ¢ 2 
ia <) Titec oD ; 4) (a ( i 4 ( (; +) 
Exercise 9-5 
3. (a) (3, 2) (b) (2, 1) (c) (—1,3) (d) (—4, —3) (e) (—3, 3) 
(f) (—2, —4) (g) (—3, 5) (h) (—3,2 (i) (—3,—4) 
4. (a) (2, 4) (b) (—3, 2) (c) (4, —2) (d) (—3,4 (e) (2, 10) 
5. 50 km/h 
Exercise 9-6 
4. (a) HS = (b) = a (c) =, —Y (d) =a 
(e) —a3, 43 (ge (g) -1,1 (h) —8, 2 
5. (a) —4,-2 (b) 4,-1 (c) —3,-2 (d) 2,3 
6. (a) 1,-—1,2 (b) 1,2,3 (c) 2,-—1,-1 (d) —1,0, 1 (e) 2,2, -1 (f) 0,-—2,-3 
7. (a) 1,—1, 2, —2 (b) 0,1, —1, 2 
Exercise 9-7 
Ae 251-1) 2 4) 32 25e3) 4! (2,357) 
5. (2,-—2, 1) 6. (3, —2, 2) 7. (—2, —1, —3) 8. (4,2, —3) 
9. (1, —1, 2, 0) 10. (2,1, —1, 1) tee (te 3) 12. (—2, —1, 2) 
Exercise 9-8 
5. (b) (i) [—5, 3] (ii) [5,—1] (iii) [2,9] (iv) [7, 8] 
(v) [2, 11] (vi) [5, —3] (vii) [(—2, —11] (viii) [—3, 12] 
6. (a) V74 (b) /73 (c) 3V17 (d) V58 
(e) V53 (f) 2/13 (g) 3V17 (h) 6V2 
7. (a) 10 (b) 3V5 (c) 2/5 (a) V41 
Exercise 9-9 
7. (a) [5,0] (b) [—5, 4] (c) [1, —3] (d) [-7,3] (e) [—4, 0] (f) [11, —3] 
8. (a) [—6, —16] (b) [—6, —21] (c) [—9, —4] (d) [—15,—16] _(e)_[—13, 3] (f) [1,—4] 
9. (a) 12, —51 137-91 =o, 6) (b) V10, 29, /17, /29, V82, V61 
Exercise 9-10 
3. (a) 95, 33° (b) 87, 17° (c) 11, 49° (d) 10, 65° (e) 15, 37° (f) 25, 14° 
4. 458, 071° Lh CPay pepe 6. -326, 305° 
7. 534, 174° 8. 287, 208° 9. 398, 290° 
10. 11.3, 177°, behind 
11. (a) 14.2, 266° (b) 14.2, 86.5° (c) behind 
12. 17.8, 045° 13. 15.8,079° 14. 042° 15. 208° 
Exercise 9-11 
1. (a) 3000 (b) 30 2. (a) 3200 (b) 4 3. 25.3 
4. (a) 114.7, 163.8 (b) 469.8, —171 (c) —102.6, —281.9 
5. (a) 72.5 (b) 33.8 6. (a) 64.3 (b) 76.6 
7. (a) 246 (b) 5587 (c) 14.2 
8. ( ) 383 426 (b) 334 (c) 136 890 


answers 51/7 


518 


Review Exercise 


ee 0 2 =3mG 2 2 
tala yas MP Gif, <a 
7 =a 4 42995 =10 -10 -3 
(5 3 0 se :) (a) ( 0 
Guiza 2 
v : 2m 16 
in 4 420741 
ee ( ae os (Ge 3) 
=m 13 rae 
(e) {| 5 3 -5 (fl -19 2 
13a 12 320 
3. (a) 22 (b) —10 (c) —45 
a | =a) aT —3 3 
4. (a) ae :) (b) ie i) Bint a 
5. (a) (2,3) (b) (—4, 2) (c) (3, -1) 
6. (a) (—2, 2) (b) (—3, —1) (c) (—2,3) 
(e) (1, 1, —2) (Oe (-16=2)2) 
7. (a) (—2, 2,3) (b) (—3, 2,—1) (chp (=204n3) 2) 
(e) (—2, —3,.0) (f) (—3, 4, —2) 
8. (a) [1,3], /10 (b) [4,3], 5 
(d) [4,—7], V65 (e) [-2, -3], V13 
9. (a) [5,—1] (b) [2,2] (c) [5,—1] 
10. (a) [2,24] (b) [—15, 6] (c) [20, —6] 
11. (a) 75.5, 15° (b) 13.7, 40° 
12. 270.6, 58° 13. 200, 209° 
14. (a) 10.3, 167° (b) in front 
15. (a) 100415 = (b) 21072.— (ec) :131 
16. (a) 700 = (b) 1 
17. (a) 64.3 (b) 76.6 


REVIEW AND PREVIEW TO CHAPTER 10 


1. mean median mode 
(a) 7 7 7 
(b) 15.4 15 12,16 
(c) 22.4 22 21 
(d) 55 53.5 
(e) 108.7 106 102, 107 
2. mean median mode 
(a) 3.8 4 5 
(b) 13.1 12.5 12 
(c) 15.8 13 10 
3. 54.5, 61, 40 4. S37 ASS oe 
Exercise 10-1 
1. 8 ch P| 4. (a) 25 
5. 36 6. 60 7. 17576000 
8. 2730 9. (a) 560 (b) 720 
4116; 25 12. 216 13. 720 
Exercise 10-2 
1. (a) 120 (b) 5040 (c) 5040 (d) 3628 800 


2. (a) 12, ab, ac, ad, ba, bc, bd, ca, cb, cd, da, db, dc 
(b) 24, abc, abd, acb, acd, adb, adc, bac, bad, bca, bcd, bda, bdc, cab, cad, cba, cbd, cda, cdb, dab, dac, 


dba, dbc, dca, dcb 


fmt: senior 


ph fy =G) 
ees 
—6 21 Wo 18 
oh Ph (08 Paget) 
4 3 
(d) |-1 3 
8) 14 
6 
(g) | —4 
=? 
(d) 8 
1 As 
(a) ( 2 *) 
tae 
(d) (—2, 3) 
(d) (2,—2,3 
(c) [7,—1], 5V2 
(f) [4,—7], V65 
(d) (2, —6] 
(d) [10, —12] 


5. $32 750, $30 000, $20 000 


(b) 20 


10. 216000 
14. 32 


(e) 11880 (f) 380 


3. 362 880 4. 491 400 5. 997 002 000 
6. 6 497 400 7. 120 8. 360 
10. (a) 40320 (b) 5040 (c) 5040 
11. (a) 120 (b) 720 (c) 60 

(e) 20 160 (f) 840 (g) 120 

(i) 2494800 (j) 129729 600 (h) 630 
12. (a) 210 (b) 35 13. 12600 
15. (a) 96 (b) n (c) 37! 

(e) (n+1)! (f) n(n +1) 
16. (a) 7 484 400 (b) 369 600 
Exercise 10-3 
1. (a) 15 (b) 495 (c) 1 

(e) 120 (f) 120 (g) 120 

(i) 60 (j) 315 (k) 4950 
2. 2300 (b) 13800 3. 792 
5. (a) 1287 (b) 495 6. 2598 960 
8. 28 
9. (a) 210 (b) 5 (c) 50 (d) 100 (e) 50 
10. 16380 11. (a) 252 (b) 140 
12. 2402 400 13. 24 
15. (d) 56,56, 84 16. 7.91 x 10'° 

(b) 34650 (c) 369 600 


Exercise 10-4 


1 


. (a) a&+6a°b + 15a%b2+ 20a%b?+ 15a7b*+6ab*+ b® 
(b) a®+8a7b+28a°b?+56a°b?+ 70a*b*+56a2b°+ 28a7b°+8ab’ + b® 
(c) x°+5x4y + 10x3y?+ 10x2y34+ 5xy*+ y® 
(d) 128+ 448x + 672x?+560x3+ 280x*+ 84x5+ 14x&+ x7 
(m) a*—12a°+54a?—-108a+81 
(f) x1°—10x9y + 45x8y?— 120x7y?4+ 210x%y4— 252x®y>+ 210x*y® 
—120x3y’ + 45x7y8— 10xy?+y" 
(g) 1+9a+36a?+84a2+126a*+ 126a°+84a°+ 36a’ + 9a®+ a? 
(h) x°+ 12xSy + 60x4y?+ 160x3y3+ 240x7y*+ 192xy®+ 64y® 
(i) 16x*+96x3+216x?+216x+81 
(j) 243a°—810a*b + 1080a°%b2—720a7b?+ 240ab*— 32b® 
(k) a'°+5a®b?+10a%b°+ 10a4b?+5a7b'2+ b> 
(1) X84 6x44 15x? + 20+ + + 


(m) x1©— 16x "4y + 112x12y?— 448x'y3+ 1120x®y*— 1792x®y® 
+1792x4y®— 1024x2y7 + 256y? 

M+2P+3r7+hr+s 

c'°—5e®Vd+ 10c8d — 10e*dVd+ 5ce?d?- d?2Vd 


(n) 
(o) 


2. (a) a'2+12a''b+66a'°b?+220a°b? 
(b) x'2—12x''y + 66x1°y?— 220x9y? 
(c) x'4+28x'3+ 364x124 2912x" 
(d) c'°—50c2d + 1125c8d2— 15 000c’d? 
(e) x'®—27x*y + 324x"4y?— 2268x123 
xe a’? a'® a’? 
+80 —-+3040 —-+72 960 — 
({f) a ; 5? 53 
3. (a) 126a*%b® (b) 448x® (c) 15504x'®y® (d) 70x'?y* 
4. 98513 415 
5. (a) 1.305 (b) 1.049 (c) 0.817 (d) 260.125 
6. 1.10 x 107° 
Exercise 10-5 
1. (a) 3 (b) 72 (c) 4 (d) 3 (e) 3 (fh 
2. (a) & (b) +5 (c) 35 (d) (e) 3 (f) 4 
3. (a) 0 (b) 35 (c) & (d) 35 (e) 33 in 3 
4. (a) 3 (b) 3 (c) 3 (d) Z 
5. (a) 738 (b) 122 (c) 25 (d) = (e) 3 () 4 


= 
Nn 
fos) 


9. 24 

(d) 720 

(d) 120 

(h) 39916 800 
(i) 34650 


(d) ni 


(d) 56 
(h) 1 
(1) 700 
4. 56 
7. 1287 


(f) 5 
(c) 72 


14. 8211 173 256 
17. (a) 924 


(e) 34° 


(g) #3 (h) 36 
(g) 2 (h) 2 
answers 519 


6. (a) s85 = (b) ae (c) 76 (d) sda (e) 238 (n= (9) ase (h) & 
7. (a) w6 (b) & 2 Ne é 
4 
8a) eoCi, eth) Ri (d) = (e) (f) 228 
§2”13 52C13 52C13 os 13 5213 
9. (a) 3 (b) 35 (c) 22 (d) de (e) 23 (f) 44 5 
10. (a) gassaa (b) eaean (c) et (d) aise (e) 108 550 (f) 4166 
1. 1-S 
Exercise 10-6 
1. (a) g (b) 3 (c) 3 (d) § (e) 5 (f) 3 
2. (a) 3 (b) 38 (c) 4 (d) 4% (e) 32 (fi) 33 
3. (a) 3 (b) 3 (c) 3 (d) (e) 3 fi) 25 
4.4 5. (a) 3 (b) 3 (c) & 
Exercise 10-7 
1. (a) 3 (b) 3 2. ste 3.3 
4. (a) 4 (b) 35 5. 246 
6. (a) & (b) 35 (c) 3 (d) & (e) 3 (f) 2 (g) & 
7. (a) % (b) 3 () & (d) 2 (e) sss Ce ee) 
8. (a) sa55 (b) & (ce) +5 (d) & (e) aaa () & 
Exercise 10-8 
1. (a) & (b) 3 (c) 2 (d) 4 2. (a) 3 (b) 4 
3. (a) 3 (b) $ (c) 3 (d) 3 (e) ¢ 
4. (a) 0.45 (b) 0.6 — 
5. (a) 8 \D)tocs (c) 2 (d) (e) 53; (f) say (g) (h) 4 
6. (a) & (b) 3 (c) 3 (d) 38 (e) & dae 
8. (a) sabe (b) aes (che (d) 74835 (e) {83 (fl. seec5 (g) 16575 
9. (a) 5 (b) 4 (c) & (d) + (e) 3003 (f) 10. 3388 
Exercise 10-10 
1. (a) 1.12 (b) 4.33 2. 21.66 3. (a) 16% (b) 2% (c) 1500 (d) 34% 
4. (a) 8400 (b) 8200 5. (a) 16% (b) 16% (c) 1920 
6. (a) 480 (b) 60 7. (a) 2% (b) 16% (c) 82% 
Exercise 10-11 
4. 63 57, —053) Oni, 6. 66,81 
7. (a) 1.6 (b) —0.4 (c) 0.6 
8, (a) 1.6, 1.14, 0.83, 2.25 (b) Social science (c) Business 
Exercise 10-12 
1. (a) 46.64 (b) 21.23 (c) 68.26 (d) 95.44 
(e) 99.74 (f) 12.41 (g) 19.81 (h) 74.34 
2. (a) 0.9713 (b) 0.9418 (c) 0.9920 (d) 0.6293 
(e) 0.0933 (f) 0.1234 (g) 0.4918 (h) 0.2575 
3. (a) 0.1587 (b). 0.3446 (c) 0.3399 (d) 0.4068 (e) 0.7742 
4. 0.6915 5. (a) 0.2033 (b) 0.5572 6. (a) 0.0475 (b) 0.2033 
7. (a) 0.7486 (b) 0.2514 8. (a) 0.2514 (b) 0.0918 
9. 13, 215, 1359, 3413, 3413, 215, 13 
10. 0.1587 11. 59500 
Review Exercise 
1. (a) 3024 (b) 126 (c) 479001 600 (d) 42 
(e) 252 (f) 380 (g) 4950 (h) 4950 
2. (a) 625 (b) 15625 (c) 13800 
3. 21340 4. 512 5. (a) 15600 (b) 2600 
6. 5040 7. 1128 8. (a) 792 (b) 120 
9. 23 100 10. 144 11. (a) 5040 (b) 840 (c) 420 


12. (a) a°+9a%b+36a’b?+84a%b?+4+ 126a°b* + 126a4b® + 86a2b®+ 36a2b’ + Gab?+ b? 














(b) 1—7x + 21x?—35x3+35x4— 21x54 7x8 x7 
(c) x'2+12x'°y + 60x8y?+ 160x®y?+ 240x4y4 + 192x 


fmt: senior 


2y>+64y® 


13. (a) a'®+16a'®b + 120a'*b?+560a'Sb 
(b) x"°—26x'?+312x''—2288x"? 





14. 1.110 
15. (a) (b) 3 (c) 3 (d) 3 

16. (a) ea Oy FS (c} 22 (d) % 

17. (a) 33 (b) rs (c) 22 (d) 733 
18. (a) 2 (b) 335 (c) 3 (d) £ 

19. (a) 4 (b) 35 (c) 0 (d) 2 

20. (a) sabe (b) geasoa (c) 3203 (d) 41972 
21. 2.8 22. 64,50 ae! 
24. (a) 0.1463 (b) 0.2955 (c) 0.8302 
25. (a) 0.3085 (b) 0.9599 (c) 0.9332 
26. (a) 0.3085 (b) 0.2266 (c) 0.7888 


REVIEW AND PREVIEW TO CHAPTER 11 


Exercise 1. 

1. ¥13 2. 74 3. 2V17 4.5 5. /29 
8. (6,8) 9. (1,0) 10. (6,—8) = 11. (0, 0) Se ee 
Exercise 2. 

1. 31.4, 78.5 2. 26, 30.58 3. 20.6, 25 

5. 20.9, 27.3 6. 23.5, 34.6 7. 43.3, 103 
Exercise 3. 

1. 8 2. 9.17 3. 13 4. 30 6. 9.21 6. 6.93 
Exercise 4. 


1. x=30°, y =60° 
5. x= 140°, y= 110° 


2. x =90°, y= 180° 
6. x =40°, y=40° 




















Exercise 5. 
1. x=13, y=12 2. 12 
Ana— 40> e—1p)—90-,, d —c — 50% e222. 
Exercise 6. 
1. x =55°, y=90°, z=90° 2. 0=60°, q=r=s=65> 
4.6 5.4 
Patbaaless 8. x=50°, y= 100° 
Exercise 11-1 ' 
1. (a) (0,0), 1 (b) (0,0), 7 (c) (0,0), 9 
(e) (—3,¢), 6 (f) (5,—4), 10 (g) (0,0), 2V5 
30 
(i) (0,0), 5V2 (j) (0,0), 5 (k) (2, —1), es 
2. (a) x?+y?=9 (b) x*+y?=49 
(d) (x —2)?+(y—5)?=7 (e) (x +2)?+(y—3)?=25 
(g) (x —5)?+(y+2)?=9 (h) x?+(y—3)?=36 
(j) (x +3)?+(y +8)? = 100 (k) (x—a)?+(y—b)?=c? 
32 (a) ey =5 (b) x =—2 
(d) (x —2)?+(y—5)?=49 (e) y=2 
(g) 3y=x+11 
4. (a) x?+y?=25 (b) (x —2)?+(y—5)?=9 
(d) x?+(y—5)?=90 (e) (x+3)?+y?=25 
5. (a) (—3,0), 6 (b) (0, 2), 3 (c) (—5, 4), 5 
(e) (2,1), 3 (f) (5,6), 8 (g) (—8, 3), 2V2 
6. (a) (x —2)?+y?=25 (b) (x —5)?+(y+1)?=25 
(d) x*+y7=9 


3. x =95°, y=80° 
7. x =42°, y=42° 


(e) 4 (fae 


(e) +0 
(e) 0 


(a 100 813 
109 668 


235 —0:7, 0:1, 0.5 





(d) 0.3612 
6. 5/2 7. 3V5 
13. (8,-2) 14. (-3,6) 
4. 10.7, 7.07 
8. 34.8, 75.3 
7. 4.90 8. 10.3 


4. x =85°, y=95° 


3. 8 
6. 5.20 
3. a=30°, b=72°=c 
6. 6 
9. 9.17 
(d) (0, 2), 5 
(h) (0,0), V17 
(I) (a, b), |c| 
(c)xXaasV— 5 


(f) (x+3)?+(y +4)? =25 
(i) (x+4)?+y?=32 

(I) (x-—a)?+(y+b)?=c? 
(c) x?+y?=25 

() y=x=3 


(c) (x +3)2+(y +2)? = 100 


(d) (1,1), V5 


(c) x?+y?=49 


answers 521 


Exercise 11-2 



























































1. (b) y=—7x 2. (b) (—2, 4) (c) —2 (d) 3 
3. (b) 4, /106 (c) V90 
4. (a) V75 (b) V76_ (ce) 2V21 (d) V10 (e) 114 (f) 8 
(g) 37 (h) 2V33 
5. (b) —3 (c) 3 (d) 4y =3x+25 
6. (a) 3y =—-2x+13 (b) 5y =—-3x +34 (c) 7y=—5x—-74 (d) 2y=x-—10 
(e) y=6 (f) 3y =5x+34 (g) 5y=x-39 (h) 4y =3x 
a+b p+q q-p q p+q 
E = b (C) ins 
7. (a) y==— x a, (ao nee ae a 
9. (a) r, Vb2+ a2 (b) Vb2+a?—r? 
10. (a) 2 (b) bj (c) by =—ax+a?+b? 
a b 
Exercise 11-3 
1. (a) y=x?-1 (b) y=—x?-2 (c) x =y?+8 (d) x=—y0y7—3 
(e) y=a(x—2)?+3 (f) Keely 42\7— i x =s5(y + 1)? (h) y=—3(x + 4)?+4 
2, X==lVa2)o4 3. ene 
4. x=sytta 5. x°+2xy+y?-16y+32=0 
a 
Exercise 11-4 
1. (a) 12, 10 (b) 6,4 (c) 10,8 2. (a) 0.8 (b) 0.6 (c) 0.8 
4 v3 7 V5 21 V3 
anal Ne (c) — ClNeee (e) —— Gi) = 
4 5 y, 
e y? Va x2 We x2 y? x2 We 
5) (a) —42=4 b) —+—=1 a ee eky 4 ER TF a4 
(a) 35 16 {b) _ 9 c) 55 9 id) eT 9 (e) 0075 
3)2 2 5 3)? = 3) 2)2 
ARI es Mees ves aves ely 28 
256 25 16 25 9 
Exercise 11-5 
1. (a) 10 (b) 6 (c) 10 2. (a) 3 (b) 13 (c) 2 
SO OWE 4y? No Vie x? Aye 25x? 25y? 
4 Aaya b) 4x2—-—_ =1 as] a a a = 
(a) oS 75 (b) axe Roo () oe ida lela qaa=e 61 
A(x —5)2 4y2 A(x—1)2 4(y—2)2 16(x—1.5) 16(y +2)? 
a (eee [ere eee pee an eh 
9 91 63 63 9 100 
=F vase 
11. = 
16 56 
Exercise 11-6 
9(x—22)? By? 9(x—8)? 3y? 3(x—5)? y? 
1. Ax b) ——3—+——=1 S44 = 4 —— 
BUM es {b) 400° 00 (cls sayreur se (e797 Sad 
25(x —82)? 5y? 3x? 9 ore + 2 
(e) 5304 ean (f) ea one ae J2=1 (g) y2=—-16(x-—1)=1 (h) x?=8(y—2) 
2. x?=-80y 3. x? = —280y 4. x?=-360y 
5. (a) y* = 0.168x (b) 16.18 6. (a) a (b) 70.3 
x y? x2 y? x2 y2 
Jala). ——=- —- = 
(a). 70072400 = (b) 500 1600 (<) 00 6300 
8. (a) x y =1  (b) 0.016 
- '8" (4.50000 x 108)? (1.49981 x 108)? | 
4. (a) 0.92 ib) <a eee 40. 3 ee bentnad 
eras 1002 402 68112 68032.” 
«2 y? x2 y? 
11. oj = 0.027, # 2 
ta) 19402 19372 (pie 27, 7790.2? 1789.62 
2 y2 x2 y2 
12. (a), 612, ——— Bn ae aed B07 
73922 73792 100312 96592 
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x2 


2 


y 





14. (a) (i) 1305 480 km (ii) 


(b) (i) 944 480 000 km (ii) 


y 


+ = 
(2.6850 x 10°)? (6.5274 x 108)? 
x? 2 














= = 
(5.7000 x 10°)? (4.7224 x 10°)? 








Exercise 11-7 
1...(1,.2)(—1)0) 2h e222. 1) 3ai—1, —8)(—2, —9) 
4. (3, 13)\(—-2, —7} 5 Aie=2) 6. (0, 5)(5, 0) 
7. (0, —5)(3, 4) 8. (0, 2)(2, 0) 9. (—1, 1)(3, 9) 
10. (3, —4) 11. (9, 6)(1, 2) 12. (10+i,1+i)(10—i, 1—i) 
135(-3,—1) 14. +5V17 15. —1 
Exercise 11-8 
1. (0, +5)(4, +3) 2) (-- 12.0) Ore-1) 
3. (—4, —3), (—3,4-4), (3, 4), (4, 3) 
4. (3, 4)(-3, =4)(2, 1)(—2, -1) 5. (1, £3)(—1, +3) 
6. (+iV3, —3)(+V2, 2) 7. (Deb) 8. (0, 5)(+1, —4) 9. (+3, 0) 
Ho a+b a b-a 
: ( Va2+b2’ | ees | 
Exercise 11-9 
2. (a) V38 (b) V69 (c) V34 (d) 9 
3. (a) V19 (b) 13 (c) 2/21 (d) 8 (e) 14 (f) V65 (g) 5V3 
6. (a) x?+y2+z?7=25 (b) x*2+(y—3)?+z7=9 
(c) (x—5)?+(y—1)?+(z—1)?=36 (d) (x +2)?+(y+3)?+(z+4)? = 25 
(e) (x —3)2+(y—3)2+(z—3)?=9 (f) (x—5)?+(y+4)?+(z—2)?=1 
(g) (x +2)?+ y?+(z—5)?=49 (h) (x —3)?+(y +2)?4+(z—4)? = 16 
7. (a) (0,0, 0), 7 (b) (0,0, 0), 10 (c) (2,3, 0),4 (d) (—3,5, —1), 6 
8. (a) (4,—5, —2), 4 (b) (—6, —2, —3), 7 
Review Exercise 
1. (a) (0,0), 6 (b) (2, —3), 5 (c) (—4,3), 6 
2. (a) x?+y?=64 (b) x?+y7=5 (c) (x+3)?+(y—5)?=49 
(d) (x—4)?+(y+2)?=10 (e) x2+y?=53 (f) (x—3)?+(y—3)?=18 
3. (a) 2V10 (b) y=3x 
4. (a) 4y =—-3x+25 (b) 4y =3x+25 (c) 3y =4x—25 (d) 3y =—4x—25 
5. (a) 8V2 (b) 2/155 (c) 70 (d) V134 
6. (a) x?=—16y (b) y =—3(x +3)?+8 (c) x=7(y—2)?+3 (d) y=—yh(x+4)?7+1 
2 2 2 Ps eh 72 2 
8. (a) —+~ = (b) —+% =4 Cpe (a) +4 =4 
36 25 perso So 254 64 28 
<Gvae Son Vae eyes ay = 
10. (a) o-oo (b) et (eae ON eat 
11. x?=—180y 
12. (a) 14550km, 13 102k (bod (ce) oe ee 
alg a a ©" 72752 65512 
x2 y? 
136 = = 
400 3200 
94. (a) (3, +4) (b) (Sees Soe (ce) (+iV5, —5)(+2, 4) 
(d) (a= =| (e) (acute ea (f) (+3, 0) 
34 elaa Sees 
16. (a) Vm?2+n?-—r? (b) y—qate (x—p) 
q 
_F)\2 2 Era _ 9/2 
s bose Vasa heey tna SAN oll et ddim 





9 4 





4 


S) 
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REVIEW AND PREVIEW TO CHAPTER 12 


Exercise 1 
1. (a) P=12cm A =6.25 cm? (b) P=30cm A=30 cm? 
(c) P=18cm A=18cm? (d) C=75.4cm A = 452.4 cm? 
2. (a) 15cm? (b) 6.28 cm? (c) 7 cm? (d) 23.4 cm? 
(e) 6.07 cm? (f) 8.25 crn? (g) 10 cm? (h) 17.7 cm? 
3. (a) A=14627 cm? P=491.3cm (b) A=10890 m? P=871m 
(c) A=28.96 cm? P=37.71 cm (d) A =485.7 cm? P=157.1cm 
(e) A=266.3cm? P=126.3cm (f) A=9000 cm? P= 1080 cm 
Exercise 2 
1. (a) A=124 cm? V=105cm? (b) A= 245 cm? V = 282.7 cm? 
(c) A=196 cm? V = 235.6 cm? (d) A=165 cm? V=400 cm? 
(e) A=452 cm? V=904.8 cm? (f) A=757 cm? V=1196 cm? 
(g) A =38 400 cm? V = 432 000 cm? (h) A =402 cm? V = 636.7 cm? 
(i) A=507.6 cm? V=1100 cm? {j) A=1344 cm? V =3264 cm? 
(k) A =592.7 cm? V=785.4 cm? (I) A=416 cm? V = 444 cm? 
(m) A = 416.3 cm? V =611.4 cm? (n) A=200 cm? V= 127.3 cm? 
2. (a) 12.37 cm? (b) 27.64 cm? (c) 1304 cm? 
(d) 25.66 cm? (e) 490 cm? (f) 6429 cm? 


Exercise 12-2 





1. (a) 0 (b) 4 (d) 3 (e) 0 (f) 6 
2. (a) 0 (b) 0 (c) 6 (d) 3 (e) 2 (g) 3 (h) 1 (i) 0 (j) 0 
(k) 0 (m) 0 (o) —2 (p) 0 (q) 0 (r) =3 (s) 0 (u) 0 
3077-1 4.1 5. 0 6.1 72 
Exercise 12-3 
1. (a) 2 (c) 18 (d) 9 (e) 9° (f). «0.2 (h) 29° 
2. (a) 8 (b) 2% (c) & (d) 50 sfe) s(t (g) eh) SCdC):s9P*! 
= a4 
4. 1, 0.9375, 0.949 846, 0.945 939, 0.947 539, 0.946 768, 0.947 184, 0.946 940, 0.947 093, 0.946 993, 0.947 061; 
0.947 
5. 0.333 333, 0.733 333, 1.161 905, 1.606 349, 2.060 895, 2.522 433, 2.989 100, 3.459 688, 3.933 372, 4.409 563 
6. e=2.718 28 
1 1 2 
Te (A) eee, = (b)10=x—2)—— (c) —2<x <2, — 
i xX ZX 25x 
(da) tS x= ] (e) |x|>1 ox - 
3 POY. "x-1 
8. 27R? 
4V2L L2 
/2-1 4 
Exercise 12-4 
1. (a) 3 (b) 4 (c) 5 (d) 6 (e) 3 
(f) 2 (g) 3 (h) 12 (ee (j) —5 
2. (a) 78 (b) 35 (d) 2 (e) 5 (g) 2 
(h) a®—a?+a (i) —2 (j) —4 (k) 5 (1) 1 
3. (a) 1 (b) 0 (c) —3 (d) 3 (e) 1 (f) 0 (g) 3 (h) —1 
4.3 
5. (a) 1, 0.828 427, 0.798770, 0.770 481, 0.743 492, 0.717 735, 0.705 298, 0.695 555, 0.694 350, 0.693 387, 


0.693 267, 0.693 171 
(b) 0.693 


Exercise 12-5 


1. 


(a) (i) 6 (ii) y=6x-—9 (b) (i) —4 (ii) 4x+y+4=0 
(c) (i) 3 (ii) 2x-4y—1=0 (d) (i) —2 (ii) 2x+y—2=0 
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(e) (i) 
(g) (i) 
(i) (i) 
(k) (i) 
(m) (i) 
(o) (i) 


(ii) y=3x—-1 

(ii) y=3x-—2 

(ii) y=2x-2 

(ii) y=4 

(ii) 4x+3y—24=0 
(ii) y= 2x,x—x,? 


Exercise 12-6 


1. (a) f'(x)=2x+2 
(b) (i) y=2x (ii) y=4x—-1 

; 1 

. (a) f'(x)= mn 


(b) (i) x+y—2=0 (ii) x +9y-6=0 


3. (a) 1 (b) 3x? 
(e) 1S (f) 2x-6' 
See 
6. (a) f'(x)=81x? (b) —2x? 
(e) 64x3?-6x+9 (f) 4x +9x?—32x3 
. (a) 6x+2 (b) 3t?—2t (c) 


on 


. (a) f'(x)=6x+2 


(f) (i) 0 (ii) y=-3 

(h) (i) 0 (ii) y=0 

(j) (i) —1 (ii) y=—x 

(1) (i) —1 (ii) x+y+2=0 

(n) (i) —3 (ii) x +9y-7=0 
(p) (i) 3x,? (ii) y = 3x,?x —2x,3 


(iii) y=—1 (iv) 6x+y+16=0 


(iii) 4x +y+4=0 (iv) x+a?y—2a=0 


(c) 4x3 (d) 3x?7+4x 

(g) 12x (h) 0 

(c) 4x3+2x (d) 6—3x? 
4t?+6t? (d) 8ar (e) 180—14t 


(b) decreasing when x <—43, increasing when x >—}3 


9. (a) f'(x)=12—9x? 
(=< ea) 
Exercise 12-7 


1. (a) (i) 6m/s 
(b) 5m/s 

. (a) after 10s 

. (a) 49.7 m/s, 41.4 m/s, 24.8 m/s 

. (a) (i) 1 (ii) 1 m/s 
(c) (i) 20t+3 (ii) 123 m/s 
(e) (i) 3t7+4t (ii) 132 m/s 

5. 108 cm?/cm 6. 67 cm?2/cm 


10. 


ale 


(ii) 5.5 m/s 


& WN 


Exercise 12-8 


1. 34, 34 2. 34,34 


2V3 203 4 
(c) 9, (pexmmumy: == (minimum) 


2 2 
(b) increasing when ——=<x <—.,, decreasing when x < ——= and when x= 
V3 V3 


(iii) 5.01 m/s 


(b) 40 m/s, 30 m/s, 0 m/s, 30 m/s 
(b) after 69.9s 


2 2 


V3 V3 


(iv) 5.001 m/s (v) 5.000 01 m/s 


(c) 50 m/s 

(c) —58 m/s 
(b) (i) 1—4t (ii) —23 m/s 
(d) (i) at+vo (ii) 62 +Vv, m/s 
(f) (i) 3t7—2 (ii) 106 m/s 


7. 407 cm2/cm 


3. (a) 21 (maximum) (b) —1 (minimum) 


(d) 17 (maximum), —15 (minimum) 





(e) 5 (minimum) (f) 2 (minimum) 4. 1051.25 m 
5. (a) 800m of $5 fencing, 200 m of $10 fencing (b) $6000 
: 256V3 
6. 200 mx300m 7h, Pas) 3. 9 
9. (b) 20cmx20cmx 10cm 10 Boon Se 
Exercise 12-9 
1. (a) 6a cm? (b) 50 cm? (c) 2167 cm? (d) 12 (a —3) cm? 
(e) 847 —sin 70°) = 9(47r — 4.23) (f) 117 —4.23 
2. 4 4.(a) 3 (by 136 fe) Sa fe) HH ome 
Review Exercise 
1. (a) 6 (b) 0 (d) 1 
2a ta)o7 (b) 3 (c) 3 (d) —1 
3. (a) 0 (b) 3 (@) =1 (d) 0 (e) —272 (f) 0 (h) 5 
4. (a) 3 (b) *2° (d) § 
5. (a) & (b) 33 (c) 2 
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. 1, 0.984375, 0.985747, 0.985503, 0.985567, 0.985545, 0.985554, 0.985550, 0.985552, 0.985 551; 











0.985 55 

7. 0.715 937, 0.535 016, 0.521 482, 0.511 705, 0.505 088, 0.501 255, 0.500 312. 
16 J 

8. (a) (i) 2x (ii) y=4x-3 (b) (i) ee (ii) 4x +y—16=0 

(c) (i) 4x? (ii) 4x+y+3=0 (d) (i) 3x?—2x (ii) y=x-1 
9. (a) f'(x)=9x?+1 (b) f’(x)= 16x —9 (c) f'(x)=1—4x? (d) y’=3t?—174t+3 
10. (a) f'(x)=4x3-—4x (b) increasing when —1<x<O and when x =1, decreasing when x <—1 and 

when 0x1 
11. (a) v(t)=25+64t (b) (i) 25 m/s (ii) 89 m/s (iii) 665 m/s 
12. (a) 62.75 (minimum) (b) 16 (minimum) 

: 20V3 
43. (10/3 +6) cm by ( +4) cm 
bsin@ 
14, (192 — 25/3) cm? 15. (a) 2 (b) 4 aa 
CHAPTER 13 
1. Hint: Work backwards 3. 1050 4. 3 5. 773° 
7. 26,14,8 9. 5cm 10. 21.3 minutes past four 
m? 1 
11. 2401 14. 11cm 15. 2 16. more 17. 10cm 18. 5V5A 
n 
19. 1 20. 210 21. 12cm 22. 800 24. 119 25. 12cm 
26. 12V3+147 cm 
27. Hint: Divide the coins. into 3 groups, two groups of 27 coins and one of 26 coins. 
28. 11 29. 686 30. 10 cm? 315 2 32. 24 33. 3 
34. 21 35. (a) 16cm (b) 2r 36. 89 37. 2?x3*=648 
40. 15cm, 20cm, 25cm 41. x=2, y=—-2, z=2, t=-2 42. 1:4 
+1)]? PoerA 

43. Ke ] 44, 15 km 47. 25cm Qual s 51. 2:1 
52. Hint: Use symmetry 53. 3h 54. 1800001 
55. 15621 56. 175 308 642 
58. The locus consists of (a) 4 semicircles, (b) 8 quarter circles. 
60. Hint: Consider the midpoint of the side on which P lies. 
61. 132 62. cm 64. 54 65. 30° 
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Table I: Squares and Square Roots 
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Table Il: 


Trigonometric Ratios 


oven rashes Mig 2 


528 


01°00’ 
01°06 
Otet2) 
01°18" 
01°24’ 
01°30' 
01°36 
01°42’ 
01°48’ 
01°54’ 
02°00’ 
02°06 
02°12’ 
02°18’ 
02°24’ 
02°30’ 
02°36’ 
02°42’ 


04°00’ 
04°06’ 
04°12’ 
04°18' 
04°24’ 
04°30’ 
04°36’ 
04°42’ 
04°48 
04°54’ 


05°00’ 


fmt: 


senior 


90°00’ 
89°54’ 
89°48’ 
89°42’ 





Table Il: (Continued) 


eons [ri [one [ow [en [ow [me [ oe 


05°00’ ; 85°00’ 


05°06’ i i 5 : ‘ . : 84°54! 
05°12’ : é : : ’ 4 , 84°48 


05°18" : OE, 
05°24’ : ; ‘ : : 84°36! 
05°30’ a : c A 84°30’ 
05°36’ S 5 : X fs : 84°24! 
05°42’ : : : : ; : é : 34°18’ 
05°48’ bi : ; : Fi é d ; 84°12’ 
05°54’ ’ : : : i , : : 84°06! 


06°06’ 5 . 4 ; 5 fj 83°54’ 
06°12’ 83°48! 
06°18" 93°49! 
06°24’ , 83°36! 
06°30’ és 5 r 5 - 7 e F; 83°30’ 
06°36" ; : ; B34! 
06°42’ ; 63°19’ 
06°48" ; , 83°12’ 
06°54’ - . . . . . . 83°06' 


07°00’ : : é ; : : é : 83°00’ 
07°06’ ; d c ‘ 4 : : F 82°54’ 
Oe ey : ; 4 ; : : ; 82°48’ 
07°1 8’ . . « . . . + 82°42’ 
07°24' . . . . . . = 82°36’ 
07°30’ ; ; : 4 : 4 : : 82°30’ 


07°36’ ; ; : , - : A : 2 82°27’ 
07°42’ E : ; ‘ 4 ’ ; 82°18’ 
07°48’ : : F ; : , : 82°12! 


82°06’ 


82°00’ 
81°54’ 
81°48’ 
81°42’ 
81°36 
81°30’ 
81°24' 
81°18" 
81°12’ 
81°06’ 
81°00! 
80°54’ 
80°48’ 
80°42’ 
80°36’ 
80°30’ 
80°24’ 
80°18" 
80°12’ 
80°06’ 
10°00’ 5 : F ; : ’ . ; 80°00’ 


[cose | sino | coro | tono | sew | seco | rauians | donreos 
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Table Il: 


(Continued) 


ovr [reel We | ed Ne 
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10°00’ 
10°06’ 
10°12’ 
10°18’ 
10°24’ 
10°30’ 
10°36’ 
10°42’ 
10°48’ 
10°54’ 


11°00’ 
11°06’ 
il lal 2s 
eles 
11°24’ 
11°30’ 
11°36’ 
11°42’ 
11°48’ 
Tab" 


12°00’ 
12°06’ 
a2 
12°18" 
12°24! 
2730) 
12°36’ 
12°42’ 
12°48’ 
12°54’ 
13°00’ 
13°06’ 
NPN 
13°18’ 
13°24’ 
13°30’ 
13°36’ 
13°42’ 
13°48’ 
13°54’ 
14°00’ 
14°06’ 
14°12’ 
14°18’ 
14°24’ 
14°30’ 
14°36’ 
14°42’ 
14°48’ 
14°54’ 
15°00’ 


fmt: 


senior 


80°00’ 
79°54’ 
79°48’ 
79°42’ 
79°36’ 
79°30’ 
79°24’ 
ID18' 
Tiers 
79°06' 
79°00' 
78°54’ 
78°48' 
78°42’ 
78°36' 
78°30' 
78°24’ 
78°18" 
78°12’ 
78°06’ 


78°00' 
77°54’ 
77°48" 
77°42’ 
77°36 
PTe30. 
77°24 
TE key 
DIAZ: 
77°06’ 


77°00 
76°54’ 
76°48’ 
76°42’ 
76°36’ 
76°30’ 
76°24 
76°18" 
76°12’ 
76°06’ 


76°00’ 


Peese [ne [eee [ene | eco | set | rane [cores 





Table Il: (Continued) 


‘arom [ow [ one [oe [me | owe [oo | oer 


15°00’ ; ; ; : é P : : 75°00’ 
15°06’ . : : : : ; “ - 74°54! 
Sel : s ; ; : : : : 74°48' 
15°18’ ‘ : : , : , : 4 74°42’ 
15°24’ ; : : : : : : : 74°36’ 
15°30’ : é : : : A : : 74°30’ 
15°36’ : : é 5 : : ; : 74°24’ 
15°42’ ; : : E : : : 74°18" 
15°48’ : ; ( : : 5 ; 74°12’ 
15°54 : i ; ; ; A : : 74°06 


16°00’ P : f : : ‘ : ; 74°00’ 
16°06’ : : : : : : : ; 73°54’ 
(NeqiZg } s 2 : : : : : 73°48 
16°18’ t : : : : : : : 73°42’ 
16°24’ h : : : : ; : . 73°36’ 
16°30’ . : : : : : ; 73°30. 
16°36’ : ; : : 2 : : Wares 

73°18" 

T3NZ 

73°06’ 


73°00' 
72°54 
72°48' 
72°42’ 
72°36' 
72-3 
Tila hel 
72°18 
Tale: 
72°06' 
72°00’ 
71°54’ 
71°48' 
71°42’ 
7136, 
71°30’ 
71°24’ 
Teatey 
Tika a 
71°06’ 
71°00' 
70°54’ 
70°48’ 
70°42’ 
70°36 
70°30’ 
70°24’ 
70°18’ 
Agape 
70°06' 


20°00’ : : ; : ; : : : 70°00! 


1 
ale 
ile 
1. 
ale 
ile 
1 
ile 
it 
ila 


SV eves Sv eSsy Sy Sy Sy Sy Ss 


degrees 
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Table Il: (Continued) 

































20°00’ : 70°00’ 
20°06’ 1.2200 69°54’ 
20°12’ 1.2182 69°48’ 
20°18’ 1.2165 69°42’ 
20°24’ 1.2147 69°36’ 
20730) 1.2130 69°30’ 
20°36’ eas 69°24’ 
20°42’ 1.2095 69°18’ 
20°48’ 1.2078 69°12’ 
20°54’ ‘ts 69°06’ 



































21°00’ ih: 69°00’ 
21°06’ 1.2025 68°54’ 
Pills 1.2008 68°48’ 
21°18 1.1990 68°42’ 
21°24’ 1.1973 68°36’ 
2acs0! 1.1956 | 68°30’ 
21°36 1.1938 68°24’ 
21°42’ 1.1921 68°18’ 
21°48’ 1.1903 68°12’ 
21°54’ ‘le 68°06’ 



































22°00! A 68°00’ 
22°06’ 1.1851 67°54’ 
DIE 1.1833 67°48’ 
22°18' 1.1816 67°42’ 
22°24' 1.1798 67°36’ 
22°30! 1.1781 67°30’ 
22°36' 1.1764 67°24’ 
22°42’ 1.1746 67°18’ 
22°48" 1.1729 67°12’ 
22°54’ ‘ie 67°06’ 
































23°00’ 67°00’ 
















23°06’ 1676 66°54 
23°12 1659 | 66°48’ 
23°18" 1641 66°42’ 
23°24 1624 | 66°36’ 
23°30! 1606 | 66°30’ 
23°36’ 1589 66°24’ 
23°42’ 1572 66°18" 
23°48’ 1554 66°12’ 






66°06’ 
66°00’ 


23°54! 
24°00’ 














24°06' 1502 | 65°54’ 
24°12’ 1484 | 65°48’ 
24°18! 1467 | 65°42’ 
24°24' 1449 | 65°36’ 
24°30' 1432 | 65°30’ 
24°36 1414 | 65°24’ 
24°42’ 1397. | 65°18’ 
24°48' 1380 | 65°12’ 
24°54’ 65°06’ 
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25°00’ 65°00’ 
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25°00’ 
25°06’ 
25242, 
25-18; 
25°24! 
25°30; 
25°36’ 
25:42) 
25°48' 
25°54’ 


26°00’ 
26°06 
26°12’ 
26°18" 
26°24’ 
26°30’ 
26°36’ 
26°42’ 
26°48' 
26°54’ 
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27°00’ 
27°06’ 
FATE PX 
27°18" 


27°24 
TSO! 
2230: 
27°42' 
27°48 
27°54 


28°00’ 
28°06’ 
Pia oz 
28°18' 
28°24! 
28°30’ 
28°36’ 
28°42' 
28°48’ 
28°54’ 


29°00' 
29°06' 
29°12’ 
29°18’ 
29°24’ 
29°30’ 
29°36’ 
29°42’ 
29°48’ 
29°54’ 
30°00’ 


Sy Se Sy Se ey SS 
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30°00’ 
30°06’ 
30°12’ 
30°18’ 
30°24’ 
30°30’ 
30°36’ 
30°42’ 
30°48’ 
30°54’ 
31°00’ 
31°06’ 
Sila: 
Sim 3; 
31°24’ 
Silks! 
31°36’ 
31°42’ 
31°48’ 
31°54’ 


32°00’ 
32°06’ 
SZ a2) 
32°18’ 
32°24’ 
32530) 


32°36’ 
32°42’ 
32°48’ 
32°54! 


33°00’ 
33°06’ 
SEZ 
Ser tey 
33°24’ 
33°30’ 
BSr36) 
33°42’ 
33°48’ 
33°54’ 
34°00' 
34°06’ 
34°12’ 
34°18’ 
34°24! 
34°30’ 
34°36’ 
34°42’ 
34°48’ 
34°54! 


35°00’ 


fmt: 
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60°00’ 
59°54’ 
59°48’ 
59°42’ 
Seyee lay 
59°30’ 
59°24’ 
59°18’ 
59712 
59°06’ 
59°00’ 
58°54! 
58°48’ 
58°42’ 
58°36’ 
58°30’ 
58°24’ 
58°18" 
ey ie 
58°06’ 


58°00’ 
57°54’ 
57°48’ 
57°42’ 
57°36’ 
57730) 
57°24’ 
5/18, 
B72. 
57°06’ 


57°00’ 
56°54’ 
56°48 
56°42’ 
56°36’ 
56°30’ 
56°24’ 
56°18’ 
56: (2. 
56°06’ 
56°00’ 
55°54’ 
55°48’ 
55°42, 
55:30" 
55°30’ 
55°24’ 
55°18’ 
Sor tZ, 
55°06’ 


55°00’ 


Tee [sow [soon [inn [sce [seco [ses [aoe 
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35°00’ 
35°06" © 
Sor 2) 
35°18’ 
35°24! 
B5730) 
35°36’ 
35742” 
35°48’ 
35°54’ 
36°00’ 
36°06’ 
36°12’ 
36°18’ 
36°24’ 
36°30’ 
36°36’ 
36°42’ 
36°48’ 
36°54’ 
37°00’ 
37°06’ 
Sia2 
37°18" 
37°24’ 
37-30) 
37°36’ 
37°42’ 
37°48’ 
37°54! 
38°00’ 
38°06’ 
SoniZ) 
38°18’ 
38°24’ 
38°30' 
38°36’ 
38°42’ 
38°48’ 
38°54! 
39°00’ 
39°06’ 
S92) 
39°18’ 
39°24’ 
39°30’ 
SIG 
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40°00’ 
40°06’ 
40°12’ 
40°18’ 
40°24' 
40°30’ 
40°36’ 
40°42’ 
40°48’ 
40°54’ 


41°00’ 
41°06’ 
41°12’ 
41°18' 
41°24’ 
41°30’ 
41°36’ 
41°42’ 
41°48 
41°54! 
42°00' 
42°06 
42°12’ 
42°18’ 
42°24’ 
42°30’ 


42°36' 
42°42' 
42°48 
42°54’ 


43°00! 
43°06’ 
43°12' 
43°18" 
43°24! 
43°30’ 
43°36’ 
43°42! 
43°48’ 
43°54! 
44°00' 
44°06' 
44°12! 
44°18’ 
44°24! 
44°30! 
44°36! 
44°42’ 
44°48’ 
44°54’ 
45°00’ 


fmt: 


senior 


50°00’ 
49°54’ 
49°48’ 
49°42’ 
49°36’ 
49°30’ 
49°24’ 
49°18’ 
49°12’ 
49°06’ 
49°00’ 
48°54’ 
48°48’ 
48°42’ 
48°36’ 
48°30' 


Sk ee a i 


= = = [2 2 2 2 = = = = = = 


45°00’ 





Table Il: (1+/)" 








n ’% 1% 14% 2% 24% 3% 3%% n 
| 1.005 00 1.010 00 1.015 00 1.020 00 1.025 00 1.030 00 1.035 00 1 
2 1.010 03 1.020 10 1.030 23 1.040 40 1.050 63 1.060 90 1,071 23 2 
3 1.015 08 1.030 30 1.045 68 1.061 21 1.076 89 1.092 73 1.108 72 3 
4 1.020 15 1.040 60 1.061 36 1.082 43 1,103 81 1.125, 5k 1.147 52 4 
a 1.025 25 1.051 O1 1.077 28 1.104 08 1.131 41 1.159 27 1.187 69 2) 
6 1.030 38 1.061 52 1.093 44 1.126 16 1.159 69 1.194 05 1.229 26 6 
if 1035: 53 1.072 14 1.109 84 1.148 69 1.188 69 1.229 87 272028) 7 
8 1.040 71 1.082 86 1,126 49 1.171 66 1.218 40 1.266 77 1.316 81 8 
9 1.045 91 1.093 69 1.143 39 1.195 09 1.248 86 1.304 77 1.362 90 9 
10 1.051 14 1.104 62 1.160 54 1.218 99 1.280 08 1.343 92 1.410 60 10 
11 1.056 40 1.115 67 e995 1.243 37 1.312 09 1.384 23 1.459 97 11 
12 1.061 68 1.126 83 1.195 62 1.268 24 1.344 89 1.425 76 1.511 07 12 
13 1.066 99 1.138 09 1.213 55 1.293 61 1.378 51 1.468 53 1.563 96 13 
14 1.072 32 1.149 47 1.231 76 1.319 48 1.412 97 1.512 59 1.618 69 14 
15 1.077 68 1.160 97 1.250) 23 1.345 87 1.448 30 1.557 97 V675' 35 15 
16 1.083 07 1.172 58 1.268 99 1.372 79 1.484 S] 1.604 71 1.733 99 16 
17 1.088 49 1.184 30 1.288 02 1.400 24 1.521 62 1.652 85 1.794 68 17 
18 1,093.93 1.196 15 1.307 34 1,428 25 1.559 66 1.702 43 1.857 49 18 
19 1.099 40 1.208 11 1.326 95 1.456 81 1,598 65 ERE MSy | 1.922 50 19 
20 1.104 90 1.220 19 1,346 86 1.485 95 1.638 62 1.806 11 1.989 79 20 
21 1.110 42 1,232 39 1.367 06 1.515 67 1.679 58 1.860 29 2.059 43 21 
22 ATS) 97) 1,244 72 1.387 56 1.545 98 SPAS! 1.916 10 ZASh Si 22 
23 1121 55) 1.257 16 1.408 38 1.576 90 1.764 61 1.973 59 2.206 11 23 
24 1.127 16 1.269 73 1.429 50 1.608 44 1.808 73 2.032 79 2.283 33 24 
25 1.132 80 1.282 43 1.450 95 1.640 61 1.853 94 2.093 78 2.363 24 25 
26 1.138 46 1.295 26 1.472 71 1.673 42 1.900 29 2.156 59 2.445 96 2 
27 1.144 15 1.308 21 1.494 80 1.706 89 1.947 80 2.221 29 2.53) ST 27 
28 1.149 87 1-321 29: 1.517 22 1.741 02 1.997 50 2.287 93 2.620 17 28 
29 1.155 62 1,334 50 1.539 98 1.775 84 2.046 41 2-396 Si 2.711 88 29 
30 1.161 40 1.347 85 1,563 08 1.811 36 2.097 57 2.427 26 2.806 79 30 
31 1.167 21 1.361 33 1.586 53 1.847 59 2.150 01 2.500 08 2.905 03 31 
32 1.173 04 1.374 94 1.610 32 1.884 54 2.203 76 2.575 08 3.006 71 52 
33 1.178 91 1,388 69 1.634 48 1922523 2.258 85 2.652 34 3.111 94 33 
34 1.184 80 1.402 58 1.659 00 1.906 68 2.315 32 PTE) 3.220 86 34 
35 1.190 73 1.416 60 1.683 88 1.999 89 23713) 21 2.813 86 33333) 59: 35 
36 1.196 68 1.430 77 1.709 14 2.039 89 2.432 54 2.898 28 3.450 27 36 
37 1.202 66 1.445 08 1.734 78 2.080 69 2.493 35 2.985 23 3.571 03 37 
38 1.208 68 1.459 53 1.760 80 2.122 30 2.555 68 3.074 78 3.696 O1 38 
39 1.214 72 1.474 12 1.787 21 2.164 74 2.619 57 3.167 03 3.825 37 39 
40 1.220 79 1.488 86 1.814 02 2.208 04 2.685 06 3.264 04 3.959 26 40 
i i 
n 4% 4% 5% S~A% 6% 1% 8% n 
i 1.040 00 1.045 00 1.050 00 1.055 00 1.060 00 1.070 00 1.080 00 I 
2 1.081 60 1.092 03 1.102 50 1.113 03 1.123 60 1,144 90 1.166 40 2 
3 1,124 86 1.141 17 1.157 63 1.174 24 1.191 02 1.225 04 1.259 71 3 
4 1.169 86 1.192 52 1.215 51 1.238 82 1.262 48 1.310 80 1.360 49 4 
5) 1.216 65 1.246 18 1,276 28 1,306 96 1,338 23 1.402 55 1.469 33 5 
6 1.265 32 1,302 26 1.340 10 1.378 84 1.418 52 1.500 73 1.586 87 6 
a 1.315 93 1.360 86 1.407 10 1.454 68 1.503 63 1.605 78 LSe2 7 
8 1.368 57 1.422 10 1.477 46 1,534 69 1.593 85 “1.718 19 1.850 93 8 
9 1.423 31 1.486 10 esi 33: 1.619 09 1.689 48 1.838 46 1.999 00 9 
10 1.480 24 1,552 97 1.628 89 1.708 14 1.790 85 1.967 15 2.158 93 10 
Il 1.539 45 1.622 85 1.710 34 1.802 09 1.898 30 2.104 85 2.331 64 1 
12 1.601 03 1,695 88 1.795 86 1.901 21 2.012 20 2.252 19 2.518 17 12 
13 1.665 07 1.772 20 1.885 65 2.005 77 2.132 93 2.409 85 2.719 62 13 
14 1.731 68 1.851 94 1.979 93 2.116 09 2.260 90 2.578 53 2.937 19 14 
1S 1.800 94 1.935 28 2.078 93 2.232 48 2.396 56 2.759 03 Seli72) ti 15 
16 1.872 98 2.022 37 2.182 87 2,355).26: 2.540 35 2.952 16 3.425 94 16 
17 1.947 90 2,113 38 2.292 02 2.484 80 2.692 77 3.158 81 3.700 02 17 
18 2.025 82 2.208 48 2.406 62 2.621 47 2.854 34 3.379 93 3.996 02 18 
19 2.106 85 2.307 86 2.526 95 2.765 65 3.025 60 3.616 53 4.315 70 19 
20 2,191 12 2.411 71 2.653 30 2.917 76 3.207 14 3.869 68 4,660 96 20 
21 2.278 77 2.520 24 2.785 96 3.078 23 3.399 56 4.140 56 5,033 83 21 
22 2.369 92 2.633 65 2.925 26 3.247 54 3,603 54 4.430 40 5.436 54 22 
23 2.464 72 Dae Vi, B,07 52 3.426 15 3.819 75 4,740 53 5.871 46 23 
24 2,563 30 2.876 O1 3.225 10 3.614 59 4.048 93 5.072 37 6.341 18 24 
25 2.665 84 3.005 43 3,386 35 3.813 39 4.291 87 5.427 43 6 848 48 25 
26 2.772, 47 3,140 68 30955) 67. 4.023 13 4,549 38 5.807 35 7.396 35 26 
27 2°883 37 3,282 01 3.733 46 4.244 40 4.822 35 6.213 87 7,988 06 27 
28 2.998 70 3.429 70 3.920 13 4.477 84 S.111 69 6.648 84 8.627 11 28 
29 3.118 65 3,584 04 4.116 14 4.724 12 5.418 39 7.114 26 OST 27 29 
30 3.243 40 3.745 32 4.321 94 4,983 95 5.743 49 7.612 26 10 062 66 30 
31 3.373 13) 3.913 86 4.538 04 5.258 07 6.088 10 8.145 11 10.867 67 31 
32 3.508 06 4.089 98 4.764 94 5.547 26 6.453 39 8,715 27 11.737 08 32 
33 3,648 38 4.274 03 5.003 19 5.852 36 6.840 59 9.325 34 12.676 0S 33 
34 3,794 32 4.446 36 5.253) 39: 6.174 24 7.251 03 9.978 11 13.690 13 34 
35 3.946 09 4.667 35 5.516 02 6.513 83 7.686 09 10.676 58 14.785 34 35 
36 4.130 93 4.877 38 5.791 82 6,872 09 8.147 25 11.423 94 15.968 17 36 
37 4.268 09 5.096 86 6.081 41 7.250 05 8.636 09 12,223 62 17.245 63 37 
38 4.438 81 5.326 22 6.385 48 7.648 80 9.154 25 13.079 27 18.625 28 38 
39 4.616 37 5.565 90 6.704 75 8.069 49 9.703 SI 13.994 82 20.115 30 39 
40 4.801 02 5.816 36 7.039 99 8.513 31 0.285. 72 14.974 46 21.724 52 40 
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Table IV: 








-\n 
(1+/) 

i i 
n 4% 1% 14% 2% 2%% 3% 3%% n 
1 0.995 02 0.990 10 9.985 22 0.980 39 0.975 61 0.970 87 0.966 18 1 
2 0.990 07 0.980 30 0.970 66 0.961 17 0.951 81 0.942 60 0.933 51 2 
3 0.985 15 0.970 59 0.956 32 0.942 32 0.928 60 0.915 14 0.901 94 3 
4 0.980 25 0.960 98 0.942 18 0.923 85 0.905 95 0.888 49 0.871 44 4 
5 0.975 37 0.951 47 0.928 26 0.905 73 0.883 85 0.862 61 0.841 97 5 
6 0.970 52 0.942 05 0.914 54 0.887 97 0,862 30 0.837 48 0.813 50 6 
7 0.965 69 0.932 72 0.901 03 0.870 56 0.841 27 0.813 09 0.785 99 7 
8 0.960 89 0.923 48 0.887 71 0.853 49 0.820 75 0.789 41 0.759 41 8 
9 0.956 10 0.914 34 0.874 59 0.836 76 0.800 73 0.766 42 0.733 73 9 
10 0.951 35 0.905 29 0.861 67 0.820 35 0.781 20 0.744 09 0.708 92 40 
1 0.946 61 0.896 32 0.848 93 0.804 26 0.762 14 0.722 42 0.684 95 i 
12 0.941 91 0.887 45 0.836 39 0.788 49 0.743 56 0.701 38 0.661 78 12 
13 0.937 22 0.878 66 0.824 03 0.773 03 0.725 42 0.680 95 0.639 40 13 
14 0.932 56 0.869 96 0.811 85 0.757 88 0.707 73 0.661 12 0.617 78 14 
15 0.927 92 0.861 35 0.799 85 0.743 O1 0.690 47 0.641 86 0.596 89 15 
16 0.923 30 0.852 82 0.788 03 0.728 45 0.673 62 0.623 17 0.576 71 16 
17 0.918 71 0.844 38 0.776 39 0.714 16 0.657 20 0.605 02 0.557 20 17 
18 0.914 14 0.836 02 0.764 91 0.700 16 0.641 17 0.587 39 0.538 36 18 
19 0.909 59 0.827 74 0.753 61 0.686 43 0.625 53 0.570 29 0.520 16 19 
20 0.905 06 0.819 54 0.742 47 0.672 97 0.610 27 0.553 68 0.502 57 20 
21 0.900 56 0.811 43 0.731 50 0.659 78 0.595 39 0.527 55 0.485 57 21 
22 0.896 08 0.803 40 0.720 69 0.646 84 0.580 86 0.521 89 0.469 15 22 
23 0.891 62 0.795 44 0.710 04 0.634 16 0.566 70 0.506 69 0.453 29 23 
24 0.887 19 0.787 57 0.699 54 0.621 72 0.552 88 0.491 93 0.437 96 24 
25 0.882 77 0.779 77 0.689 21 0.609 53 0.539 39 0.477 61 0.423 15 25 
26 0.878 38 0.772 05 0.679 02 0.597 58 0.526 23 0.463 69 0.408 84 26 
27 0.874 01 0.764 40 0.668 99 0.585 86 0.513 40 0.450 19 0.395 01 27 
28 0.869 66 0.756 84 0.659 10 0.574 37 0.500 88 0.437 08 0.381 65 28 
29 0.865 33 0.749 34 0.649 36 0.563 11 0.488 66 0.424 35 0.368 75 29 
30 0.861 03 0.741 92 0.639 76 0.552 07 0.476 74 0.411 99 0.356 28 30 
31 0.856 75 0.734 58 0.630 31 0.541 25 0.465 11 0.399 99 0.344 23 31 
32 0.852 48 0.727 30 0.620 99 0.530 63 0.453 77 0.388 34 0.332 59 32 
33 0.848 24 ~—*:0.720 10 0.611 82 0.520 23 0.442 70 0.377 03 0.321 34 33 
34 0.844 02 0.712 97 0.602 77 0.510 03 0.431 91 0.366 04 0.310 48 34 
35 0.839 82 0.705 91 0.593 87 0.500 03 0.421 37 0.355 38 0.299 98 35 
36 0.835 64 0.69892 0.585 09 0.490 22 0.411 09 0.345 03 0.289 83 36 
37 0.831 49 0.692 00 0.576 44 0.480 61 0.401 07 0.334 98 0.280 03 37 
38 0.827 35 0.685 15 0.567 92 0.471 19 0.391 28 0.325 23 0.270 56 38 
39 0,823 23 0.678 37 0.559 53 0.461 95 0.381 74 0.315 75 0.261 41 39 
40 0.819 14 0.671 65 0.551 26 0.452 89 0.372 43 0.306 56 0,252 57 40 
i i 
n 4% 4% % 5% 514% 6% 1% 8% n 
1 0.961 54 0.956 94 0.952 38 0.947 87 0.943 40 0.934 58 0.925 93 I 
2 0.924 56 0.915 73 0.907 03 0.898 45 0.890 00 0.873 44 0.857 34 a 
3 0.889 00 0.876 30 0.863 84 0.851 61 0.839 62 0.816 30 0.793 83 3 
4 0.854 80 0.838 56 0.822 70 0.807 22 0.792 09 0.762 90 0.735 03 4 
5 0.821 93 0.802 45 0.783 53 0.765 13 0.747 26 0.712 99 0.680 58 5 
6 0.790 31 0.767 90 0.746 22 0.725 25 0.704 96 0.666 34 0.630 17 6 
7 0.759 92 0.734 83 0.710 68 0.687 44 0.665 06 0.622 75 0.583 49 7 
8 0.730 69 0.703 19 0.676 84 0.651 60 0.627 41 0.582 01 0.540 27 8 
9 0.702 59 0.672 90 0.644 61 0.617 63 0.591 90 0.543 93 0.500 25 9 
10 0.675 56 0.643 93 0.613 91 0.585 43 0.558 39 0.508 35 0.463 19 10 
i 0.649 58 0.616 20 0.584 68 0.554 91 0.526 79 0.475 09 0.428 88 i 
12 0.624 60 0.589 66 0.556 84 0.525 98 0.496 97 0.444 01 0.397 11 12 
13 0.600 57 0.564 27 0.530 32 0.498 56 0.468 84 0.414 96 0.367 70 13 
14 0.577 48 0.539 97 0.505 07 0.472 57 0.442 30 0.387 82 0.340 46 14 
15 0.555 26 0.516 72 0.481 02 0.447 93 0.417 27 0.362 45 0.315 24 15 
16 0,533 91 0.494 47 0.458 11 0.424 58 0,393 65 0,338 73 0.291 89 16 
17 0.513 37 0.473 18 0.436 30 0.402 45 0.371 36 0.316 57 0.270 27 17 
18 0.493 63 0.452 80 0.415 52 0.381 47 0.350 34 0.295 86 0.250 25 18 
19 0.474 64 0.433 30 0.395 73 0.361 58 0.330 51 0.276 51 0.231 71 19 
20 0.456 39 0.414 64 0.376 89 0.342 73 0.311 80 0.258 42 0.214 55 20 
21 0.438 83 0.396 79 0.358 94 0.324 86 0.294 16 0.241 51 0.198 66 21 
22 0.421 96 0.379 70 0.341 85 0.307 93 0.277 51 0.225 71 0.183 94 22 
23 0.405 73 0,363 35 0.325 57 0.291 87 0.261 80 0.210 95 0.170 32 23 
24 0.390 12 0.347 70 0.310 07 0.276 66 0.246 98 0.197 15 0.157 70 24 
25 0.375 12 0.332 73 0.295 30 0.262 23 0.233 00 0.184 25 0.146 02 25 
26 0.360 69 0.318 40 0.281 24 0.248 56 0.219 81 0.172 20 0.135 20 26 
27 0,346 82 0.304 69 0.267 85 0.235 60 0.207 37 0.160 93 0.125 19 27 
28 0,333 48 0.291 57 0.255 09 0.223 32 0.195 63 0.150 40 0.115 91 28 
29 0.320 65 0.279 02 0.242 95 0.211 68 0.184 56 0.140 56 0.107 33 29 
30 0.308 32 0.267 00 0.231 38 0.200 64 0.174 11 0.131 37 0.099 38 30 
31 0.296 46 0.255 50 0.220 36 0,190 18 0.164 25 0.122 77 0.092 02 31 
32 0.285 06 0.244 50 0.209 87 0.180 27 0.154 96 0.114 74 0.085 20 32 
33 0.274 09 0,233 97 0.199 87 0.170 87 0.146 19 0.107 23 0.078 89 33 
34 0.263 55 0.223 90 0.190 35 0.161 96 0.137 91 0.100 22 0.073 05 34 
35 0.253 42 0.214 25 0,181 29 0.153 52 0.130 11 0.093 66 0.067 63 35 
36 0.243 67 0,205 03 0.172 66 0.145 52 0.122 74 0.087 54 0,062 62 36 
37 0.234 30 0.196 20 0.164 44 0.137 93 0.115 79 0.081 81 0.057 99 37 
38 0.225 29 0.187 75 0.156 61 0.130 74 0.109 24 0.076 46 0.053 69 38 
39 0.216 62 0.179 67 0.149 15 0.123 92 0.103 06 0.071 46 0.049 71 39 
40 0.208 29 0.171 93 0.142 05 0.117 46 0.097 22 0,066 78 0,046 03 40 
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Table V: 
Areas 
under the 
Standard 
Normal Curve 








z 0 1 2 3 4 5 6 7 8 9 


0.0 0.0000 0.0040 0.0080 0.0120 0.0160 | 0.0199 0.0239 0.0279 0.0319 0.0359 
0.1 0.0398 0.0438 0.0478 0.0517 0.0557 | 0.0596 0.0636 0.0675 0.0714 0.0754 
0.2 0.0793 0.0832 0.0871 0.0910 0.0948 | 0.0987 0.1026 0.1064 0.1103 0.1141 
0.3 O79 ON ZIV Oat 250 ON 293m OF 1 Soi Os305 0,1 40698 0,1443" 0: 14800 201 517 
0.4 OMS 540s 590m 628 5 OF1664 57051700) OMmSGa0N 772 > OM S08e0:18445 051879 


0.5 OLVo San oo0meeetoco 0-207195 10:20547 00.2088 0.2123 0:2157 0:2190,..10;2224 
0.6 0:2256 5 0:2297T 2524. 0.2357 0.2389. | 0.2422. 0.2454 0.2486 0.2518) 90.2549 
0.7 0.2580 0.2612 0.2642 0.2673 0.2704 | 0.2734 0.2764 0.2794 0.2823 0.2852 
0.8 0266) 0:29 1080-2539) 0:2967, 0.2996.)0.3023° 0.3051 0.3078 0.3106" 0.3133 
0.9 073159) RO3186880'5212 0.3238 0.3264,|.0:3289 0.3315 0.3340 0.3365 0.3389 


1.0 0.3413, 0.34385 073461 0.3485""5053508 9013531" 0.3554 0.3577 0,3599" 0.3621 
1.1 0.3643 0.3665 0.3686 0.3708 0.3729 | 0.3749 0.3770 0.3790 0.3810 0.3830 
iNer4 0.3849 0.3869 0.3888 0.3907 0.3925 | 0.3944 0.3962 0.3980 0.3997 0.4015 
1.3 0.4032 0.4049 0.4066 0.4082 0.4099 | 0.4115 0.4131 0.4147 0.4162 0.4177 
1.4 0.4192 0.4207 0.4222 0.4236 0.4251 | 0.4265 0.4279 0.4292 0.4306 0.4319 


1.5 0.4332 0.4345 0.4357 0.4370 0.4382 | 0.4394 0.4406 0.4418 0.4429 0.4441 
1.6 0.4452 0.4463 0.4474 0.4484 0.4495 | 0.4505 0.4515 0.4525 0.4535 0.4545 
wars 0.4554 0.4564 0.4573 0.4582 0.4591 | 0.4599 0.4608 0.4616 0.4625 0.4633 
1.8 0.4641 0.4649 0.4656 0.4664 0.4671 | 0.4678 0.4686 0.4693 0.4699 0.4706 
1.9 0.4713 0.4719 0.4726 0.4732 0.4738 | 0.4744 0.4750 0.4756 0.4761 0.4767 





2.0 0.4772 0.4778 0.4783 0.4788 0.4793 | 0.4798 0.4803 0.4808 0.4812 0.4817 
Zen 0.4821 0.4826 0.4830 0.4834 0.4838 | 0.4842 0.4846 0.4850 0.4854 0.4857 
74,7 0.4861 0.4864 0.4868 0.4871 0.4875 | 0.4878 0.4881 0.4884 0.4887 0.4890 
2.3 0.4893 0.4896 0.4898 0.4901 0.4904 | 0.4906 0.4909 0.4911 0.4913 0.4916 
2.4 0.4918 0.4920 0.4922 0.4925 0.4927 | 0.4929 0.4931 0.4932 0.4934 0.4936 


2.5 0.4938 0.4940 0.4941 0.4943 0.4945 | 0.4946 0.4948 0.4949 0.4951 0.4952 
2.6 0.4953 0.4955 0.4956 0.4957 0.4959 | 0.4960 0.4961 0.4962 0.4963 0.4964 
2.7 0.4965 0.4966 0.4967 0.4968 0.4969 | 0.4970 0.4971 0.4972 0.4973 0.4974 
2.8 0.4974 0.4975 0.4976 0.4977 0.4977 | 0.4978 0.4979 0.4979 0.4980 0.4981 
2.9 0.4981 0.4982 0.4982 0.4983 0.4984 | 0.4984 0.4985 0.4985 0.4986 0.4986 








3.0 0.4987 0.4987 0.4987 0.4988 0.4988 | 0.4989 0.4989 0.4989 0.4990 0.4990 
3.1 0.4990 0.4991 0.4991 0.4991 0.4992 | 0.4992 0.4992 0.4992 0.4993 0.4993 
3.2 0.4993 0.4993 0.4994 0.4994 0.4994 | 0.4994 0.4994 0.4995 0.4995 0.4995 
3.3 0.4995 0.4995 0.4995 0.4996 0.4996 | 0.4996 0.4996 0.4996 0.4996 0.4997 
3.4 0.4997 0.4997 0.4997 0.4997 0.4997 | 0.4997 0.4997 0.4997 0.4997 0.4998 


3.5 0.4998 0.4998 0.4998 0.4998 0.4998 | 0.4998 0.4998 0.4998 0.4998 0.4998 
3.6 0.4998 0.4998 0.4999 0.4999 0.4999 | 0.4999 0.4999 0.4999 0.4999 0.4999 
3.7 0.4999 0.4999 0.4999 0.4999 0.4999 | 0.4999 0.4999 0.4999 0.4999 0.4999 
3.8 0.4999 0.4999 0.4999 0.4999 0.4999 | 0.4999 0.4999 0.4999 0.4999 0.4999 





0.5000 0.5000 0.5000 0.5000 0.5000 | 0.5000 0.5000 0.5000 0.5000 0.5000 
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Amplitude, 218 
Amount, 274, 280 
Annuity, 280, 284 
Area under a curve, 475 
Arithmetic 
sequences, 257 
series, 268 
Axis of symmetry, 43 


Binomial theorem, 351 


Calculus, Fundamental 
Theorem of, 477 


Characteristics of roots, 94 
Circle 

equation of, 397 

secant, 395 

tangents and chords, 395, 402 
Combinations, 348 
Common 

difference, 258 

ratio, 262 
Completing the square, 50 
Complex numbers, 89 
Composition of functions, 20 
Compound angles, 242-246 
Conic sections, 419-424 
Cosine Law, 183 
Counting Principle, 340 
Cramer’s Rule, 309 


Derivative, 460 
Determinant, 300 
Directrix, 404, 406, 412 
Discriminant, 94 
Distributions, 369 
Eccentricity, 409 
Ellipse, equation of, 406 
Equations 

linear, 41, 67 

logarithmic, 165 

polynomial, 127 

quadratric, 69 

radical, 98 

trigonometric, 235 
Exponents 

integral, 141 

laws of, 135 

negative, 140 

rational, 146-147 
Factor Theorem, 123 
Focus, 404, 406, 412 
Functions 

composition of, 20 

cubic, 114 

derivative of, 461 

even, 12 

exponential, 135, 148 

inverses of, 31 

limit of, 443 
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logarithmic, 135, 158 
odd, 12 

operations on, 15 
polynomial, 113 
properties of, 9, 10 
quartic, 116 

rational, 116 
transformed, 24 
trigonometric, 179, 207 


Geometric 
sequence, 262 
series, 272 
Graphs of functions 
polynomial, 113 
quadratic, 43, 57 
rational, 219 
trigonometric, 208, 212, 225 


Horizontal line test, 37 
Hyperbola, equation of, 412 


Independent events, 363 
Infinite series, 446 
Integral, 477 
Interest, 253, 274 
Inverse 
of functions, 31 
of quadratic functions, 59 
of trigonometric functions, 239 


Limit, 440, 453, 442 
Logarithms, 161 


Matrices 
augmented, 313 
equations, 307 
inverses of, 304 
operations on, 291-300 
Maximum, 53, 469 
Minimum, 53, 469 
Mutually exclusive events, 361 


Normal curve, 373 
areas under, 385 
standard, 383 


Oblique triangle, 196 


Parabola, 43 
standard form of, 48 
focus-directrix definition of, 404 
Percentiles, 380 
Period, 219 
Permutations, 343 


Phase angle, 220 

Polar coordinates, 246 

Polynomial, 107, 120 
equations, 127 
functions, 113 

Present value, 278, 284 

Probability, 356, 366 


Quadratic 
formula, 81 
inequalities, 101 


Radian, 208 

Recursion formula, 255 
Remainder Theorem, 123 

Roots of a quadratic equation, 94 


Sigma notation, 267, 450 
Simple interest, 253 
Sine Law, 188 
Sphere, 432 
Standard 
deviation, 374 
distribution, 385 
normal curve, 383 
notation, 1453 
Symmetry, 11 
axis of, 43, 46 
Synthetic division, 121 
Systems of equations, 
linear, 290 
linear-quadratic, 425 
quadratic-quadratic, 427 


Triangle, area of, 200 
Trigonometric 
identities, 231-235 
ratios, 175 
Vectors, 
magnitude of, 315 
operations with, 318-322 
Vertical line test, 5 


Z-scores, 380 
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